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ABSTRACT OF THESIS

A REVIEW OF DIFFERENTIAL GEOMETRY METHODS IN CLASSICAL

AND QUANTUM MECHANICS THROUGH QUANTIZATION

This thesis is a presentation of differential geometry methods in non-relativistic

areas of mechanics. In the quantum level, we investigate the representation the-

ory formulation through Heisenberg’s Lie group. In the classical realm, we discuss

a symplectic geometry methods in Hamiltonian mechanics to abstract manifolds.

Additionally, we study symmetries of motion in both these scopes, paying special at-

tention to generalized versions of Noether’s Theorem. Finally, we unite both of the

quantum and classical descriptions in a simplified analysis of geometric quantization,

inspired by the failure of the canonical approach. For the reader unfamiliar with the

methods of mathematical physics, we provide two lengthy but holistic discussions on

abstract algebra and differential geometry, paying special attention to their physical

applications.

H. Ennes
Whitman College
May 2020
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1 Introduction

There is a straight ladder from the atom to the grain of sand, and the only real

mystery in physics is the missing rung. Below it, [quantum] particle physics; above

it, classical physics; but in between, metaphysics.

Tom Stoppard, Hapgood

For most people, differential geometry in physics is restricted only to general

relativity. In fact, Einstein’s realization that curved manifolds were sufficient to

explain gravitational interactions was probably the most important moment of last

century’s development of mathematical physics. Nonetheless, this does not mean

that there are no positive results in applying similar geometric techniques to other

fields of physics. Of particular interest, several important features of both classical

and quantum mechanics have been unfolded through geometric formulations. For

example, when applied to the quantum theory, differential geometry results are able

to explain why observables are generally taken to be Hermitian operators and what

produces quantization of spin. On the other hand, a more geometric interpretation

of Hamiltonian mechanics provides arguments for conservation of energy in ordinary

systems.

What is even more surprising, however, is the fact that the geometric structures

used in both of these fields are extremely similar, if not, identical. Indeed, the

similarity of these two theories has been a source of astonishment early on, when

Dirac [2] discovered that the classical evolution of observables, given through

df

dt
= {H, f}



was of shape similar to Schrödinger-Heisenberg’s equation

d ⟨f̂⟩
dt

= − i
ℏ
⟨[f̂ , Ĥ]⟩ .

Not only that, but both classical and quantum position and momentum observables

obey the following respective relations

{q, p} = i, ⟨[q̂, p̂]⟩ = iℏ.

All these happy coincidences led Dirac and his contemporaries to believe that, even

though quantum experiments were suggesting behaviors much different from the clas-

sical ones, there was still some kind of mapping that reproduced classical observables

into quantum ones. This map received the name of quantization. Indeed, modern

quantum mechanics would be arguably impossible without a quantization map: it

is the existence of this function that allows us to create the quantum Hamiltonian

directly from the classical one. The impact of this method was so important to the

whole theory that Dirac’s quantization scheme became known as canonical quanti-

zation.

Unfortunately though, in 1946, Groenewold [3] provided a demonstration indicat-

ing that, even though theoretically reproducing several wonderful predictions from

experiments, Dirac’s quatization was unable to recreate higher-order quantum oper-

ators. This frightening result forced theorists to abandon the idea that the canonical

method was a correct form of recreation of the quantum theory, many accusing the

formal similarities exposed above as nothing more than a case of extreme luck. How-
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ever, not even the most extreme pluralists—i.e. the believers on a full gap between

the quantum and classical theories—were able to convince many that the structural

correlations between the two theories in the geometric level was purely accidental.

In fact, within the last decades, the possibility of a geometric quantization, that

is, a mapping method based on well established differential geometry proprieties,

guided physicists, propelled by the urgency of a quantized gravitational theory1, in

an attempt to revive the similarities thus far mentioned. This review is exactly an

introduction to the field of geometric quantization to the unfamiliar reader.

This is a work written from an undergraduate to undergraduates. In such a sense,

we not only will look at the geometric quantization itself, but also pledge to discuss

most of the necessary background in abstract algebra and differential geometry, topics

not often appreciated at undergraduate level physics courses. That said, the reader

would better profit from the material here discussed with some knowledge of quantum

and Hamiltonian mechanics, which, even though quickly reviewed here, will play the

role of “sanity checks” throughout the paper. On the other hand, the reader already

experienced with the fields of algebra and geometry is encourage to skip the sections

(4 and 5) concerning the revision of these topics, under the author’s promise to stick

to traditional notation as much as possible.

Based on that, this work is divided as follows: Section 2 will bring the mentioned

review on the traditional approach to classical and quantum mechanics, as well as the

description of canonical quantization and Groenewold’s theorem. Sections 3 and 4

1It is possible to describe fields through infinite dimensional phase spaces, so a recipe of quan-
tization of the finite case might yield to some genuine new interpretations of the quantization of a
gravitational field.
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will include the mathematical discussions, with the first focused on abstract algebra

definitions and the second on differential geometry, avoiding the maximum number

of unnecessary demonstrations and using local coordinates as much as appropriate.

At the end of Chapter 4, these two areas will merge together under the analysis of

Lie groups and algebras.

In Section 5, we will fully develop a more modern approach to quantum mechan-

ics, using ideas of representation theories of Lie algebras to investigate the definitions

of Hilbert spaces and Hermitian operators through a more formal lens. Addition-

ally, we will look at the symmetries of motion in the quantum realm, expressed by

a stronger version of the Noether’s theorem for quantum mechanics. On the other

hand, Section 6 will bring the symplectic geometry approach to classical physics,

emphasizing again the group similarities with the quantum theory through another

stronger version of Noether’s theorem. The main goal of this double application of

the same important result to classical and quantum mechanics is to argue for the fact

that both theories’ position and momentum operators represent the same quantities.

Finally, we will study geometric quantization in Section 6, giving special attention to

the systems which are successfully quantized. Even though we do not intend to give

a more general approach due to its remarkable complexity, the method employed

here will be hopefully sufficient to convince most readers about the strength of this

formulation, as well as its success in reproducing several quantum mechanics results

from purely classical systems. Finally, we present a conclusion with suggestions of

future areas of research, especially within the use of the machinery here described in

analyzing the so called classical limit.
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2 Dirac’s Canonical Quantization Method

Mechanics is generally defined as the formal study of motion, i.e. the study of a

particle’s position as a function of time. Since Andre-Marie Ampere, the whole field

has been divided in two arguably disjoint parts: kinematics and dynamics [4]. The

first is interested in the states of the system and how they are related to each other

to create motion. For our purposes, the states of a system will be the momenta and

coordinates of every particle in each direction. The dynamics, on the other hand,

describe how to start motion and does not necessarily concern itself with the precise

positions. Newtonian physics is where this division is most accentuated, with the

study of equations of motion (kinematics) and the study of forces (dynamics).

In this section, we will develop axiomatizations of both classical and quantum

mechanics, attempting to highlight the theories’ similarities in the kinematical and

dynamical levels. After that, we will describe how canonical quantization mixes the

two scales, only then to prove its astonishing failure.

2.1 Hamilton’s formulation of the Classical Mechanics

When applied to mathematical physics, Newtonian perspective is generally seen as

too restrictive. The main problem comes from noticing that it gives especial treat-

ment to rectangular coordinates, which, as we will see, is a violation of the modern

principle of manifest covariance (Section 4). To solve the issue, physicists developed

formulations of mechanics which were more natural to abstract choices of coordi-

nate systems, with one of the most important of these methods being the so called

5



Hamiltonian mechanics2. Just like in Newtonian physics, the Hamiltonian theory

will consist of a set of axioms that will describe how the position of a particle3 is af-

fected by the dynamics it experiences. For a one particle system4 in a n-dimensional

space, the axioms of Hamiltonian mechanics can be stated as following.

Axiom 2.1 (Kinematics—Phase Space). The state of the system is given by a point

in a 2n-dimensional space called the phase space. We can always assign R2n-type local

coordinates to this space 5—called canonical coordinates—of form qa and pa , where

the qa coordinate is the particle’s position in the a-direction and the pa coordinate is

the particle momentum in the a-direction 6.

The fact that the q-coordinates would represent the one-dimensional particle’s or-

dinary position in rectangular coordinate is not given through Axiom 2.1, but it

will be assumed. In such example, the particle’s momentum will be also defined to

be p = mq̇, corresponding to the traditional Newtonian momentum. We will see,

however, that this assumption will be better inspired in the context of Noether’s

theorem, in which case the momentum of a system is defined to be the constant to

be conserved if and only if the dynamics of the system are symmetric with respect to

2Most of the discussion here presented on Hamiltonian mechanics is mirrored from Chapter 13
of [5].

3Here “position” does not mean necessarily a “ruler” measurement of the distance of a particle
from the origin of a coordinate system, as it is the case in Newtonian mechanics. In fact, in
Hamiltonian mechanics, the position coordinate does not even must have units of distance. For
example, in polar coordinates, the angular position of a particle is described by the unitless quantity
that corresponds to its azimuthal angle measured with respect to the horizontal axis.

4In this review, we will only be considering single particle motions. However, the formalism can
be easily extended to multiple particles as well.

5We will later see that we cannot always assign global coordinates to the phase space when taken
in a broader definition, so the word local is pretty important there.

6The use of lower indices for momentum and upper indices for coordinates will be explained in
Section 6, but for now, let us only assume that this is a way to distinguish the two quantities.
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the position coordinate. In this perspective, it will turn out that, assuming the tra-

ditional rectangular coordinates, the definition of momentum as p = mq̇ will follow

from the Noetherian physics.

Axiom 2.2 (Kinematics—Observables). An observable of the system is a function

from the phase space to the real numbers. In particular, if we assign local coordinates

R2n to the phase space, then an observable is a multi-variable function of form f :

R2n → R. In particular, the value that one reads when performing a measurement of

an observable f on a state (q,p) is f(q,p) ∈ R.

One special kind of observable is very important to us: the projections. These

will be maps qa : R2n → R and pa : R2n → R that take one of the coordinates and

simply gives its value as

qa(q,p) = qa pb(q,p) = pb.

So, there will often be a double use of notation for qa and pb as both state quantities

and projection functions.

Axiom 2.3 (Kinematics—Poisson Brackets). For any phase space, we can define a

binary operation on the observables called the Poisson brackets as

{f, g} = ∂f

∂q

∂g

∂p
− ∂g

∂q

∂f

∂p
(1)

so that, for the projection functions qa and pb

{qa, pb} = δab , (2)
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where the δ above is Kronecker’s one, defended as

δab =

⎧⎪⎪⎨⎪⎪⎩
1 if a = b

0 otherwise.

We call the relation of equation (2) the classical canonical commutation relation.

Axiom 2.4 (Dynamics). For every classical system, there is a distinguished observ-

able H called the system’s Hamiltonian. If f is any observable of the system’s phase

space, then f(q,p) evolves in time according to

df(q,p)

dt
= {H, f}(q,p). (3)

Notice that, even though we use the structure defined in Axiom 2.3, Axiom 2.4 is

not implied by the previous. This layer of logical independence is what distinguishes

the kinematical and the dynamical parts of the theory.

Also, see the functions f for which {f,H} = 0 do not change in time. These

are called conserved quantities. In fact, since {H,H} = 0, the Hamiltonian itself

is a conserved quantity. Given that energy is a conserved quantity in Newtonian

mechanics, it is common to thus claim that the Hamiltonian is actually the energy

of the system, given by the sum of kinetic and potential energies. Additionally, if we

plug qa or p in equation (3) we get that

q̇a =
∂H

∂pa
, ṗa = −

∂H

∂qa
(4)
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the Hamilton’s equation of motion. This justifies the equivalence of our axiomati-

zation system with respect to the more traditional one, for which the dynamics are

described by equation (4) above and not by Axiom 2.4.

It is important to notice that Hamiltonian mechanics can be used to create the

Lagrangian formulation of mechanics. In such a sense, we can define the Lagrangian

function of form L(qa, q̇a) through the Legendre transform

L =
n∑︂
a=1

paq̇
a −H, (5)

so that is equal to the kinetic energy minus the potential one. The Lagrangian has

the property that it minimizes the action functional

S =

∫︂ t

0

L(q, q̇)dt

for any value of t. The action function is often used to directly give the a-component

of momentum in terms of the position coordinate through

pa =
∂S

∂qa
. (6)

Unfortunately, Lagrangian mechanics will not play a very important role through-

out our analysis. However, some of these ideas will again show up in Section 6.4.
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2.2 Axiomatization of quantum mechanics

Now, we will provide an axiomatization of quantum mechanics, similar to what was

done for the classical case in the last section. For such propose, we will solely be

using the Schrödinger’s picture here, in which the states are the ones to evolve in

time, instead of the observables.

Axiom 2.5 (Kinematics—Hilbert Spaces). The state of a n-dimensional physical

system is given by a normalized vector |ψ⟩ in a complex Hilbert space H of dimension

n with inner product ⟨.| |.⟩.

Notice that here we avoid touching on position or momentum entirely. This is not a

problem, it only gives more freedom to work with the quantum theory and allocate

notions as spin and polarization physics. In fact, this imposed freedom is what allows

us to use all the axioms defined here for general quantum physics problems that have

no classical analogue, even though that is something we will not pursue too much.

However, even when one starts restricting themselves to the mechanical-type q̂

and p̂ quantities only, a particular notable aspect of the Hilbert space shows up: it

is abstract. By this, we mean that, different from the phase space, for which Ax-

iom 2.1 says that will always be R2n, the abstraction of Hilbert space imposes no

requirement to what specific set it might be. For example, one approach to quantum

mechanics, often called Schrödinger’s representation, has Hilbert space the set of

square-integrable real-valued functions, L2. By contrast, in Fock’s formulation, the

Hilbert space corresponds to more general analytic complex functions. In fact, as

we shall see in Section 5, this freedom of Hilbert space choice is a remarkable char-

acteristic of quantum mechanics and gives rise to the representation interpretation
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of it. Indeed, in the classical counterpart, such a freedom of space choice is only

partially achieved through the more geometric reformulation of Hamilton’s axioms.

Since, in a quantization attempt, we would expect to classically emulate this freedom

in space choice, the introduction of this more general notion of phase space through

differential geometry ideas seems to be a desirable constraint.

Axiom 2.6 (Kinematics—Observables). Observables are given by Hermitian—self-

adjoint—operators in the Hilbert space H, with eigenvectors forming a complete basis

for H 7. The completeness of the eigenvectors implies that any state |ψ⟩ can be writ-

ten as |ψ⟩ = c1 |λ1⟩+ ...+ cn |λn⟩ for c1, ..., cn being complex scalars and |λ1⟩ , ..., |λn⟩

being all eiegenvectors of an observable Ô with correspoding eiegenvalues λ1, ..., λn.

The result of a Ô measurement in |ψ⟩ will necessarily be an eigenvalue λi of Ô, with

probability ⟨ψ| |λi⟩ ⟨λi| |ψ⟩, and after the measurement, the system will be left in the

state |λi⟩.

The necessity of the observables being Hermitian operators will be better explained

when we talk about the Lie groups in Section 4.12, but for now, notice that the

Hermicity implies that the operator only have real eigenvalues [6], so that any mea-

surement will give back a real number.

Axiom 2.7 (Kinematics—Commutators). For any Hilbert space, we can define a

7If the H is finite dimensional, the requirement of the eigenvectors of the Hermitian operator
forming a complete basis is redundant, as it can be shown that the eigenvectors of a finite Hermitian
operator will always form a basis [6]. However, for the infinite case, this is a necessary constraint
in order to well define the probabilities measurements for any normalized state of H.
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binary operation on the observables by

[J,K] = JK −KJ,

where JK is only normal multiplication, generally not commutative. In particular,

for the position and momentum projection operators, q̂ and p̂

[q̂a, p̂b] = iℏδab , (7)

where ℏ is the Planck’s (reduced) constant.

Equation (7) is called the canonical commutation relation (for quantum mechan-

ics). In fact, any two observables that have non-zero commutator are called canon-

ical conjugates and obey a certain kind of uncertainty relation, like Heisenberg’s

∆x̂∆p̂ ≥ ℏ
2
.

Axiom 2.8 (Dynamics). For every quantum system, there is a distinguished observ-

able Ĥ called the system’s Hamiltonian. If |ψ⟩ is the system’s state, it evolves in

time through

d

dt
|ψ⟩ (t) = − i

ℏ
Ĥ |ψ⟩ (t), (8)

result known as Schrödinger’s equation. This implies the expectation value of an

operator changes by

d

dt
⟨f̂⟩ = d

dt
⟨ψ| f̂ |ψ⟩ = − i

ℏ
⟨[f̂ , Ĥ]⟩ . (9)
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Notice that when expectation values do not change, for all measurement purposes,

they will represent conserved quantities, as seen through equation (9). Based on

this, we will again assign the eigenvalues of Ĥ to the system’s energy. Additionally,

since Ĥ is an observable, it will have eigenstates. These eigenstates, as predicted

by Schrödinger’s equation (8) will not be changing in time. Finally, recall that the

comparison of equations (3) and (9) and equations (2) and (7) is, as we have seen in

the Introduction, the inspiration behind Dirac’s quantization ideas, which we shall

look at in the next section. Indeed, the independence of the kinematics and dynamics

makes these similarities even more surprising as the theories apparently agree in both

realms. In fact, one could expect that the classical and quantum mechanics shared

only the same dynamics, with identical Hamiltonian operators for both, or only the

kinematics, with the position and momentum observables being related. However,

the fact that both of these agree strongly suggests that there is something more than

simple coincidence underneath the surfaces of these axioms.

2.3 What is quantization?

As we mentioned, from the similarities noticed in the last section, P.A.M. Dirac

suggested the existence of map between both systems’ operators. In that way, any

classical observable would have a quantum counterpart and, in particular, any clas-

sical Hamiltonian would give birth to a quantum Hamiltonian. That is, if we can

then find this quantization map, we would get quantum mechanics for free out of

classical physics.

What would the characteristic of such a function be? There is no easy answer,
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as the quantization map

Q : {obervables in the phase space} → {observables in the Hilbert space}

appears in various different forms of constraints in literature. For such a reason, we

will follow Jung [1] in building the axioms of a quantization map from the properties

we expect it to have, so that equations (7) and (9) are satisfied whenever their

classical counterparts also are.

Axiom 2.9 (First Diracian Quantization Axiom). The quantization map Q is R-

linear.

The reason for such postulate follows from the desire to directly quantize the Hamil-

tonian function. That is, if a classical system has a Hamiltonian H = p2

2m
+ U(q),

the axiom above guarantees us that the associated quantum Hamiltonian will be

Ĥ = 1
2m
Q(p2) +Q(U(q)), similar to what is assumed in most textbooks [6, 7, 8, 2].

However, such a statement does not give us a recipe for Q(p2) or Q(U(q)). This is

the subject of the next postulate.

Axiom 2.10 (Second Diracian Quantization Axiom). For any n ∈ N, we have

Q[(pa)n] = (Q(pa))n, Q[(qa)n] = (Q(qa))n.

This axiom is often called von Neumann’s rule [3, 1]. With that and Axiom 2.9, we

are able to locally quantize any analytic function of q or p based on Taylor’s theorem

and, consequently, reproduce most classical Hamiltonians of form H = p2

2m
+ U(q).
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Notice, however, that this says nothing about the correct form to define Q in mixed

powers of p and q such as Q(p · q). Given the non-commutation of p̂ ≡ Q(p) and

q̂ ≡ Q(q), such operation is far from trivial. The solution, however, also given by

Dirac, was to define Q(qp) = 1
2
(q̂p̂+ p̂q̂), in which case 1) there is no preferred choice

for the order of the operators, and 2) guarantees the Hermicity of Q(qp) [2].

Axiom 2.11 (Third Diracian Quantization Axiom). If f and g are any classical

observables, then

[Q(f),Q(g)] = iℏQ({f, g}). (10)

This is the most important postulate. It is this axiom that implies equations (2)

and (3) from their classical counterparts. Particularly, if a classical quantity f is

conserved, f̂ will also be.

Axiom 2.12 (Fourth Diracian Quantization Axiom). The mapping Q takes complete

set of operators {f1, ..., fk} to complete set of operators {Q(f1), ...,Q(fk)}.

This is the hardest to understand. What do we mean by a “complete set of

operators”? Turns out that the answer will depend strongly on Schur’s lemma,

which we are only addressing in Section 4.13. Conceptually, however, we can take the

meaning of this postulate to be that, if {f1, ..., fk} completely describes the mechanics

of a system, then {Q(f1), ...,Q(fk)} should also describe its quantum version—or,

paraphrasing Jung, we do not loose or create operators in migrating from classical to

quantum mechanics. This is important as if we were to, say, describe the mechanical

properties of a single particle classically, ignoring its neighboring friends, we should

also be able to do the same quantum mechanically. Of course quantum mechanics will
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force in new features into the classical system, such as the spin, which might indeed

influence the behavior of the system through laws such as Pauli’s exclusion principle.

However, the spin information do not directly depends on q and p and it can therefore

be seen as a non-canonical (where canonical is always taken as a reference to only

momentum and position dependency) quantizeable property of motion, so not on our

subject of interest. In later sections, we will express this lack of influence on position

and momentum on spin through the machinery of representation theory.

Overall, this quantization method reaches perfection in simplicity. Notice that it

does not give the appropriate Hilbert space H to represent, quantum mechanically,

a classical system of phase space M . This implies that there might be several differ-

ent Hilbert spaces in which we can successfully describe the same classical system.

However, as ill-defined as this sounds, this is in fact a very desirable property of any

really good quantization scheme through the already mentioned abstraction of the

Hilbert space.

2.4 A no-go theorem: why does the Universe have to be so

complicated?

As we tried to sell in the last section, Dirac’s quantization seems to be one of the very

few non-complicated algorithms in Physics. It works greatly and until today several

quantum mechanics textbooks—both undergraduate and graduate level—use it ex-

tensively. There is, however, a slightly problematic issue with it: it is inconsistent,

meaning that there are classical observables that are equal but are sent to different

quantum operators! This result is known as Gronewold-van Hove theorem and was
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the kick-starter for all the more mathematically intricate quantization schemes that

were later developed, including geometric quantization [8, 3, 1].

Theorem 2.1. The classical operator p2q2 is sent to two distinct quantum observ-

ables under Dirac’s quantization Q.

Proof. One can show, using the definition of the Poisson brackets, that

1

9
{q3, p3} = p2q2 =

1

3
{q2p, qp2} (11)

so our goal will be to find the quantized versions of {q3, p3} and {q2p, qp2}—which,

due to Axiom 2.12, must depend only on q̂ and p̂. Before we can proceed on that vein,

we will state the following lemmas, all of which can be checked by the definitions of

Poisson brackets and commutators.

Lemma 1. For any quantum operators Â, B̂ and Ĉ, any integer m ∈ Z, and the

position and momentum operators—q and p—in the classical realm, the following

holds.8

1. {qm, p} = mqm−1

2. {q, pm} = mpm−1

3. [AB,C] = A[B,C] + [A,C]B

4. [A,BC] = [A,B]C +B[A,C]

8Items 3-7 are generalizations are actually the definition of Lie brackets, as we will see in Section
4.12
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5. [A,B + C] = [A,B] + [A,C]

6. [A+B,C] = [A,C] + [B,C]

7. [rA,B] = r[A,B] = [A, rB] for any scalar r ∈ C

Let us proceed to the proof itself using Axiom 2.11 to the left side of equation

(11) 9.

Q
(︂1
9
{q3, p3}

)︂
= −i 1

9ℏ
[Q(q3),Q(p3)] = −i 1

9ℏ
[q̂3, p̂3] = −i 1

9ℏ
[q̂q̂2, p̂2p̂]

= −i 1
9ℏ

(q̂[q̂2, p̂2]p+ [q̂, p̂2]q̂2p̂+ p̂2q̂[q̂2, p̂] + p2̂[q̂, p̂]q̂2) = Q(p2q2)

(12)

However, using the commutation law for [q̂, p̂] = iℏ

[q̂2, p̂2] = [q̂q̂, p̂p̂] = q̂[q̂, p̂]p̂+ [q̂, p̂]q̂p̂+ p̂q̂[q̂, p̂] + p̂[q̂, p̂]q̂ = 4iℏq̂p̂+ 2ℏ2

Substituting in equation (12) and expressing all products in order q̂p̂ yields

Q(p2q2) = −i 1
9ℏ

(9iℏq̂2p̂2 + 18ℏ2q̂p̂− 6iℏ3) = q̂2p̂2 − 2iℏq̂p̂− 2

3
ℏ2 (13)

Now applying the same technique on the right side of equation (11)

Q(p2q2) = Q
(︂1
3
{q2p, qp2}

)︂
= −i 1

3ℏ
[Q(q2p),Q(qp2)] (14)

9Here is the only place we will be using the von Neumann rule of Axiom 2.10 and its application
to this specific case can be derived from the other axioms [1]. This tells us that Axiom 2.10 is not
necessary for Theorem 2.1 to hold, but stating it out substantially simplifies the proof.
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We have to then quantize q2p and qp2. Notice first that

{q3, p2} = 6q2p {q2, p3} = 6qp2

Which using Q(qp) = 1
2
(q̂p̂+ p̂q̂) as it was argued in the last section, gives

Q(q2p) = 1

2
(q̂2p̂+ p̂q̂2) Q(qp2) = 1

2
(q̂p̂2 + p̂2q̂)

Substituting this in equation (14)

Q(p2q2) = −i 1
3ℏ

[︂1
2
(q̂2p̂+ p̂q̂2),

1

2
(q̂p̂2 + p̂2q̂)

]︂

Which repeatedly using Lemma 1 yields to

Q(p2q2) = −i 1
3ℏ

(3iℏq̂2p̂2 + 6ℏ2q̂p̂− iℏ3) = q̂2p̂2 − 2iℏq̂p̂− 1

3
ℏ2 (15)

But then, p2q2 has two distinct quantized versions, one given by equation (13) and

the other by equation (15).

As sad as it is, the proof of Theorem 2.1 confirms the wrongness of the canonical

method. But, does it make it all useless? Independent of the quantization map,

the structural resemblance of the classical and quantum axiomatizations persists,

indicating that “yes, there is something to search for there, but the answer might

not be so easy”. So, what we need to do here is digress a little and think on what

went wrong in Dirac’s approach and how we can possibly fix it. It tuns out that
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the options are many and each of them will lead to one of the nowadays proposed

quantization methods.

The first attempt of solution that one might point out is that the momentum

observable p̂a might not correspond exactly to the same physical quantity as the

classical momentum projection pa, but only a similar quantity that behaves in the

same way for lower powers of pa. As appealing as this sounds, however, we believe

that this is not the case. Through the lens of Noether’s theorem, both quantum and

classical momentum can be expressed as the quantity conserved when the dynamics

have space symmetry. Since a symmetry of the Hamiltonian is arguably independent

of the system’s scope, it seems that one has no other choice than accept these two

observables as the same. In the next chapters, we will develop Noether’s theorem to

further justify these claims.

A second possibility is to notice that equations (13) and (15) are indeed different,

but only by an additive factor of ℏ2. Even though one cannot only ignore O(ℏ2)

based on magnitude approximation at all scopes, we could postulate that the true

quantization map is [Q(f),Q(g)] = iℏQ({f, g})+O(ℏ2), which does reduce to Dirac’s

original version somewhere around what would be the classical limit. Such approach

is called quantization deformation and uses a technique known as Moyal’s product

to account for these higher order terms in ℏ2 [9]. Albeit an interesting approach, we

will refrain from going into it for the sake of brevity.

Other option would be to notice that the inconsistency of Dirac’s quantization

only arises within operators of combined powers of q and p above 3. That is, if we

restrict ourselves to linear combinations of q, p, qp, q2 and p2—so ignoring Axiom
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2.10—no problems should immediately come to us. Maybe we could just ignore

higher power operators and simply claim that the only classical operators that do

have a quantum counterpart are of order up to 2. Unfortunately, however, our

experience in the field tells us that there are some classical operators of bigger power

that play crucial roles in quantum mechanics, as the Laplace-Runge-Lenz vector—

given by w = 1
m
(l × p) + k q

q
—which is responsible for explaining the degeneracy

of energy levels of the hydrogen atom [10, 8, 11]. This tells us that if we are to

throw away operators, we have to do this in a smart way, in which we physically

motivate every step we take. This is exactly the view of geometric quantization: to

build a map from some classical observables to quantum ones using the least number

of postulates as possible and axiomatize the map on the go so that the desirable

relations can be constructed. It turns out that the “easiest” way to do so is by

appealing to the geometric formulation of classical physics, which can then be used

to emulate some of the structures in the quantum systems. Understanding these

structures, however, requires a detour in concepts of algebra and geometry.

3 Notions of Algebra

This section will bring an introduction to the many ideas of abstract algebra used

in mathematical physics, including the definitions of groups, vector spaces and al-

gebras. Here, we will avoid some of the complicated mathematical formalism and

demonstrations, appealing instead to more intuitive methods based on symmetries

and functions. Readers willing to dive in a more mathematical approach to abstract
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algebra are encourage to check [12] and for a more far-reaching physics approach to

the topic, [8].

3.1 Group theory

Groups are likely the most important category of objects in a more mathematical

formulation of physics and, even though by definition abstract, they are nothing

more but generalization of real numbers’ addition. In such a sense, a group is a set

G together with a binary function · : G×G→ G—called an operation—that obeys

the following properties

Definition 3.1. [Group] The set G is a group under the operation ·, denoted (G,·),

if and only if

1. g · (h · i) = (g · h) · i for any g, h, i ∈ G (associativity);

2. there is an element e ∈ G such that, for any g ∈ G, g · e = e · g = g (existence

of the identity);

3. for any element a ∈ G, there is an element b ∈ G such that a · b = b · a = e

(existence of inverses).

Notice that the fact that · is a function from G × G to G tells us that the set G

is closed under the operation: the “product” of any two elements inside it will give

another of its elements. Before we move on to give some examples of groups, let us

mention properties that even this open definition allows us to state. First, it can be

shown (check [12]) that the identity element is unique—so, we can talk about the

22



identity of G—and that, for a given a ∈ G, a has only one inverse—which allows

us to talk about the inverse of a—denoted by a−1. Additionally, it will follow that

for any two elements a and b of the group, (a · b)−1 = b−1 · a−1, a relation called by

mathematicians as the socks-and-shoes property.

Example 3.1. We will start our group examples with the real numbers under addi-

tion, (R,+). It is no surprise that such a set obey Properties 1 to 3 of Definition

3.1, so we say that R forms a group under + = ·10, with the inverse of a under such

operation being −a. However, more than that, the group of real numbers under addi-

tion has the very important property of commutativity, that is, a+ b = b+a. Groups

for which all its elements commute are called by physicists commutative groups, and

by mathematicians Abelian 11.

Example 3.2. In matrix algebra, Properties 1 to 3 of 3.1 and the mentioned theorems

underneath are deeply discussed. In fact, it will come as almost no surprise that we

can form groups for the set of n × n real matrices under multiplication. However,

this cannot be the set of all square matrices of dimension n, Mn, as there are some

elements of which are non-invertible, signifying an egregious violation to Property 3.

We can fix the issue by looking only at the invertible matrices of dimension n, the so

called general linear subset of matrices, GL(n,R) ⊆ Mn. Notice that linear algebra

[13] tells us that this corresponds exactly to the bijective linear transformations of Rn

to itself and can be characterized as all the n × n matrices of determinant different

10As weird as this “equation” might seem, it is simply telling us that, to make a group out of R
under addition, we must make “+” the group operation. Consequently, this is not telling us that
addition is equal to multiplication in R—this use of · is only an unfortunate coincidence in notation.

11With all due respect to Niels Abel, to whom we grow great respect, we will stick to the physicists’
nomenclature here, as that will ring many bells later on.
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than zero.

We can apply further restriction to GL(n,R) by considering the subset of those

matrices of determinant one. This new set will directly inherit Properties 1,2 and 3

from GL(n,R) under matrix multiplication, forming the special linear set, SL(n,R).

However, recalling that, for any two matrices M and N , det(M · N) = det(M) ·

det(N), SL(n,R) will then form a set closed under matrix multiplication—i.e. a

group on its own. As SL(n,R) is a subset of GL(n,R), we characterize the fact that

the first is closed under multiplications by calling it a subgroup of GL(n,R).

Most of our applications of group theory will come from symmetries of the system.

For that reason, let us see why the group structures can be very naturally recreated

in such a context, even for the ordinary geometric symmetries.

Example 3.3. We will define a geometrical symmetry as simply an operation on a

two-dimensional figure that leaves it looking exactly like it was before—i.e. it main-

tains the object’s shape. Let us exemplify this by thinking of the symmetries of a

square, as shown in Figure 1. As seen in the figure, there are eight symmetry opera-

tions in the square: four flips around each of the axis—that is, 1800 rotations about

a vertical, a horizontal and the two diagonal axes, all passing through the middle

point, which we denote as V,H, D and D’, respectively — and four counterclockwise

rotations around the middle point by integer multiples of 900—ignoring of course, ro-

tations that require more than one number of full turns—namely R0, R900 , R1800, and

R2700. This set of symmetries, however, forms group under operation composition.

Let us check why that is the case.

Notice that we can compose any two elements of the set of symmetries and result
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V

D D’

H

𝑅𝑛×900

Figure 1: Symmetries of a square: four flipping symmetries (H, V, D, and D’ ) and
four rotational symmetries (R0, R900 , R1800 , and R2700).

in another element of the set. For example, a rotation of 2700 followed by a vertical

flip is equal to a flip around D, that is, V ·R2700 = V ◦R2700 = D. Similarly, a vertical

flip after a vertical flip is equal to not changing the square at all, or V ·V = V ◦V = R0

and so on. This implies that composition gives the wanted group operation. For

Property 1 of Definition 3.1, it can be noticed that symmetries are actually functions

and function composition is associative. Now, Property 2 will follow because R0 does

absolutely nothing to the square and so composing it with any other symmetry would

imply leaving the symmetry’s action unchanged—i.e. R0 is the identity. Finally,

Property 3 will follow by noticing that doing a flip twice is the same as not doing any

flip at all and for any number n in Rn×900, R(4−n)×900 undoes the first rotation. In

fact then, the set of symmetries, which we shall call D4, is a group under composition,

where the “4” is used to indicate that such a group is achieved by considering the
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symmetries of a 4 sided regular polygon12.

The reason for bringing this seemly physics-unrelated problem to our discussion—

besides aesthetics, of course—is the important idea that it entails. Symmetries, in a

more physical languages, are defined as bijective functions that preserve some kind of

structure, which, in this geometric case, the “structure” was exactly the shape. Any

set of symmetries of a system—not only the geometric ones—can be seen as a group

by the same arguments we presented here: it must be closed because the composition

of two functions that preserve some structure also preserves the structures; it is as-

sociative because composition itself is associative; it has an identity since the identity

function will preserve any kind of structure; and it has an inverse since bijections

that preserve structures will have inverses that preserve structures. These ideas will

be very important when talking about Noether’s theorem, where symmetries are seen

as change of coordinates which preserve the dynamics.

Example 3.4. Now let us consider the group G of only two elements under ordinary

multiplication, G = ({1,−1}, ·) and a function f : D4 → G such that f is defined by

f(R0) = f(R900) = f(R1800) = f(R2700) = 1

f(H) = f(V ) = f(D) = f(D′) = −1.

Such a map has an extremely interesting property, but before that, let us stop a mo-

ment and think on what are the elementary differences between the flips and rotations

in D4, if any. Imagine we assign, as shown in Figure 2 a letter F to what is initially

the front of the square and a letter B to its back and call orientation the position of

12Groups like this exist for any sided regular polygon and are called dihedral groups.
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the assigned letters in respect to the viewer—that is, if the viewer sees F it means

that the square is oriented frontwards, otherwise we say that it has a backwards ori-

entation. Notice, that after any flip, the orientation will necessarily change—if the

square had a frontward orientation it will then have a backward orientation and vice-

versa—whereas rotations leave orientation unchanged. Now, summoning the closure

of D4 as a group, a flip after a flip should be another symmetry and should be one

which does not change the orientation—i.e. a rotation. The same reasoning applies

to the other combinations: a rotation combined with a rotation should be a rotation

and a rotation combined with a flip should be a flip.

Back to the function f , if F is a flip and R is a rotation, then using · instead of

◦ for function composition gives us

f(R · R) = f(R) = 1 = f(R) · f(R)

f(F · F) = f(R) = 1 = f(F) · f(F)

f(R · F) = f(F) = −1 = f(R) · f(F)

f((F · R) = f(F) = −1 = f(F) · f(R).

Or, more generally, if a and b are any elements of G

f(a · b) = f(a) · f(b). (16)

The property of function of f in the last example is shared by many other func-

tions in group theory: in fact, most of group theory is interested only on functions

for which equation (16) holds. These are called group homomorphisms.
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FLIP

Figure 2: Diagrams showing the change in orientation from frontward (F ) to back-
ward (B) after a D flip and the null change in orientation after any rotation.

Definition 3.2 (Group homomorphisms, isomorphisms, and authomorphisms). A

function f is a (group) homomorphism from a group (G, ·1) to another group (H, ·2)

if and only if for any a, b ∈ G

f(a ·1 b) = f(a) ·2 f(b) (17)

holds. In particular, if besides of being hommomorphic, f is also bijective, we call f a

(group) isomorphism and say that G and H are two isomorphic groups. If in addition

to f being an isomorphism, H = G—the sets are the same, but the operations are

distinct—we call f a (group) automorphism.

Example 3.5. Consider the group (Z,+) and the group ({2a|a ∈ Z},×). The func-
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tion f : Z→ {2a|a ∈ Z} given by

f(m) = 2m

is an isomorphism because

f(m+ n) = 2m × 2n.

Example 3.6. The identity map f(x) = x is an automorphism of any group G.

The use of isomorphisms lies exactly on the fact that, if we are able to only using

group laws prove something about a group G that is isomorphic to H, then we get

the same result in H for free. In particular, Cayley’s theorem—which we shall not

prove now—predicts that any group is isomorphic to a symmetry group, result which

is the basis of Section 3.3.

3.2 Ring theory and vector spaces

In the last section, we explored the fact that the reals form a group under addition,

but said nothing about the ordinary multiplication in R. The reason for that is

because R does not form a group under normal product, since 0 has no inverse in R.

Nonetheless, the set (R− {0}, ·) is a (commutative) group

The discussion above is not a characteristic of the set R only, but in fact, several

other sets such as Z, Q, and C can be also be naturally endowed with these two

operators. If these operations respect an specific class of properties, the set in which

they act on is called a ring.
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Definition 3.3 (Ring). A set R, together with two operations + and · (functions

R×R→ R)—called addition and multiplication, respectively—is a ring if and only

if

1. g + (h+ i) = (g + h) + i for any g, h, i ∈ R (associativity of addition);

2. there is an element 0 ∈ R such that, for any g ∈ R, g+0 = 0+g = g (existence

of the addition identity);

3. for any element a ∈ R, there is an element −a ∈ R such that a + (−a) = 0

(existence of inverse under addition);

4. g + h = h+ g for any g, h ∈ R (commutativity of addition);

5. g · (h · i) = (g · h) · i for any g, h, i ∈ R (associativity of multiplication)

6. g ·(a+b) = g ·a+g ·b and (a+b)·g = a·g+b·g for any a, b, g ∈ R (distributivity

of multiplication).

That is, the set R forms a commutative group under addition with identity 0, but

R does not even need to have an identity under ·. If however, the ring R has such

an identity under multiplication, we shall denote it by 1 and say that we have a ring

with unity.

Example 3.7. Even though the set of all n× n real matrices does not form a group

under multiplication, it forms a ring with unity the identity matrix and 0 the zero

matrix.
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If the multiplication in a ring R is commutative, the ring is called a commutative

ring. We can generally compute how two elements a, b ∈ R commute by considering

their commutator, defined by

[a, b] = ab− ba.

When the commutator equals 0, we say the two elements commute. So, for a com-

mutative ring, the commutator of any two elements is always zero. However, for

non-commutative rings, this is not the case, and, in fact, the commutator will be

another element of the ring.

If F is a commutative ring with unity and all elements of F have inverses under

multiplication (i.e. multiplication will also form a commutative group over F −{0}),

F is called a field. For example, Q, R and C are all fields. Now, given a field F and

a set V, can also form a vector space.

Definition 3.4. A vector space V—of elements called vectors—over a field F—

called a field of scalars—is such that there are two operations + : V × V → V and

· : F × V → V called vector addition and scalar multiplication and both obey

1. X + (Y + Z) = (X + Y ) + Z for any X, Y, Z ∈ V (associativity of vector

addition);

2. there is an element 0 ∈ V such that, for any X ∈ V , X + 0 = 0 + X = X

(existence of the vector addition identity);

3. for any element X ∈ V , there is an element −X ∈ V such that X + (−X) = 0

(existence of inverse under vector addition);
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4. X + Y = Y +X for any X, Y ∈ V (commutativity of addition);

5. a · (b ·X) = (a · b) ·X for any a, b ∈ F and X ∈ V (compatibility);

6. for the unity 1 ∈ F , 1 ·X = X for all X ∈ V (scalar unity);

7. a · (X + Y ) = a ·X + a · Y and (X + Y ) · a = X · a+ Y · a for any a ∈ F and

X, Y ∈ V (distribution of scalar multiplication);

8. (a+ b) ·X = a ·X + b ·X and X · (a+ b) = X · a+X · b for any a, b ∈ F and

X ∈ V (distribution of scalar addition).

If a1, ..., an ∈ F and X1, ..., Xn ∈ V, we call

a1X1 + ...+ anXn

a linear combination of X1, ..., Xn. A basis for the vector space V is a set of vectors

{e1, ..., en} so that any other vector X of V can be uniquely expressed as a linear

combination of e1, ..., en. The dimension of the vector space V is given by the size of

the set {e1, ..., en} and can be shown to be a well defined quantity [13].

For example, Rn is a space of vectors being strings of length n. Similarly, the set

of all f : R → R continuous functions is an infinite dimensional vector space over

the field R, as well as the set of all n × n matrices is a finite dimensional vector

space, as scalar multiplication is well defined. Nonetheless, there is a speciality

about the space of functions and matrices when compared to the normal Rn case:

vector multiplication is defined. That is, for both matrices and functions as vectors,
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there is a function · : V × V → V , which in the function space is the ordinary

function multiplication and in the matrix space is ordinary matrix multiplication.

On the other hand, we generally do not define the multiplication of any two vectors13

v1,v2 ∈ Rn.

Notice, however, that in the function space, this multiplication is commutative,

but in the matrix space, it is not. In either case, however, we call a vector space

in which vector multiplication is defined as an algebra. Additionally, once vector

multiplication is defined, the commutator of two vectors is defined as well through

[X, Y ] = X · Y − Y ·X,

as X, Y ∈ V and · is the vector multiplication. For the continuous function space,

the commutator is identically zero, but that is not what happens with matrices

(remember, matrix multiplication is not commutative) 14.

13Unfortunately, the cross-product is not well defined for any n ∈ N, but only for n = 3, so it is
not a good candidate for vector product.

14In fact, the non-commutative of matrices played an important historical role in the development
of the quantum theory. Early on, Heisenberg noticed that equation (7) indicated a failure of the
quantum canonical observables to commute, a big distinction compared to the classical versions,
which as we might recall, were simply continuous functions. Nonetheless, Heisenberg seemed to
be unable to recognize this feature as any specific algebra, until Max Born and Pascual Jordan
suggested an analogy with matrices. Based on that, the trio developed what is often referred to
as matrix mechanics, in which the observables were interpreted as infinite dimensional matrices
[14, 15, 16].

33



Structure
Number of

Operations
Operations

Group 1 Group multiplication

Ring 2 Ring addition and ring multiplication

Vector

space
2

Vector addition and scalar multiplica-

tion

Algebra 3
Vector addition, scalar multiplication

and vector multiplication

3.3 Representation Theory and Actions

A very important theorem in linear algebra says that any linear transformation on

a finite dimensional vector space Rn can be mapped to a real n × n matrix. We

want to extend this idea here, in particular, we want to bring it not only to the finite

dimensional case, but to any vector space what so ever. This general approach is

called representation theory and is the main spirit behind a modern understanding

of quantum mechanics. The beauty of this formulation relies on the mixture of the

definitions of groups and vector spaces into a single entity. Before defining it though,

let us agree on some terminology—more precisely, we will have to know what group

actions are, concept that will turn out to be very important on its own.

Definition 3.5 (Group Actions). Let (G, ·) be a group and M any set. If for every

element g ∈ G, we can define a function Lg :M →M such that

Lgh = Lg ◦ Lh Le = idM (18)
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we say that we have a left-action of G on M and denote it by

Lg(x) ≡ g · x ≡ g x ∀x ∈M.

Similarly, we can define the right-action of G over M by

Rgh = Lh ◦ Lg Le = idM .

Sometimes15, it is preferable to give a general function to highlight how the action

of G on M is well defined and such an action function is given by

L : G×M →M L(g, x) = Lg(x).

Other times, we will want to talk about the action of the elements of G for a fixed

m ∈M so that

Lm : G→ G Lm(g) = Lg(m),

in which the action of G can be seen as a mapping from G to the set of functions

f :M →M . We will also state, without proof, that the action function thus defined

is invertible as, of inverse

(Lg)
−1 = Lg−1 . (19)

15The · of g · x is supposed to represent the evaluation of the function Lg at x and is not the
operation of the group G—although it can be somehow traced to it. Although we agree that this
is a horrendous abuse of notation, we will not deny that such a simplification makes the authors’
life much easier.
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Example 3.8. Consider the group (Rn,+) and let M = Rn. The group action

La : Rn → Rn La(b) = a+ b

is called the translation action of Rn and, as we will see, this action it is directly

related to conservation of linear momentum.

Now, actions on sets M are, sometimes, too general for our purposes. Conse-

quently, it will be wiser to restrict our attention to vector spaces only. Let us look

first to the (linear) transforms from a vector space to itself to itself.

Definition 3.6 (Vector spaces homomorphisms, endomorphisms and automorphisms).

Just like for groups, we can define a homomorphisms between vector spaces over the

same field. This will be a function f in between two vector spaces V and W over F

so that, for any v1, ...vn ∈ V and a1, ...an ∈ F

f(a1v1 + ...anvn) = a1f(v1) + ...anf(vn).

Notice that the set of homomorphisms corresponds exactly the linear transforma-

tions between V and W . If f is, in addition, invertible, we say that it is a space

isomorphism.

Similarly, we call endomorphisms any linear transformations T : V → V and

(linear) automorphisms the bijective endomorphisms. The set of all endomorphisms

of V is denoted End V and of all automorphisms is Aut V.16. In particular, for Rn,

16Notice again an awful double use of the word ”automorphism” here: in Section 3.1 it meant
bijective functions from a group to itself that preserved the group product structure, whereas here
they are bijective functions from a vector space to itself that preserve linear combination.
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End Rn = Mn(R) and Aut Rn = GL(n,R). Notice that for any vector space V ,

Aut V ⊆ End V .

Let us think directly about an action of a group G into a vector space V. We can

induce an action of G on End V by letting, for any f ∈ End V evaluated at any

point x ∈ V and any g ∈ G

LEnd Vg (f(x)) = (g ·End V f)(x) = f(g−1 · x) = f(L−1
g (x)).

By releasing the End V superscript, for any g1, g2 ∈ G

Lg1·g2(f(x)) = g1(g2f)(x)

= f(g−1
1 g−1

2 x)

= f((g1g2)
−1x)

= Lg1 ◦ Lg2(f(x)),

agreeing with equation (18). This implies that there seems to be a group isomorphism

between G and some subset of End V. In fact, as all elements of G must be inversive

and group isomorphisms must preserve inversibility (since for any g ∈ G, if f is a

group isomorphism f(g · g−1) = f(e) = f(g) · f(g−1) = f(g) · f(g)−1), G must be

isomorphic to actually some subset of Aut V. This motivates the most important

definition of this section.

Definition 3.7 (Representation). If G is a group, a representation (π, V ) on a vector

space V is a group homomorphism of form ρ : G→ Aut V.
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There is again a double use of nomenclature here. Sometimes we use the term

representation to talk about the function ρ itself as let ρ be a representation from G

to V and sometimes we use representation to actually denote the space V as V is a

representation of F . The usage we choose should be clear at all times.

In general, a vector space may be representations of different groups and the

same group may have different representations in different vector spaces: in fact,

this is exactly where the strength of representation theory is. Two representations

(ρ1, V1) and (ρ2, V2) of a same group G are called equivalent if there is a isomorphism

in between the sets. This implies [17] that there is an invertible linear operator A

called an intertwining operator such that

ρ2(g)A = Aρ1(g) ∀g ∈ G,

which is often illustrated by

V1 V1

V2 V2

ρ1

A A

ρ2

Example 3.9. Quaternions H form a generalization of the imaginary numbers to

what would be complex numbers in R3 17. This means that for any z ∈ H,

z = a0 + a1i+ a2j+ a3k (20)

17The quaternions were actually formulated by Hamiltonian in 1843 on his approach to mechanics
[18].
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as a1, a2, a3, a4 ∈ R and the quantities i, j, and k have the following properties

i2 = j2 = k2 = ijk = −1

ij = k =− ji jk = i = −kj ki = j = −ik.

Now, consider the group formed by {1,−1, i, j, k}—their definition above already

give the group properties. Such a group will have a representation in C2 given by

ρ : H→ GL(2,C) such that

ρ(1) = I =

⎛⎜⎝1 0

0 1

⎞⎟⎠ ρ(−1) = −I =

⎛⎜⎝−1 0

0 −1

⎞⎟⎠
ρ(i) = −iσx = −i

⎛⎜⎝0 1

1 0

⎞⎟⎠ ρ(j) = −iσy = −i

⎛⎜⎝0 −i

i 0

⎞⎟⎠
ρ(k) = −iσz =− i

⎛⎜⎝1 0

0 −1,

⎞⎟⎠
(21)

where the matrices σx, σy, and σz are collectively known as Pauli matrices. These

elements, when multiplied by i, as in Equation 21, also form a basis to the vector

space of 2× 2 Hermitian matrices above the field of real scalars.

Representations can be also characterize by their reduciability. We say a repre-

sentation (ρ, V ) of a group G is reducible if there is a proper non-empty subspace

W ⊆ V such that is closed under the representation—that is, ρ(g) ·w ∈ W for every

g ∈ G and all w ∈ W . If a representation is not reducible it is called irreducible.

Example 3.10. We define U(1) as the group of rotations about the origin in the

39



complex plane. That is, if x and y are any elements of U(1), x · y will be a rotation

of x + y radians about the origin. In complex analysis, it is common to consider

the representation of U(1) into C as given by π : U(1) → C such that if x ∈ U(1),

π(x) = eix. However, due to the periodicity of the exponential function given through

ei2πkx = eix,

we can restrict π to some πk so that πk(x) = ei2πkx. In such a sense, the subspace

πk(U(1)) will be closed under the group’s action and, therefore, C is reducible as a

representation of U(1).

4 Notions of Differential Geometry

In a nutshell, the geometric quantization process can be seen as a form of mapping

aspects of the classical systems to the quantum one, appealing as much as possible

to well based foundations of physics. For that, differential geometry is nowadays

seen as the most general interpretation of Hamiltonian mechanics and will therefore

qualify as the best option for starting our search. The strength of such an approach

relies on the fact that it allows the expression of the laws of physics in a coordinate-

free manner, giving us even more abstraction than the improvement of Hamilton’s

formulation when compared to Newton’s, as in Section 2.1. For relativists, this

coordinate independence of the laws is especially important, as it indicates that

the equations are, in fact, formulations about Nature and not lucky characteristics

specific to the mathematical model that describes Her. These ideas are somewhat
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a translation of the statement of Einstein’s principle of relativity [19] and is often

denoted by mathematicians as manifest covariance. For us, manifest covariance will

also play a fundamental role. Even though (3) and (9) are very similar, the phase

and Hilbert spaces suffer from a terrible distinction: they necessarily have different

dimensions. Therefore, getting rid of the mentions to coordinate systems seems to

be the correct direction towards quantization. However, the outcomes of studying

differential geometry will be even better than “only” this: we will also be able to

construct most ideas of multivariable calculus and linear algebra from more general

grounds, allowing us to introduce these important concepts to mechanics as well.

4.1 Manifolds

The process of being able to write the laws of physics independently of coordinate

systems can be extended to the question of how to introduce reference frames to

arbitrary sets. Imagine for example, a spherical surface, S2. We could, in principle,

describe any point of this surface uniquely by the Cartesian coordinates of R3 or

even spherical coordinates. However, this is a waste of coordinates: trajectories on a

spherical surface have only two degrees of freedom, whereas both these coordinates

systems have three dimensions. Could we then find a two-dimensional coordinate

system to represent the whole sphere? Yes, and in fact, there are several ways of

doing so. For example, we can use the Riemann sphere to produce a stenographic

projection over the plane (Figure 3). That works, except for the very complicated

point at the north pole, which necessarily breaks the continuity of the projection.

However, it is generally much easier if we divide the sphere in several parts, each of
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which “looks like” R2. For example, if we let the plane z = 0 divide the sphere in

two, a direct projection would perfectly work in assigning a single and continuous

point to each part of the sphere separately. That, is, even though building a smooth

coordinate system that represents the whole sphere is hard, making two systems

that look at parts of it separately (Figure 4) is very trivial. General sets for which

we can divide in such “local systems” are called manifolds. In general, a manifold

can be seen as a set of points in which we can assign a Rn structure around the

neighborhood of each of these points, where n is a fixed value called the dimension

of the manifold. This correlation between the manifold and Rn is what allows for

the main purpose of differential geometry: to transport the calculus concepts from

Rn to the non-trivial manifold environment.18.

Let us try be a little bit (but not too much) more formal with this notion of

manifolds. Suppose M to be a set of points. A local chart (U,ϕ) in M is an open

subset U of M such that there is a homeomorphic function (bijective and having

itself and its inverse continuous) ϕ : U → Rn. That is to say, a chart can be

seen as the assignment of local coordinates to an open subset of M. In our spherical

case of Figure 4, the north and south hemispheres projections are charts or local

coordinates on S2. It is natural to write the chart as ϕ(m) = (x1, ..., xn) = xi(m), so

that we call each xi the i-th corresponding coordinate of the point m in the chart ϕ.

Again, back to the divided sphere case, our charts will have n = 2 and we may let

ϕ(m) = {x1, x2} ≡ {x, y}.

As we have seen with the sphere, however we can sometimes divide the set M in

18The actual formal definition of a manifold involves the concepts of topological Hausdorff spaces,
which will add not to much to our physical discussion [17].
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Figure 3: Illustration of Riemann’s sphere steregraphic map into the plane. In such a
construction, lines connecting the north pole cross some other unique point Z of the
spherical surface forming a chord. This chord is then extended all the way towards
the plane, until it reaches some other unique point z in R2. The spherical point
Z is thus called the steriographical projection of z into the sphere S2. Notice that
almost all points on the sphere are bijectively associated to a point of the plane, with
all points in the northern hemisphere being connected to points outside the plane’s
unit circle and all points in the southern hemisphere with the inside part of the unit
circle—including the south pole, which is assigned to the origin. However, the north
pole itself cannot be canonically assigned to anything because a “line” connecting it
to itself would not pass through the plane (in Riemann’s original formulation, the
north pole was assigned to “infinity”, which is generally do not taken as a number).
Consequently, there is no way to build this stereographic function so to make the
map of the north pole continuous in relation to its neighborhood, implying that the
projection fails to construct a smooth function between S2 and R2.

several open subsets Ui so that
⋃︁
Ui = M. If, for every open subset Ui we assign a

chart (Ui, ϕi), then we cover every single point of the space M with local coordinates,

even though no global coordinates can achieve this—e.g. in the sphere case, we need

two charts as the global Riemann stereographic one fails to continuously map the

north pole. There is, however, a possible consistency concern with such construction.
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If, for example, two charts Ui and Uj, overlap, then we need to make sure that we

can go from one coordinate system to the other (Figure 5). In other words, if

m ∈ Ui ∩ Uj = Uij, we should be able to construct another continuous function

fij that makes the ϕj(m) out of ϕi(m). This can be naturally achieved if we let

fij = ϕj ◦ ϕ−1
i : ϕi(Uij) → Rn, in which case, we name such a function a change

of coordinates or overlap map [20]. This then allows us to glue together each chart

neighborhood, constructing a welldefined “coordination” to all the space M, defining

an atlas.

Figure 4: Atlas construction of S2, in which the two charts are generated by an
almost stereographic projections of the north and south hemispheres separately, in
which the points are assigned by z -arriving lines onto the planes. Notice that, even
though in this case we loose the surjectivity of the map, continuity is obtained, which
to the differential geometry perspective, is much more appreciated. Notice that the
problem of the poles disappear because both the south and north ones are assigned
to zero, but to zeros of different planes.

Definition 4.1 (Atlas). Given a space M, a collection of charts A = (Ui, ϕi) is an

atlas if and only if

44



1. A = (Ui, ϕi) is a set of charts of M such that
⋃︁
Ui = M,

2. if Ui ∩ Uj ̸= ∅ for any Ui and Uj, then there is a function fij = ϕj ◦ ϕ−1
i :

ϕi(Uij)→ R called change of coordinates. If the change of coordinate function,

f is smooth—infinitely differentiable—than we say that we have a smooth atlas.

So far then, an atlas introduces one “gluing” of coordinate systems to all points

in M. However, it is common practice in multivariable calculus in Rn to work with

several different but equivalent coordinate systems in the same space—e.g. moving

back and forth from Cartesian to spherical and cylindrical. Thus, given two atlases

A1 and A2 in M, we may require that the union of both, A1∪A2 to also be an atlas.

With this in mind, we can assign to the points of M, not only the local coordinates

induced by A1, but also the coordinates induced by A2. If {A} is the set of all atlases

in M, then the union
⋃︁
{A} is also an atlas, which receives the name of manifold19.

Definition 4.2 (Manifold). A manifold (M,{A}) consists of a space M with a max-

imal atlas
⋃︁
{A}. A manifold of only smooth atlases is called a smooth manifold. All

manifolds that we will be dealing with will be smooth, so we might sometimes omit

the word “smooth”.

In our sphere case then, for any small neighborhood of the sphere, we can not only

assign the usual Cartesian coordinates of R2 as in Figure 4, but also polar, logarith-

mical and so on.

19The existence of a maximal
⋃︁
{A} is a direct corollary to the famous Zorn’s Lemma, which

can be proven to be equivalent to the also well known by mathematicians Axiom of Choice of Set
Theory [21].
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Figure 5: Two charts atlas over S1 (black), with one chart in blue and the other in
red. Notice that there is an overlap inside the yellow rectangles.

There is a last point to be made here. We often use M to represent both the

space and its manifold, without much loss. This is, when we mention “Let M be an n

dimensional manifold...”, think of M as a space in which we can assign the manifold

structure, that is the set itself.

4.2 Structures on manifolds: functions, vectors and covec-

tors

Now that we know what manifolds are, our next big step is to reproduce all the

nice features of the general n-dimensional Rn space 20. This includes introducing the

20Technically, Rn is the Cartesian coordinate system—an atlas—applied to the so called Eucledian
space of dimension n—the space—but, as we argued, such differentiation is rarely important.
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ideas of functions, vector fields and calculus. The first has a very natural translation

to manifolds, the second and third, not so much. In this and the following sections,

we will study how to bring these concepts to our differential geometry formulation.

Let us start with functions. These, in ordinary multivariable calculus, are maps

from Rn to R. In a manifold M, they will be simply all smooth functions f : M →

R, assigning therefore a real value to every single point of the manifold 21. We may

want, however, to analyze the characteristics of such functions. This is easier done

if we will apply the natural technique of reducing M to its local charts.

Definition 4.3 (Coordinate presentation). Let M be a n dimensional manifold. A

function on M has form

f :M → R m ↦→ f(m).

If (U, ϕ) is a chart in M then a coordinate presentation of f is given by

f̂ : Rn → R f̂ = f ◦ ϕ−1.

Equivalently (x1, ..., xn) ↦→ f̂(x1, ..., xn) ∈ R22. We say that a function is smooth

if its coordinate presentation is smooth (infinitely differentiable) in the normal sense.

The set of all (smooth) functions of M is denoted F(M) or C∞(M). Through out this

paper, we will solely consider smooth functions, so we can assume infinite continuity

when referring to “the set of functions over a manifold M ”.

21For this reason, functions are often referred to in physics literature as scalar fields.
22Notice that it is common, however, to drop the hat over the function and let the context indicate

if we are talking about the function or its coordinate presentation. We will often do so.
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We shall also consider the “inverse of a functions”23 in the manifold M, that is, a

map from R to M. Such a map is called a curve and is precisely given by the following

definition.

Definition 4.4 (Curves). Let M be a manifold. A curve γ in M is a smooth map

γ : (a, b) ⊆ R→ M t ↦→ γ(t) = m,

which, again, may receive a coordinate presentation by

γ̂ : (a, b)→ Rm γ̂ = ϕ ◦ γ.

Geometrically, a curve is a trajectory taken around the manifold M, parametrized

by some t ∈ R. Non-surprising, the definition of curve boils down in R3 to the idea

of space curves, i.e. maps t ↦→ s(t) = ⟨x(t), y(t), z(t)⟩.

Once seen as trajectories, however, it makes sense to ask what would the velocity,

v(t) = dγ(t)
dt

⃓⃓⃓
P
of a space curve at any point P on its trajectory [22]. Such quantity

not only represents a measurement on how fast the curve changes, but implicitly

indicates the direction in which that happens.

For example, let us restrict ourselves to M = R3 and let γ(t) = r(t), where

r(t) = ⟨1
2
t2, 0, 0⟩, then the velocity of γ, v(t) = dγ(t)

dt

⃓⃓⃓
P
, would give us the how much

the path is changing with t. Moreover, if we think about the three possible partial

derivatives of γ, ∂γ
∂x
, ∂γ
∂y

and ∂γ
∂z
, only ∂γ

∂x
would be non-zero, corresponding to the fact

23Not using “inverse” in its precise definition here, but only indicating the opposite mapping
direction.
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that γ is changing solely in the direction of x. If, however, γ depends on either y or

z also, the respective partial derivatives would not be null, but rather have bigger

magnitude in the directions in which γ changes the fastest. This seems to suggest

that we can use the velocity of γ to talk about vectors. However, some care must

be taken. First, two very distinct curves γ1(t) and γ2(t) can both pass through the

same point P of the manifold M and have the same velocity there, but still differ

everywhere else (Figure 6). To avoid this kind of this situation, so that the vectors

are uniquely given at all points in the manifold, we define the following.

Definition 4.5 (Tangent curves). Given a point P in a manifold M, two curves γ1

and γ2 are tangent to each other at P if and only if

1. γ1(0) = γ2(0) = P

2. γ̇1(0) = γ̇2(0)

That is, two tangent curves will have same coordinates and velocities at P.

It is not hard to show that the tangency of two curves will create an equivalence

class on the space of curves passing through P at time t = 0, denoted [γ]. With this

in hands, we can claim the following.

Definition 4.6 (Vectors and tangent spaces). Let P be a point on a manifold M of

dimension n. Then a vector vP is an equivalence class of curves tangent at P, i.e. vP

= [γ̇]. The tangent space at P, denoted TPM , is defined as the set of all vectors at

P.

49



𝛾1
𝛾2

P

M TPM

P

vp

Figure 6: Illustration of the geometric definition of vectors, with two tangent curves
at a point P in a manifold M (left) and the defined vector vp in the tangent space
TPM (right).

It will follow that the tangent space at P will be a vector space of dimension [17]

dimTPM = dimM = n.

Although telling us what vectors are, Definition 4.6 does not tell us how to use

vectors. In particular, we are looking for assigning basis set {e1, ..., en} to the vector

space TPM so that all techniques of linear algebra and vector calculus can be actually

applied 24. Now, as mentioned, both the tangent vector space at P, TPM , and the

manifold M have the same dimension. Consequently, it will be no surprise to expect

that there is some one-to-one correspondence between the basis for the vector space,

{ei}, to some local coordinates xi(P ) at P. Indeed, for Rn, we can think the i-th

coordinate basis vector, ei, as the unit vector pointing in the direction of i where all

24We will conveniently only use boldface notation to vectors in Rn.
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the other coordinates are held constant. That is, if we want to walk in the direction

of ei, we simply change i by 1 and leave the other coordinates unchanged. Notice

that it sounds very similar to the idea of partial differentiation. Take for example

the function f(r) = x in R3. The partial derivative of f with respect to x, ∂f
∂x
, will

correspond to the unit vector x̂ 25.

The idea will be to generalize this to abstract manifolds, making smart use of the

partial derivative notation 26. That is, for each coordinate xi of the manifold M, we

define the unit vector pointing in the {ei} direction as

∂

∂xi

⃓⃓⃓
P
≡ ∂i

⃓⃓⃓
P
.

We can thus have any vector of TPM given by vP =
∑︁n

i=1 v
iei = viei = vi ∂

∂xi
= vi∂i

in Einstein’s summation convention 27 .

Now, partial derivatives act, by definition, on functions of C∞(M). Consequently,

we can imagine defining a vector by how it acts on functions through

vP (f) = viei(f) = vi
∂f

∂xi

⃓⃓⃓
P

vi = vP (xi), (22)

which, in a coordinate independent form is translates to

vP : F(M)→ R vP (f) =
d

dt
f(γ(t))

⃓⃓⃓
t=0
,

25There is an unfortunate double use of the “hat” notation for both quantum operators and unit
vectors.

26The simple notation here used is generally attributed to Elie Cartan.
27For readers unfamiliar with Einstein’s convention, it simply says that repeated crossed up and

down indices are to be summed in all coordinate.

51



for γ̇(t) = vP—i.e. γ is a curve of tangent vector vP in P . This new definition for

vectors highlights the fact that they behave as linear functionals on the set F(M ),

obeying Leibniz’s product rule, thus closely related to the idea of derivatives.

Once we have built both functions and vectors, it is natural to want functions

that act on vectors themselves, giving a real number as output. Even though this

concept may seem a random desire at first glance, functions like that are often used

in simpler contexts with the most important example being the dot product, which

acts on two vectors and gives an element of R. Non-surprisingly, we can generalize

this idea to functions acting on single vectors. These are called in a linear algebra

context as dual vectors or covectors.

Definition 4.7 (Covectors and cotangent space). Let P be a point on a manifold

M of dimension n, of tangent space TPM . A covector at P is a linear map

αP : TPM → R vP ↦→ αP (vP ) ∈ R.

The cotangent space at P, T ∗
PM , is the vector space of all covectors at P—i.e. it is

the dual space of TPM—known to exist given the linearlity of the maps.

The duality of TPM and T ∗
PM allows us to define a special kind of covector basis

as

ei(ej) = δij

called the standard dual basis with respect to ei. In particular, if ei is the basis defined
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by equation (22), then it is customary to let

ei ≡ dxi|P dxi
(︂ ∂

∂xj

)︂⃓⃓⃓
P
= δij,

where the symbol “d” will be later explored in Section 4.6. This allows us to locally

represent every element of T ∗
PM as

αP = αie
i = αidx

i|P αi = αP (x
i).

Example 4.1. Let vP = vi
(︂

∂
∂xi

)︂
be a vector in P and αP = αjdx

j a covector in P.

So

αP (vP ) = αjdx
j
(︂
vi

∂

∂xi

)︂⃓⃓⃓
P
= αjv

iδji = αiv
i ∈ R.

This suggests another equivalent definition for vectors and covectors exploring

the local linear resemblance of manifolds to Rn. We may see them as vertical and

horizontal lists of numbers

v =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

v1

.

.

.

vn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
α = (α1, ..., αn),
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so that the action of α on v is given through

α(v) = (α1, ..., αn) ·

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

v1

.

.

.

vn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= α1v

1 + ...+ αnv
n.

Example 4.2. All these definitions become much simpler in the Rn context. In such

a space, there is a very natural way to associate a vector a with a covector α, by

means of the transposition map

α = aT =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1

.

.

.

an

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

T

= (a1, ..., an).

In general, however, there are other forms of mapping vectors to covector, but none of

them are considered canonical. An example would be a function given by f(a) = −aT .

In order spaces, a canonical assignment can only be made sense once a metric is

introduced, as it will become clear in Section 4.5. In fact, it is not hard to imagine

a vector space in which much more care is taken when assigning vectors uniquely to

covectors. A perfect example is Cn, where the canonical associated covector is given
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by the adjoint map

α = a† =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1

.

.

.

an

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

†

= (a∗1, ..., a
∗
n).

The list of numbers definition for vectors and covectors, however, is not enough.

We need to define the vectors in M so that their traditional geometric meaning as a

length and direction in space is independent of the choice of coordinate system. This

is generally accomplished by enforcing that the transformation from a basis {ei} to

another basis {e′i} of a vector space isomorphic to M , satisfies

vi =
∂xi

∂x′j
v′j ≡ J ijv

′j ei =
∂x′j

∂xi
e′j ≡ (J−1)jie

′
j, (23)

where the matrix J is the so called Jacobian matrix. This is then in accordance with

the chain rule applied to the definition of basis as partial derivatives. Notice that

the vector itself is coordinate invariant

v = viei = (J ijv
′j)((J−1)jie

′
j) = v′je′j = v′, (24)

but its components are not—as it should be for any reasonable requirement that the

vector v represents a physical entity 28.

28This tells us that it does not matter if we use polar or Cartesian coordinates to represent a
car’s velocity, it will be an object of same length and same direction no matter what.
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Covectors, in order to preserve the result of their operation in vectors, must

satisfy

αi =
∂x′j

∂xi
α′
j ≡ (J−1)jiα

′
j ei =

∂x′i

∂xj
e′j ≡ (J−1)ije

′j. (25)

In this notation, we say that vector components transform contravariantly and cov-

ector components transform covariantly [13]. This completes our third definition

of vectors as being a vertical list of numbers satisfying equation (23). This is the

definition general taken by relativists as it spells out the manifest covariance of the

coordinates through equations (24) and (25).

Example 4.3. Using the usual Cartesian to spherical transforms

x = r cosϕ sinθ y = r sinϕ sinθ z = r cosθ,

the unit vectors in spherical coordinates are

r̂ =
∂x′j

∂xi
xĵ =

∂x

∂r
x̂+

∂y

∂r
ŷ+

∂z

∂r
ẑ =

∂ r cosϕ sinθ

∂r
x̂+

∂ r sinϕ cosθ

∂r
ŷ+

∂ r cosθ

∂r
ẑ

= cosϕ sinθ x̂+ cosϕ cosθ ŷ+ cosθ ẑ

and

ϕ̂ = −sinϕ x̂+ cosϕ ŷ θ̂ = cosϕ cosθ x̂+ sinϕ cosθ ŷ− sinθ ẑ.

The next natural step would be to define vector and covector fields on M, but we

have a problem with that. Given two points P and Q in M, the vector spaces TPM

and TQM will be different (and similarly for T ∗
PM and T ∗

QM) and there is no way to

make sense of linear combinations of vectors in two different tangent spaces. Even
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worse, there is no well defined way to pick vectors from all these different spaces

associated to all points P of M in order to construct vector fields on M. Are we

stuck now? Not really. There are forms circumventing both issues: one will only

be done in Section 4.10, but the other turns out to be natural from the fiber bundle

formalism and that is what we will be looking at in the following section. However,

fiber bundles can do more than “only” allowing for vector fields and will turn out

to be an essential tool in geometric quantization. So, we will first develop a more

general theory for these structures and only then look at vector and covector fields.

4.3 Fiber bundles: tangent bundle, cotangent bundle and

vector fields

Let B be a manifold, which we will call base space. At every point x ∈ B, associate

another manifold Fx, this one known as the fiber over x. This manifold Fx will

be generally isomorphic—be it either group or vector space isomorphic—to a more

common space F, which we call standard or typical fiber. For example, if the fiber Fx

over x ∈ B is a group, then the typical fiber F will be a group on its own, isomorphic

to all Fx.

Now let the total space be the set S =
⋃︁
x∈B Fx, that is, the union of all fibers

over all points in B. We then define a (fiber) bundle as following.

Definition 4.8 (Fiber bundle and local). A fiber bundle is a surjection π : S → B

such that π−1(x) = Fx. This allows us to define a local trivialization on an open

subspace O of the total space S by S ⊇ O ≃ B × F .
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In less abstract language, the fiber bundle will be a function that will assign, to all

elements x of the basis manifold B, a fiber Fx. The local trivialization is nothing

more than a neighborhood of S—which can be shown to be a manifold on its on—

such that all fibers that form O are created over neighboring points in B. In a local

trivialization, we have enough information to describe an element of the set of fibers

as we know both from which fiber the element came from (the B part of the Cartesian

product), as well as which specific element of the typical fiber it is assigned to (the F

part of the product, which is isomorphic to Fx). If we can define a local trivialization

on all S = O, we have a global trivialization or simply a trivialization29. The desired

side of trivialization is that both B and F are manifolds. So, if we define local

coordinates xi for b ∈ B and yj for f ∈ F , then a point o ∈ O ⊆ S accepts the

coordinates (xi, yj), known as canonical coordinates. This, as we shall see, will be

crucial in the development of mechanics.

We can go a little further and define sections on the bundles according to the

following.

Definition 4.9 (Local sections and sections). Given a bundle π : S → B, a local

section on an open subset U of B is a map s : U → S such that

π ◦ s = idB π ◦ s (b) = b.

If U = B, then we have a global section or a section.

That is, a section is one of the many well defined functions that go in the opposite

29There is in literature a common horrible habit of calling the total space S of a bundle π : S→ B
the fiber bundle. In such a cases, π is referred to as the canonical projection.
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Figure 7: Illustration of a fiber bundle π : S → B with section s. Notice that the
figure makes it clear that π ◦ s (b) = b.

direction of the bundle, by taking an element on the basis and mapping it to the

total space, so picking a value of the typical fiber. For example, if we have the typical

fiber being a group with two elements, a and b, a section s1 can map a point x ∈ B

to s1(x) = (x, a) and a section s2 can map x to s2(x) = (x, b). It is common for

sections in bundles that allow for global trivialization to also refer to maps of form

s : B → F xi ↦→ yj

thus ignoring the first half coordinates of S ≃ B×F —i.e. the point over which the

fiber Fx is constructed. We will use both conventions throughout this review and

the chosen one for each case should be clear from the context.

Now let us see how all of this applies to vectors. If M is our manifold, all tangent

spaces to M, TPM will have the same dimension (equal to M ’s own dimension). So,
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all these spaces are vector space isomorphic, consequently, can be used to construct

fibers. If we let TM be the space of all tangent spaces associated to M, namely⋃︁
P∈M TPM , then we can build a fiber bundle π : TM → M known as tangent

bundle.

Definition 4.10 (Tangent bundle and cotangent bundle). Given a manifold M,

π : TM →M is called the tangent bundle of M, so that any fiber can be formed by

π−1(P ) = TPM .

Similarly, we define the cotangent bundle π : T ∗M → M of M so that any fiber

is π−1(P ) = T ∗
PM (i.e. a cotangent space).

Fiber bundles in which the typical fibers are vector spaces, like the tangent and

cotangent bundles, are often referred in literature by vector bundles.

This solves the problem of grouping all the vectors over M mentioned in the last

section. We can still do even more and use sections of tangent bundle to define vector

fields in M.

Definition 4.11 (Vector fields and covector fields). Given a manifold M, a vector

field is a smooth30 section of the tangent bundle, X : M → TM . The collection

of vector fields of a manifold M is denoted X (M). Similarly, a covector field is a

smooth map X∗ : M → T ∗M and the collection of covector fields of M is denoted

X ∗(M).

30As we shall see, vector fields will represent, in a geometric formulation of classical mechanics the
time evolution of the system. Consequently, we expect such “motion” to be smooth if no external
abrupt forces are introduced [20].
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In particular, we can express a vector field X locally in a chart O as

X(P ) = X i(P )
∂

∂xi

⃓⃓⃓
P
.

Recall how curves were a specially important concept in Section 4.2 as vectors

were seen as their tangent at a certain point of a manifold. Vector fields, on the other

hand, are (smooth) functions that output a vector for each point in the manifold.

Therefore, one can imagine that there is a (smooth) curve in the manifold such that

its tangent at every point corresponds to the vector field’s choice. Such curves in

fact always (at least locally) exist and are called integral curves.

Definition 4.12 (Integral curve). Let X be a vector field on a manifold M. An

integral curve γ : (a, b) ⊆ R → M is defined so that, at all P ∈ M for which the it

passes by,

γ̇(0) = X(P ) γ(0) = P.

Or, in coordinates it follows that

ẋi(t) = X i(P ) xi(0) = P, (26)

where xi(t) = xi(γ(t)).

Example 4.4. Let X = y ∂
∂x

+ x ∂
∂y

be a vector field in R2 (see Figure 8). Then an

integral curve passing at P=(1,4) is given by solving

ẋ = y
∂

∂x
≡ yx̂ x(0) = 1
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ẏ = x
∂

∂y
≡ xŷ y(0) = 4,

which yields to

x(t) =
1

2
(−3e−t + 5et) y(t) =

1

2
(3e−t + 5et),

whose plot in R2 can also be seen in Figure 8.

2 4 6 8

2

4

6

8

x

y

Figure 8: First quadrant plot in R2 of the vector field X = y ∂
∂x

+ x ∂
∂y
, alongside the

defined integral curves passing through points (1,4) (red), (1,1) (orange), and (6,2)
(green).

From Figure 8, it seems that at every point in the manifold R2, the vector field

defines one and only one curve passing through it. Is this a very nice coincidence or

will that always be the case? It turns out that this is no luck, we will locally have
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the vector field defining a unique curve at every point in the manifold 31.

Theorem 4.1. If X is a vector field on a manifold M, then at any point P in M

where X is defined, there is locally only one integral curve of X passing through it.

The proof of this claim follows from the application of the existence and uniqueness

theorems of ordinary first-order differential equation systems [23] to equation (26).

The integral curve of a vector field is a R → M function that tells us where we

end up in the manifold if we follow the vector field during an interval of time t. It

is then useful to induce a transform in M—i.e. a continuous function from M to

M—that inputs the initial point of M from which we started following the integral

curve and outputs the point in M that we arrived after an interval t. We call such

transformation the flow of X.

Definition 4.13 (Flow). Let X be a vector field in a manifold M. The flow of X is

a (smooth) function defined, for some (a, b) ⊆ R as a < 0 < b, by

Φ :M × (a, b)→M Φ(m, t) = Φt(m) = γ(t) for γ(0) = m,

where γ(t) is the integral curve of X at m.

Example 4.5. Let X = −y ∂
∂x

+ x ∂
∂y

in M = R2. So, the flow, initially given by

Φ0(r) = ⟨x0, y0⟩ will satisfy

ẋ(t) = −y(t) x(0) = x0

31Recall that, for Rn, there is no distinction between local and global coordinates, so this result
can be as well extended to all the space.

63



ẏ(t) = x(t) y(0) = y0,

which leads to

x(t) = x0 cos t− y0 sin t y(t) = x0 sin t+ y0 cos t

so that Φt(r) = Φ(⟨x, y⟩) = ⟨x0 cos t− y0 sin t, x0 sin t + y0 cos t⟩. Notice that this

same calculation exactly gives us the integral curves of this field. For example, the

curve passing through (3,0) is given by x(t) = 3 cos t and y(t) = 3 sin t.

The flow of vector fields satisfies some very nice properties which we will state,

without proof, but that will be extremely important in what follows, specially in

Section 4.9.

Theorem 4.2. Let Φτ :M →M be a flow generated by a vector field X in a manifold

M. Then

1. Φ−1
t = Φ−t;

2. if {xi} is a set of local coordinates at a point m in the manifold M, then there

is an induced set of coordinates in Φt(m), {xit}, given by

xit = xi ◦ Φ−1
t = xi ◦ Φ−t;

3. Φt+s = Φt ◦ Φs for any t, s ∈ R.

The last property of Theorem 4.2 is often called determinism in literature for

its important physical interpretation that goes as following: consider the flow Φt
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Figure 9: Plot in R2 of the vector field X = −y ∂
∂x
+x ∂

∂y
, alongside the defined integral

curves passing through the initial point (3,0) (red) for an interval of time [0, 2π].

generated by a field X that transforms x ∈M into x′. Property 3 tells us that if we

divide t into n infinitesimals ϵi and move with the flow Φϵn ◦ Φϵn−1 ◦ ... ◦ Φϵ1 , it will

be the same as moving directly all the way with Φt. This thus determines that the

path given by Φt is the only way to connect x and x′ that is compatible with the

vector field X. Even though this seems to be trivial for any physical system, it turns

out that in the path integral formalism of the weird quantum mechanics, we assume

trajectories that apparently deny determinism [17].
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4.4 Tensors and tensorial representation

In Section 4.2, we saw that covectors are linear functions that take one vector as

input and give a real number as output. Similarly, we could have defined vectors

as functions that act on covectors and output a real number. We want to expand

this idea to construct linear functions that act on several vectors, covectors or a mix

of both, and output a real number. These objects are known as tensors in linear

algebra.

Definition 4.14 (Tensors and tensorial spaces). Let L be a vector space with dual

L∗. A tensor of type (rs) is a multilinear function (i.e. linear in every argument)

acting on r covectors and s vectors such that 32

t : L× ...× L× L∗ × ...× L∗ → R (v1, ..., vs;α1, ..., αr) ↦→ t(v1, ..., vs;α1, ..., αr).

In particular, for L = TPM and L∗ = T ∗
PM

t : TPM × ...× TPM × T ∗
PM × ...× T ∗

PM → R.

The space of all (rs) tensors over a manifold M is denoted by T rs (M). The set of all

kinds of tensors is denoted T (M) =
⋃︁

(r,s)∈Z+ T rs (M).

• T 1
0 (M) = TM , so a tensor of type (10) is a vector (i.e. it acts on a one lower

index object to give a number);

32In the definition of tensors, v1, ..., vs and α1, ..., αr are not components of vectors and covectors,
but rather whole vectors and covectors.
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• T 0
1 (M) = T ∗M , so a tensor of type (01) is a covector (i.e. it acts on a one upper

index object to give a number);

• T 0
0 (M) = C∞(M), so a tensor of type (00) is simply a scalar (i.e. it must act on

nothing to give a number: it is already one).

Given their linearlity and “smoothness” of coordinate systems, tensors can be

always locally expressed component-wise. However, the components of the tensor

will transform in between coordinates in a very specific way, similarly to what was

observed with vector and covector transformations in equations (23) and (25). The

properties of component decomposition of tensors are summarized in Theorem 4.3

and indications of proofs can be found in [17].

Theorem 4.3. Let P be a point in a manifold M. For any tensor t ∈ T (M), it

follows that 33

1. t is completely determined by its action on the basis {∂i} of TPM and {dxi} of

T ∗
PM ;

2. if t(∂a, ..., ∂b; dx
y, ..., dxz) = ta...by...z, then

t(v, ...w;α, ..., β) = ty...za...bv
a...wbαy...βz; (27)

3. the components of t, ty...za...b transform as

ty...za...b = t′ψ...ωα...β J
α
a ...J

β
b (J

−1)yψ...(J
−1)zω.

33Relativists also define tensors as multi-dimensional lists of numbers transforming according to
Property 3.
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Example 4.6. Another very admired property about tensors is that, even though a

(rs) tensor is supposed to act on s vectors and r covectors, we can still make sense of

its action on a different number of inputs. For example, the type (11) tensor t = tab

supposedly can take only one vector and one covector as inputs, but we can consider

also its action on one vector v only, for which, based on equation (27), we have

t(v) = tabva = v′b,

thanks to Einstein convention. That is, if the tensor t is to act on only a vector,

then it spits back a lower index quantity and not a real number, which allows us to

still act on a covector later, if we wish. Notice that, in such a case, tensors resemble

matrices in Rn. For example, we can express, for a (11) tensor t in R2, its action

through

t(α, v) = (α1, α2)

⎛⎜⎝t1 t2

t3 t4

⎞⎟⎠
⎛⎜⎝v1
v2

⎞⎟⎠ = (α1, α2)

⎛⎜⎝v′1
v′2

⎞⎟⎠
In fact, this is no coincidence. Tensors of a fixed type will form a group under

function composition. For (11) types, this group is isomorphic to GL(n,R) and can

thus be represented as matrices in Rn. Such linear representation for tensors is often

referred to as tensorial representations.

This form of construction enables us to see all the tensors over a point P in a

manifold M as a big linear space. Consequently, it is natural to induce tensor fields

similarly to what we constructed with vector fields.

Definition 4.15 (Tensor bundle and tensor field). The tensor bundle of type (rs)
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over a manifold M, π : T (rs)(M) → M , is a map of local trivialization (P, t) for t

being a tensor at the point P . A tensor field τ of type (rs) is then a smooth section

of a tensor bundle of type (rs).

This enables us to generalize the already established notions of fields, with scalar

fields being type (00) tensor fields, vector fields type (10) and covector fields type (01).

Now, as mentioned in Example 4.6, tensors of a certain type form a group under

function composition. However, we may want to think on creating higher type tensors

from lower type ones. This can be done if we postulate a multiplication structure on

T (TPM) for all tensors associated to the tangent and cotangent spaces at a point

P in the manifold M. Under such an operation, the set of all tensors will form itself

another group and the multiplication is denoted by tensor product.

Definition 4.16. The tensor product between t and t’, namely t ⊗ t′ is a binary

operation defined as

⊗ : T rs (M)× T pq → T r+ps+q (M) t⊗ t′(v1, ..., vs, w1, ..., wq;α1, ..., αr, β1, ..., βp) =

t(v1, ..., vs;α1, ..., αr) · t′(w1, ..., wq; β1, ..., βp),

or, in component form

(t⊗ t′)y..zw...xa...bc...d = ty...za...b · t
′w...x
c...d .

Example 4.7. As we have seen, we can often represent lower type tensors in Rn

as list of number, be those column vectors for type (10), a row covectors for type (01)

tensors and matrices for type (11). We may define the outer product of two vectors v
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and w as the tensor product between them.

v⊗w = vwT =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

v1

.

.

.

vn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(w1, ..., wn) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

v1w1 v1w2 · · · v1wn

v2w1 v2w2 · · · v2wn
...

...
. . .

...

vnw1 vnw2 · · · vnwn.

⎞⎟⎟⎟⎟⎟⎟⎟⎠

That is, an element of Rn ⊗ Rn. This is, however, not a unique representation.

Thanks to the vector space isomorphism between Rn ⊗ Rn and Rn2
, we can also

represent v⊗w as

v⊗w =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

v1

.

.

.

vn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
⊗

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

w1

.

.

.

wn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

v1w1

v1w2

.

.

.

v1wn

v2w1

.

.

.

vnwn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
This is the so called state-process duality, in which the tensor product of two Rn
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vectors can be either represented by a matrix (process) or a state (vector)[24]. In

quantum mechanics, the combination of two systems of Hilbert spaces H1 and H2 is

a total system of space H1 ⊗ H2, in which the elements are tensor products of the

vectors in each separated space . When that is the case, the state representation is

generally chosen to represent the states, since it highlights the combined basis [6].

Nonetheless, the process representation is still a valid approach.

4.5 Riemannian geometry

One of the main reasons for introducing covectors into linear algebra is to be able to

define the dot product of two vectors v,w ∈ Rn such that

v ·w = vTw = (v1, ..., vn)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

w1

.

.

.

wn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= v1w1 + ...+ vnwn.

However, this is only possible because, in Rn there is an easy canonical way to define

the transpose map between vectors and covectors, as seen in Example 4.2. For general

spaces, the transposition map may not guarantee v ·v ≥ 0, which is an abomination

if we insist this quantity to relate to the length of the vector. To deal with these

spaces, however, it is generally easier to first define the dot product and then the

transpose map, rather than the other way around. Nonetheless, to define the dot

product, we need to first have it clear what it means in Rn. First, as distances should
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be always greater than zero, the inner product of ⟨v, v⟩ ≥ 0, with equality if and

only if v = 0 (that is, only the zero vector should have no length). Also, it would

make sense that if we multiply v by any scalar a, the size of v should be given by

|av| = |a||v|, so that ⟨av, av⟩ = a2|v|2. Finally, as the dot product of two different

vectors in Rn, v ·w measures the projection of v in w’s direction or vice-versa, we

may want to require that ⟨v, w⟩ = ⟨v, w⟩. Using all these restrictions, we define the

inner product in a general linear space L as

Definition 4.17. An inner product ⟨., .⟩ in a linear space L is a function ⟨., .⟩ :

L× L→ R such that, for any v, w, z ∈ L and any scalar r

1. the function ⟨., .⟩ is positive definite, so that ⟨v, v⟩ ≥ 0 with equality if and

only if v = 0;

2. the function ⟨., .⟩ is symmetric, so ⟨v, w⟩ = ⟨w, v⟩;

3. the function ⟨., .⟩ is bilinear, so ⟨rv + w, z⟩ = r⟨v, z⟩+ ⟨w, z⟩.

Notice how the linearlity of the inner product gives it a status of a type (02) tensor.

If such a tensor exists over a linear space Rn we can represent it by a matrix, as seen

in Example 4.6. Such a matrix A will be a symmetric positive definite matrix, that

is

AT = A xTAx ≥ 0 with equality if and only if x = 0.

For the common dot product in Rn, A will simply be the identity, but for more

general inner products, A is free to be any positive symmetric matrix.

Now, as a tensor, the inner product can be given at all tangent spaces TPM

in the manifold M. In such a form, we could locally measure the length of any
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vector. We want, however, to be able to perform such a measurement globally,

giving an appropriate measurement of distance that works for the whole manifold.

Consequently we need to construct a tensor field for the tensor inner product for all

the manifold M. Such a field is called the metric.

Definition 4.18. If ⟨., ⟩ is an inner product defined at each tangent spaces of a

manifold M, then a metric of M is a tensor field g which is locally evaluated to ⟨., .⟩.

We denote a manifold that has a metric structure by Riemannian manifold and the

study of such spaces is known as Riemannian geometry.

In coordinates, we can write the inner product as

⟨v, w⟩ = gabv
avb.

Example 4.8. The metric of the global coordinate system R3 of Eucledian space is

given by

gij = δij where i and j run in x, y, and z.

In global spherical coordinates, the metric is given by

grr = 1 gθθ = r2 gϕϕ = r2 sin2 ϕ gij = 0 otherwise.

This is done so that any vector will have the same length in either system.

Once we have developed a way of measuring vector lengths, we can build a formula

to calculate the length of general trajectory in the manifold M. As any infinetesimal

73



displacement is given by a vector ds = dxa∂a, it follows that

ds2 = g(ds, ds) = g(dxa∂a, dx
b∂b) = gab dx

adxb = dxadxb ∂a · ∂b. (28)

This provides us with an alternative definition for the metric as, gab = ∂a · ∂b, con-

sistent with the fact that tensors are built only by their actions on basis vectors.

Notice also that equation (28) bears all necessary information of the metric tensor

and is often a compact way to represent it.

We are now in position to canonically assign vectors to covectors, as the transport

map did for Rn.

Definition 4.19. If M is a Riemennian manifold with metric g, the canonical cov-

ector α associated with the vector a is given so that

α(a) = g(a, a),

that is, in coordinates

αi = gij a
j. (29)

See how the metric works as to lower the vector component transforming it in a

covector component. We can expand this to general tensors as in

gil...gkm T i...kx...y = Tl...mx...y.

Similarly, we are able to define the inverse metric tensor as a tool to raise indices,
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that is, for any vector a,

gij aj = αi,

as α is the canonical covector associated to a. Using this definition, it is possible to

show that

gijg
ik = δkj ,

a famous result, often associated to what the relativists call the fundamental identity

[25].

4.6 Exterior algebra and differential forms

We saw that the metric is a (02) symmetric tensor that acts lineraly on two vectors to

give a real number. As it turns out, however, the set of (02) anti-symmetric tensors

is also extremely important. Not only that, but the set of all anti-symmetric tensors

has a very especial role in differential geometry theory and is often referred to as

exterior forms. Precisely, we define exterior forms as

Definition 4.20 (Exterior forms). Let M be a manifold. The set of p-type exterior

(differential34) forms of M (or p-forms), denoted by Ωp(M) with property that for

any two vectors v, w ∈ TPM

α ∈ Ωp
P (M)⇒ αP (..., v, ..., w, ...) = −αP (..., w, ..., v, ...) (anti-symmetry),

34Technically, there is a distinction between these two terms. We use exterior forms to describe
anti-symmetric lower indices tensors over a vector space L, whereas differential forms to describe
the same tensors over the tangent spaces of a manifold M . However, as here we are only interested
in manifolds, we will use the terms as synonyms.
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so that

Ω0
P (M) = F(M) Ω1

P (M) = X ∗(M).

Again, we can think of the union of ΩP for all P ∈ M , forming Ωp(M). We also

define the set of all forms through

Ω(M) =
⋃︂

Ωp(M).

Some propositions will follow almost directly from Definition 4.20 and, even

though we will only mentioned them here, detailed demonstrations can be found

in [26].

Theorem 4.4. Let α be a p-differential form on a n-dimensional manifold M. It

follows that

1. the dimension of Ωp(M) is
(︁n
p

)︁
, taken here to be the Newton binomial coeffi-

cients;

2. if p > n, then α = 0, i.e. there are no p-forms of p bigger than the dimension

of the manifold;

3. if p = 2 and v ∈ TM , then α(v, v) = 0.

The also exists a “product” in between the elements of Ω(M). One may suspect

that this is the tensor product, since the product of a (00) and a (0q) is a ( 0
p+q) tensor.

However, the tensor product of two forms may not be a form, that is, it may not

be anti-symmetric [17]. So, we need a way to anti-symmetrize tensors to properly
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define a closed operation to forms. The general method is described in [17], but we

will go with [26, 1] and directly define a full-working exterior product.

Definition 4.21 (Exterior Product). Let α be a p-form and β a q-form. The exterior

(wedge) product is given by

∧ : Ωp(M)× Ωq(M)→ Ωp+q(M)

α ∧ β(X1, ..., Xp, Xp+1, ..., Xp+q)

=
1

p!q!

∑︂
σ∈Sp+q

sign(σ)α(Xσ(1), ..., Xσ(p))β(Xσ(p+1), ..., Xσ(p+q)),

with Sp+q being the set of p+q permutations and sign(σ) is +1 for even permutations

and −1 for odd.

Even though this formula looks awfully complicated, it turns out that we will

never really need it for two reasons: first, Theorem 4.5 gives a set of properties that

will save us in most computations; and secondly, its corollaries expressed in equations

(30) and (31) brings the calculation to the now easy-to-use local notation.

Theorem 4.5. If α is a p-form and β a q-form, γ is a s-form, δ and ϵ are 1-forms,

and f is a 0-form (smooth function) on a manifold M of dimension n, then

1. α ∧ β = (−1)pqβ ∧ α;

2. δ ∧ δ = 0;

3. the wedge product ∧ is distributive over linear combinations;

4. α ∧ (β ∧ γ) = (α ∧ β) ∧ γ;
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5. δ ∧ ϵ(v1, v2) = δ(v1)ϵ(v2)− ϵ(v2)δ(v1) for any two vectors v1 and v2;

6. f ∧ α = fα for ordinary function multiplication;

7. fα ∧ β = α ∧ fβ = f(α ∧ β).

Locally, it will follow that if {dxa} is the standard local basis of T∗
PM, then for any

p ≤ n basis elements {dxi1 , ..., dxip},

{dxi1 ∧ ... ∧ dxip}

forms a basis for Ωp(M). In particular, if α ∈ Ωp(M), then

α =
1

p!
αa...b dx

a ∧ ... ∧ dxb ≡ 1

p!
αa...b dx

a... dxb, (30)

where the factor of 1/p! comes from the permutations in Definition 4.21. The wedge

product of α and β is in component form given by

α ∧ β =
(p+ q)!

p!q!
(α ∧ β)a...bc...d dxa ∧ ... ∧ dxb ∧ dxc ∧ ... ∧ dxd. (31)
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Example 4.9. Let α = dx+ dy dz and β = dx+ 2dy + 3dx dy dz. So α ∧ β is

α ∧ β =(dx+ dy dz) ∧ (dx+ 2dy + 3dx dy dz)

= dx ∧ dx+ dy dz ∧ dx+ dx ∧ 2dy + dy dz ∧ 2dy

+ dx ∧ 3dx dy dz + dy dz ∧ 3dx dy dz

= 0 + dx ∧ dy ∧ dz + 2dx ∧ dy − 2dy ∧ dy ∧ dz + 0

+ 3dz ∧ dx ∧ dy ∧ dy ∧ dz

= dx ∧ dy ∧ dz + 2dx ∧ dy + 0 + 0

= dx dy dz + 2dx dy.

Example 4.10. There is a fairly nice (and useful) relation between the exterior

forms and the elements of R3, translated in the exterior product. For the vectors a =

axx̂+ayŷ+azẑ and b = bxx̂+byŷ+bzẑ and the forms α = axdx+aydy+azdz = a ·dl,

β = bxdx+ bydy+ bzdz = b · dl and β′ = bxdy dz+ bydz dx+ bzdx dy = b · dS. So we

can express the two products of R3 as

(a · b) dV = (axbx + ayby + azbz) dx dy dz = α ∧ β′

(a× b) · dS = (aybz − azby) dy dz+(azbx − axbz) dz dx+ (axby − aybx) dx dy

= α ∧ β

In Examples 4.14, 4.15, and 4.17, we will see how these relations will be used to

demonstrate some of the most important theorems of multivariable calculus.

The set of all p-forms over a manifold M , Ω(M), will form an algebra over the field
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R, with vector multiplication given by the exterior product. Such a set is known as

the exterior algebra (or Grassmann algebra) of M .

Now that we have developed an algebra for the forms, we may want to add a

(super) derivation to this algebra, that is, an operator that obeys a generalized form

of Leibniz’s product rule. For that, we define the exterior derivative.

Definition 4.22 (Exterior derivative). The exterior derivative d is a map d : Ωp(M)→

Ωp+1(M) (that is, maps that increase the degree p of the form by one) such that

1. Gradient property: for a function f ∈ Ω0(M) we have that df is the gradient

of f—i.e. if {xi} are local coordinates in M, then df = ∂f
∂xi
dxi. In particular,

for coordinate projections xi, dxi is an element of the standard basis of T ∗
PM ;

2. Closedness: for any p-form α, d(dα) = 0;

3. Leibniz’s product rule: for any p-form α, q-form β and real number λ, d works

as a graded derivation in respect to the exterior product, that is

d(α + λβ) = dα + λdβ d(α ∧ β) = dα ∧ β + (−1)pα ∧ dβ.
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Example 4.11. Let α = x dx+ y dx dy. So

dα = d(x dx+ y dx dy)

= d(x dx) + d(y dx dy)

= dx ∧ dx+ x ∧ ddx(dy ∧ dx+ y ∧ ddx) ∧ dy

= 0 + x ∧ 0 + (dy ∧ dx+ y ∧ 0) ∧ dy

= dy ∧ dx ∧ dy

= −dy ∧ dy ∧ dx

= 0.

Example 4.12. Let f be a scalar function (so a 0-form) and X a vector field. So

(df)X =
(︂ ∂f
∂xi

dxi
)︂(︂
xi

∂

∂xi

)︂
= xi

∂f

∂xi
= X(f).

Example 4.13 (Clairaut’s Theorem). Let f be a smooth function on a manifold M.

Using Property 2 of Definition 4.22

d(df) = d
(︂ ∂f
∂xi

dxi
)︂

= d
(︂ ∂f
∂xi

)︂
∧ dxi + ∂f

∂xi
ddxi

=
∂2f

∂xj∂xi
dxj ∧ dxi + 0

=
1

2

(︂ ∂2f

∂xj∂xi
− ∂2f

∂xi∂xj

)︂
dxj ∧ dxi

= 0,

81



implying locally that ∂2f
∂xj∂xi

= ∂2f
∂xi∂xj

, which is a weaker version of Clairaut’s Theorem

of mixed partial derivatives35.

Example 4.14. Back to the correspondences of Example 4.10, we can identify all

differential forms of Ω(R3) with elements of ordinary R3 analysis. In such a view,

the three derivatives of R3—namely the gradient, the curl and the divergence—can

be expressed as exterior derivatives. This can be seen by, letting f be a function and

a = axx̂+ ayŷ+ azẑ a vector on R3, we define the 1-form α = ax dx+ ay dy + az dz

and the 2-form α′ = ax dy dz + ay dz dx+ az dx dy, so that

df =
∂f

∂x
dx+

∂f

∂y
dy +

∂f

∂z
dz = ∇f · dV

dα =
(︂∂az
∂y
− ∂ay

∂z

)︂
dy dz +

(︂∂ax
∂z
− ∂az

∂x

)︂
dz dx+

(︂∂ay
∂x
− ∂ax

∂y

)︂
dx dy = (∇× a·)dS

dα′ =
∂ax
∂x

dx dy dz +
∂ay
∂y

dy dz dx+
∂az
∂z

dz dx dy = ∇ · a dV.

Two important kinds of forms show up when thinking about exterior derivatives:

the closed and exact forms. Although their use are generally connected to the study

of gauge freedom in field theories (which is not within the scope of this paper),

they translate, in a very beautiful way, the result of the famous Conservative Fields

Theorem.

Definition 4.23 (Closed and exact forms). A p-form α is said to be closed if and

only if dα = 0. In addition to being closed, α is exact if there is a (p − 1)-form β

such that α = dβ.

35We say “weaker” version because the original theorem does not assume smoothness of the
functions, only continuity of the mixed partial derivatives [22].
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The fact that every exact form is closed follows from Property 2 of Definition 4.22,

but is every closed form exact? The answer is: kind of. A general proof of this claim

is not possible, however a local version36 is true and the demonstration can be found

at [27].

Theorem 4.6 (Poincare’s Lemma). Every closed form is locally exact. That is, if

dα = 0 in all M , we may not find a unique β ∈ Ω(M) for which dβ = α, but for

every local chart, we can find such a structure.

Example 4.15 (Conservative Vector Fields Theorem). Let a be a curl-less vector

field in R3 (i.e ∇× a = 0). Then using the notation from Example 4.14, Poincare’s

lemma implies that

α = df ⇐⇒ a = ∇f

for some function f in R3. That is, a is a conservative vector field. The converse

statement, that is, that every conservative field is curl-less, follows from Property 2

of Theorem 4.22.

Before we close the section, we want to exploit a little the tensor aspect of forms,

that is, the fact that they are multi-linear maps on vectors. We define the interior

product of a vector field and a form.

Definition 4.24 (Interior product). If X is a vector field on a manifold M and α is

a p-form, then the interior product of X and α, denoted iXα (or X⌟α) is

iXα(v1, ..., vp−1) = α(X, v1, ..., vp−1) if p > 0

36The proof in the reference is only shown for the special case of contractible manifolds (spaces
with no holes). However, as all local charts are contractible, the result will readily follow as well.
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iXα = 0 if p = 0

so that, in component form for p > 0

(iXα)a...b = Xcαca...b.

That is, the interior product is only the formalization for exterior forms of the action

of the α tensor over X, where the vector field X is forced to be the first input of

the function α. However, it is particularly useful to spell out such action for forms

because the interior product can be seen as an “inverse exterior derivative” for being

a family of Ωp → Ωp−1 maps with properties

iX(α + λβ) = iXα + λiXβ

iX(α ∧ β) = iXα ∧ β + α ∧ iXβ

for any forms α, β and real number λ.

Example 4.16. Let V = ∂
∂x

be a vector field in R3 and α = xdx ∧ dy + 2dy ∧ dz +

x2ydz ∧ dx and 2-form. So

iV α =
(︂ ∂

∂x

)︂
(xdx ∧ dy + 2dy ∧ dz + yx2dx ∧ dz)

=
∂

∂x
xdx ∧ dy + ∂

∂x
2dy ∧ dz + ∂

∂x
yx2dz ∧ dx

= x dy − 0− x2y ∂
∂x
dx ∧ dz

= x dy − x2y dz,
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that is, a 1-form, as expected.

4.7 Generalized Stoke’s theorem

The main purpose of the differential forms is in defining integration for an arbitrary

manifold. Nonetheless, a formal definition would require a long detour over Euclidean

simplices, boundary operators and lots of concepts that will make purists happy but

that will add nothing (or too little) to the use of Stoke’s theorem where it is most

important to us: in defining Weil integrability conditions for prequantization. So,

in what follows, we will adopt the conceptual ideas presented by [28] and leave the

gory details to be found out in [17, 26].

The strategy will be very similar to what we have been doing so far: bring the

integration space to Rn, evaluate the integral there and finally bring it back to the

original manifold.

Definition 4.25 (Integration of a form). Let α be a (p − 1)-differential form on

an n-dimensional manifold M—i.e. α is actually a p-form field in M – and P be

a p-dimensional submanifold of M with local coordinates x(P ) : P → Rn so that

restricted to P, α = αa...bdx
a ∧ ... ∧ dxb. Then, the integral of α in P is 37

∫︂
P

α =

∫︂
P

αa...b dx
a ∧ ... ∧ dxb ≡

∫︂
x(P )

αa...b(x) d
px,

where dxa ∧ ... ∧ dxb is called an integration measure. The number of terms in the

37This is exactly the problem with this naive definition of integration: it assumes local coordinates
in all P. We know quite well that this may not be the case, but luckily, all the problems we will
meet that require some integration of a form will have some simplifying global property.
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wedge product of the integration measure determines the geometric dimension of

what is called as the volume element in calculus—i.g. if we have a wedge product of

two terms, the integral will give us dimensions of areas, if the wedge product involves

three terms, then it gives dimensions of solid volume.

Now, the next step is to define the boundary of the submanifold P. Although

there are precise definitions of boundary, we will again use a more intuitive one. The

boundary of a closed manifold P of dimension p is the submanifold δP of dimension

p − 1 that encloses P. For example, if P is polygon of dimension 2, δP is the one

dimensional curve associated to P ’s perimeter. If Q is a polyhedron, like a cube, δQ

is the surface enclosing it, that is, all the cube’s faces. Stoke’s Theorem relates the

integral of a form inside P to the integral of its exterior derivative along its boundary.

Theorem 4.7 (Generalized Stoke’s Theorem). If α is a p-form on a manifold M

and P is a p-dimensional submanifold of M, then

∫︂
P

dα =

∫︂
δP

α.

Example 4.17. Refer back to the R3 correspondence of forms of Examples 4.10,

4.14, and 4.15. Since in R3 all coordinates work globally, the Generalized Stoke’s

Theorem implies for a vector a, defining l as the parametrized boundary of a surface

S and S as the parametrized boundary of a volume V,

∫︂
S

dα =

∫︂
δS

α ⇐⇒
∫︂
S

(∇× a) · dS =

∮︂
δS

a · dl (Stoke′s Theorem)
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∫︂
V

dα′ =

∫︂
δV

α ⇐⇒
∫︂
V

∇ · a dV =

∮︂
δV

a · dS (Divergence Theorem).

4.8 Pullbacks and pushfowards

So far we have constructed almost everything we might wish to in a manifold: we

have defined general tensors at all points, learned how to travel around the mani-

fold following a vector field and even discussed integration using forms. However,

fortunately, the mathematical cosmos is not such a lonely place where we shall only

talk about single manifolds. In fact, in most applications, we will be dealing with a

diverse forest of these topological spaces and it is thus appropriate to develop sys-

tems in which two distinct manifolds can share structures. In this section, we will

learn how to bring the structures we have already defined on a manifold M to a new

manifold N and vice-versa. To accomplish this goal, we will be using pullbakcs and

pushforwards, forms of maps that preserve structures.

The first step is to choose two manifolds M and N such that there is a function

f : M → N that is a smooth bijection —we will call such f a diffeomorphism 38.

Suppose ϕ : N → R is a function in N. We want to construct a function in M takes

in account both f and ϕ. The natural candidate is the composition of f and ϕ, which

we will call the pullback of ϕ in respect to f.

Definition 4.26 (Pullback of functions). If f : M → N is a diffeomorphism and

ϕ : N → R is a function in N, then the function in M given by f ∗ϕ = ϕ ◦ f is called

38It turns out that we can do most of the theory in this section by letting f be only a smooth
function, releasing the bijection requirement. However, this will bring us some problems in defining
the pullback of vector fields and so we decide to avoid unnecessary worry at the cost of some loss
of generality.
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Figure 10: The pullback of a function ϕ defined on a manifold N brought to a
manifold M, both connected through a diffeomorphism f.

a pullback of ϕ (in respect to f ) (Figure 10).

We call f ∗ϕ a “pullback” because we transport an object, in this case a function ϕ,

against the direction of the “arrow” of f.

Vectors, on the other hand, to preserve their action on functions, move forward

in the direction of f, that is, we will take a vector v defined at a point m in M and

produce another vector f∗v at a point f(m) in N, preserving the directional property

of the vector. This can be accomplished if we use f to bring the integral curve

γ(t) : R → M to another curve f(γ)(t) : R → M , so that γ ∈ v gives the pushed

vector so to obey f(γ)̇ = f∗v, thus preserving directions39. We say then that vectors

are pushed forward with respect to f.

Definition 4.27 (Pushforward of vectors and vector fields). If f : M → N is a

39To make notation cleaner, we will assume that the curve γ is only defined in all R from now on
and not only on some interval (a, b).
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diffeomorphism and v is a vector at a point m in M, then we define the pushforward

of v (in respect to f ) as

f∗ : TmM → Tf(m)N v = [γ] ↦→ f∗[γ] = [f ◦ γ],

or, equivalently, using the operator definition of vectors

(f∗v)ϕ = v(f ∗ϕ).

Similarly, we can extend pointwise the definition of pushfowards to vector fields as

T : TM → TN (Tf)(V ) ≡ f∗V = f∗V,

where, in such contexts, the pushforward is also called differential or tangent map.

If we express the vector v at x ∈ M in component form v = vi ∂
∂xi

in M and let

yi be a coordinate presentation at f(x) in N, then the pushforward can be given in

coordinate form as

f∗(v) = f∗(v
i∂i) = vi

∂ya(x)

∂xi
∂a ≡ viJai ∂a,

where Jai is again the Jacobian matrix of the transform from x to y coordinates.

We can naturally use the pushforwards of vectors to define the induced action of the

function f on covectors, which will be again a pullback, so to preserve their action

on vectors. In fact, we can be a little bolder and define the pullback of any tensor of
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type (0s).

Definition 4.28 (Pullback of (0s) tensors). If f :M → N is a diffeomorphism and τ

is a tensor of type (0s) in at a point f(m) in N, then we define the pullback of τ (with

respect to f ) by

f ∗ : T 0
s (N)→ T 0

s (M) f ∗τ(v, ..., w) = τ(f∗v, ..., f∗w)

for any vectors v, ..., w in TmM . In particular, if we let xi be local coordinates in m

and ya local coordinates at f(m)

f ∗τ = f ∗(τa...b dx
a ⊗ ...⊗ dxb) = τa...b(y(x)) J

a
i (x)...J

b
j (x) dy

i ⊗ ...⊗ dyj.

We can extend the pullbacks to all tensors. This will be done by considering the

inverse of f, f−1. In fact, it will also give us a way to talk about the pullback of more

general tensors too40.

Definition 4.29 (Pullback and pushforward of tensors). If f : M → N is a dif-

feomorphism and t is a tensor of type (sr) at a point f(m) in N, then we define the

pullback of t (with respect to f ) as

f ∗ : T (rs)(N)→ T (rs)(M) f ∗t(v, .., w;α, ..., β) = t(f∗v, ..., f∗w; (f
−1)∗α, ..., (f−1)∗β)

for any vectors v,...,w in TpM and covectors α, ..., β in T ∗
pM . In particular, if we let

40This is where our restriction of f to bijections instead of ordinary smooth functions becomes
handy.
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xi be local coordinates in m and ya local coordinates at f(m),

f ∗t = f ∗(ty..za...b ∂y ⊗ ...⊗ ∂z ⊗ dx
a ⊗ ...⊗ dxb) =

= ty...za...b(y(x))J
a
i (x)...J

b
j (x)(J

−1)ky...(J
−1)lz ∂k ⊗ ...⊗ ∂l ⊗ dxi ⊗ ...⊗ dxj.

Similarly, we define the pushforward of a general tensor as

f∗ = (f−1)∗,

again extending pointwise both of them to the whole manifolds.

We can see that, in a certain sense, the definition of pullbacks and pushforwards are

only general formalism: we can always bring a vector from N to M or a covector

from M to N by considering the inverse of f.

Some properties of the pullbacks will be very important in what follows, so we

will state them (again, without proof) here. Almost all of these equations also apply,

when appropriate, to pushforwards as well [17, 26].

Theorem 4.8. Let f : M → N and g : M → N be diffeomorphisms, t and s be

general tensors in T (N), α and β be forms in Ω(N), and λ ∈ R. The following hold

1. f ∗(t+ λs) = f ∗t+ λf ∗s;

2. f ∗(t⊗ s) = f ∗t⊗ f ∗s;

3. (f ◦ g)∗ = g∗ ◦ f ∗;

4. if α is a p-form in N, then f ∗α is a p-form in M;
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5. f ∗(α ∧ β) = (f ∗α) ∧ (f ∗β);

6. d(f ∗α) = f ∗(dα).

4.9 The Lie derivative

As we mentioned in Section 4.2, even though the theory of vectors seems to be all

good and very well formulated, we still do not know how to combine vectors from

different vector spaces TmM at different points m in the manifold M (and the same

goes for covectors, tensors, forms, etc.)41. Now, however, we know already enough to

create a very efficient way to move a vector around different points of a manifold: the

Lie transport. However, we want to notice that this is not the only way to achieve

this, and we will see an alternative to it in the next section. But, for now, the strategy

we will use involves choosing a vector field to carry the structures around and using

the pullback methods we saw in the last section to carry the objects through the

field’s integral curve.

Definition 4.30 (Lie transport). Let X be a vector field on a manifold M and let

it have a family of associated flows42 Φt : M → M . If τ is a tensor of type (rs) in

Φt(p), then we can define a tensor of type (rs) at p by the pullback Φ∗
t τ . We call Φ∗

t τ

the Lie transport of τ with respect to the flow Φt generated by X (see Figure 11)43.

41Notice here that even though the vector bundle definitions allows us to consider the space of
all vectors tangent to M, TM , it does not tells us how to combine such vectors.

42We now talk about a family of associated flows rather than only the flow to highlight the fact
that there will be more than one integral curves defined on a manifold M for a same field X,
depending solely on the initial conditions. This is important because the result of Lie transport
will not be a function of the initial coordinates of the flow.

43Notice that we have changed the notation of tensors from t to τ , in order to avoid confusion
with the time parameter.
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Similarly, if τ originated a tensor field T, we define the transport of T as Φ∗
tT .

Figure 11: The lie transport of a vector (black) from the north pole to the south
pole along a flow (blue).

In a certain sense then, when we Lie transport τ along some vector field X, we follow

the flows generated by X, carrying the object with us, until we arrive at the point of

desire.

Let us see how all of this work in practice with some examples using our knowledge

of pullbacks from last section and Theorem 4.2.

Example 4.18. Let X = −y ∂
∂x

+ x ∂
∂y

be a vector field in the manifold M = R2.

According to Example 4.5, the family of flows generated by the field is Φt(r) =
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Φt(⟨x0, y0⟩) = ⟨x0 cos t − y0 sin t, x0 sin t + y0 cos t⟩. Let us consider transport-

ing a second vector V = k ∂
∂x

along the flow of Φt. The first thing to notice is that,

in local coordinates, using Property 2 of Theorem 4.2, there is a set of coordinates

{xit} at Φ−1
t (r) = Φ−t(r) related to the local coordinates {xi} at r by

x−t = x ◦ Φ−t = x0 cos t+ y0 sin t y−t = y ◦ Φ−t = −x0 sin t+ y0 cos t.

So, the Lie transport of V in Φt is

Φ∗
tV =(Φ−1

t )∗ V

= (Φ−t)∗ V

= V i Jai ∂a

= V xJax0∂a

= k Jxx0∂x0 + k Jyx0∂y0

= k
∂(x0 cos t+ y0 sin t)

∂x0
∂x0 + k

∂(−x0 sin t+ y0 cos t)

∂x0
∂y0

= k cos t ∂x0 − k sin t ∂y0

That is, the vector field is rotated by an angle of t from its original direction 44 In

particular, if we let t = π
2
, we transport what was a completely horizontal field to

a fully vertical field. Notice that X is a rotating field and so, if we were to carry

V around it, it should come as no surprise that V is rotated about the origin of the

44Recall that this is a pullback and as so, Φ∗
tV is a field at the original conditions, that is, at t=0.

A nice picture is to imagine that when we Lie transport structures, we go against the direction of
the path created by the flow, that is, against the integral curves.
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plane.

Notice also that the result is independent of the original coordinates (x0, y0),

implying that the specific flow is irrelevant: what really matters is the family of

flows, which is completely specified by the field X. This property, not particular to

this case only, will be essentially implied in the definition of Lie derivatives.

Example 4.19. Let us now calculate how X = −y ∂
∂x

+x ∂
∂y

changes along one of its

own flows. That is

Φ∗
tX = (Φ−1

t )∗ X

= (Φ−t)∗ X

= X i Jai ∂a = Xx Jax0∂a +Xy Jay0 ∂a

= Xx Jxx0∂x0 +Xx Jyx0∂y0 +Xy Jxy0 ∂x0 +Xy Jyy0 ∂y0

= −y cos t ∂x0 + y sin t ∂y0 + x sin t ∂x0 + x cos t ∂y0 .

It seems that the field changes after the transport. However, this is not quite the

case. Recall that x and y are in t-coordinates and the new field, Φ∗
tX is in t = 0-

coordinates. Thus, using the coordinate transforms

x = x0 cos t− y0 sin t y = x0 sin t+ y0 cos t,
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we get

Φ∗
tX =(−x0 cos t sin t− y0 cos2 t+ x0 sin t cos t− y0 sin2 t)∂x0+

+ (x0 sin2 t− y0 sin t cos t+ x0 cos2 t− y0 sin t cos t)∂y0 =

= −y0 ∂x0 + x0 ∂y0 ≡ −y
∂

∂x
+ x

∂

∂y
= X.

That is, X is kept unchanged when transformed along its own flow. It turns out, as

we will see as a consequence of Theorems 4.9 and 4.10, that this is no luck for this

specific field, but will happen in general.

Example 4.20. Take again the field V = k ∂
∂x

in M = R2 and now, let us move

around the type (02) tensor g = dx⊗ dx+ dy⊗ dy (yes, this is a metric). The family

of flows associated to this field will give rise to the coordinate transforms

x = x0 + k · t y = y0.

So, the transport of g along a flow of V is

Φ∗
tg = gab J

a
i J

b
j dx

i
0 ⊗ dx

j
0 = gxx J

x
i J

x
j dx

i
0 ⊗ dx

j
0 + gyy J

y
i J

y
j dx

i
0 ⊗ dx

j
0 =

= dx0 ⊗ dx0 + dy0 ⊗ dy0 ≡ g.

That is, the tensor is also kept unchanged under V transports.

Geometrists call fields that leave the metric unchanged Cartan fields. They play

again another very important role in general relativity. By the way, bijections that

preserve the metric are often referred as “isometries”.
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Example 4.18 shows a transport in which the transported object is changed in

the process, whereas in Examples 4.19 and 4.20 the objects are unchanged. When no

changes on the structure happen, we say that it is Lie dragged along the transport.

We want a way to quantize how much the objects change when being transported.

Naturally the best way to describe a change is through differentiation and we thus

define the Lie derivative.

Definition 4.31 (Lie derivative). The change of a tensor τ due to the transport

by a flow Φt generated by a field X is given (infinitesimally) by its Lie derivative,

defined as

LXτ =
dΦ∗

t τ

dt

⃓⃓⃓
t=0
≡ lim

∆t→0

Φ∗
∆tτ − τ
∆t

.

As usually, there are some properties of the Lie derivative to make our calculations

easier, which we will state, again, without proof [17].

Theorem 4.9. Let X be a vector field in a manifold M, τ and σ be two tensors in

M, α be a p-form, ψ be a function, λ be a real number, and V be a vector field. The

following are true about the Lie derivative along X

1. LX(τ + λσ) = LXτ + λLXσ;

2. LX(τ ⊗ σ) = LXτ ⊗ σ + τ ⊗ LXσ;

3. LXψ = Xψ;

4. Φ∗
t τ = etLX τ ;

5. LX ◦ d = d ◦ LX ;
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6. LXα = iX ◦ d(α) + d ◦ iX(α);

7. (LXV )ψ = X(V ψ)− V (Xψ) ≡ [X, V ]ψ.

Properties 6 and 7 will be of especial importance to us: the first will give us a

practical tool in the obnoxious frame of calculations in symplectic geometry—and

receives the suggestive name of “Cartan magic formula”; the second introduces a

concept that will play the most important role in Section 4.12: the Lie brackets. In

short, though, the Lie brackets—here specifically being the commutator of two vector

fields—represent an anti-symmetric operation of a special kind of algebra, the Lie

algebra. We will summarize here the three main properties of these brackets.

Theorem 4.10.

Let X, V and W be all vector fields in M and λ ∈ R. It follows from their Lie

derivatives

1. [X + λV, W ] = [X, W ] + λ[V, W ] (linearlity);

2. [X, V ] = −[V,X] (anti-symmetry);

3. [[V,W ], X] + [[X, V ],W ], [[W,X], V ] = 0 (Jacobi’s identity).

4.10 Connections

Though it is an efficient way to carry structures around a general manifold, the Lie

transport suffers from a very specific pathology: it requires vector fields to be defined.

Vector fields, however, are restricted by their “smothness”, so the Lie transport will
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necessarily fail when the path in which we are carrying the structure is not “well

behaved” 45. We then want to construct another form of transport in which we have

the freedom to not follow vector fields. This might sound as an unnecessary com-

plication that would ultimately add an unimportant independence to our manifolds.

However, this is not the case and the pathology indicates some other different prob-

lem: the gradient of a structure, for example, will define a vector (or a covector), but

such vector (or covector) is not guaranteed to give us a unique field. So, if we want

to follow some path in which we can investigate the changes on the gradient and for

that, we need this “extra freedom”. In such a sense, introducing an alternative to

the Lie derivative that makes no references to fields is important if we are to take

gradients in our theories.

However, gradients generate another problem. When we travel in a general di-

rection in some non-Cartesian local coordinates, not only the components of a vec-

tor may change, but also the unit vector directions. For example, consider the field

X = ∂x in R2. In Cartesian coordinates, the gradient of X is clearly zero46. However,

in polar coordinates, X seems to be a non-constant field as its r and ϕ components

will be constantly changing around the manifold. This is problematic since, by the

manifest covariance principle, the laws of physics should be the same independently

of the chosen coordinate system. To ensure this holds, we have to notice that, when

45Take, for example, the perimeter of square which is far from smooth.
46Here the gradient of X is actually X ’s divergence. However, it is common in differential

geometry to call the “generalized derivative” of any tensor field the “gradient”.
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taking the gradient of a general vector field, it must follow

dX = d(Xaea)

= d(Xa)ea +Xad(ea)

=
∂Xa

∂xb
dxbea +Xa ∂ea

∂xb
dxb

=
(︂∂Xa

∂xb
+XaΓabc

)︂
dxbea

= ∇bX
adxbea,

where ∂ea
∂xb

= Γabcec is a (non-tensor47) operator known as the Christoffel symbol and

∇bX
a = ∂Xa

∂xb
+XaΓabc is the absolute gradient of A. Again generalizing for any tensor

field τ , the absolute gradient becomes

∇aT
b...c
d...e =

∂T b...cd...e

∂xa
+ ΓbafT

f...c
d...e + ...+ ΓcafT

b...f
d...e − ΓfadT

b...c
f...e − ...−−ΓfaeT b...cd...f .

If our manifold of interest is Riemannian, it can be shown that the Chrystoffel

symbol is given by [25]

Γabc =
1

2
gad(∂b gcd + ∂c gdb − ∂d gbc). (32)

What if, however, the manifold has no defined metric? In principle, we would not

be able to take absolute gradients in this space. Nonetheless, it is still possible to

“force” into the manifold a “∇” structure as a tensor field, defining the absolute

gradient rather than deriving it. In such cases, we denote the fact that we force this

47That is, it does not transform like a tensor, but is still a multi-dimensional list of numbers.
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structure on M by (M,∇) and call ∇ a connection in the manifold M. For the case

of M being Riemannian, the connection defined “for free” through equation (32) is

called the Levi-Civita connection and enjoys the very useful property that the metric

is gradient-less under it—i.e. ∇g = 0.

Just like in the Lie case, the absolute gradient induces a special path so that

structures can be transported. Now, however, this is not done through the vector

field that defines the derivative—as there is no such field!—but rather to the path in

which the structure is held constant.

Definition 4.32 (Parallel transport). Given a tensor τ in a manifold M, the parallel

transport of τ is the trajectory γ : R → M such that the absolute gradient of τ is

zero—i.e. ∇aτ
a = 0.

The name “parallel transport” comes from the calculus. If we consider the absolute

gradient of a function f—i.e. the traditional gradient 48—it points in the direction

of maximum increase of f (See Figure 12). At the same time, the direction in which

f does not change is parallel to the contour lines.

It is not much surprise that the absolute gradient will appear when taking time

derivatives of a tensor. For example, we can think of geodesics—i.e. shortest paths

through the manifold—as parallel transports of the velocity vector, so that acceler-

ation is zero 49.

In a certain sense, the absolute gradient is “weaker” than Lie’s derivative, as it

48Notice that both Lie’s derivative and the absolute gradient agree on how they act on functions
(0-forms). This is no accident, but rather a requirement to the abstract set of operators that
emulate calculus’ notion of differentiation: the differentials.

49This is the main statement of Einstein’s geodesic hypothesis of general relativity.
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requires the introduction of an extra structure to the manifold, be it a metric or a

connection. Nonetheless, as the Lie derivative depends on vector fields, it also relies

on a small neighborhood of points about where it is taken. Deciding when and how

to use each of these operators will be made clear through context.

Figure 12: Contour of the curve of the function f(x, y) = x2 + y2, with emphasis in
the black point. The direction of f ’s gradient (yellow vector) is perpendicular to the
contour curves, which define the paths of the parallel transport, locally given by the
red vector.

4.11 Connection on fiber bundles and the line bundle

It will be useful to extend the ideas of connections not only to manifolds, but to

general vector bundles—bundles in which the typical fiber is a vector field—as well.

For a vector bundle π : V →M , we can consider the space of smooth sections Γ(V ).

In such a sense, a connection in V is an operator ∇ : Γ(V )→ Γ(V )⊗ T ∗M so that,
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for any function f ∈ C∞(M) and any sections s, s′ ∈ Γ(V )

∇(s+ s′) = ∇s+∇s′ ∇(fs) = (∇s)f + s⊗ df.

The T ∗M structure can be understood if we consider any vector field X in M 50, so

that the contraction iX∇s ≡ ∇Xs is an operator ∇Xs : Γ(V )→ Γ(V ) that measures

by how much the section s changes along the flow of X. In such a sense, the absolute

gradient defined in the last section is nothing more than only a connection defined on

the tangent bundle TM (or more generally, on the tensor bundle), where the values

of X taken in ∇Xs are the basis vectors ∂a.

To analyze how these connections work in coordinates, we can assume that, as it

is the case for TM where the sections were the vectors of M , the sections of V can

be described through a coordinate basis {ea},

s = saea,

in the sense that

∇s = (dsa + βab s
b)ea,

where βab ea = ∇ea. This let us see that, if M has local coordinates xi, we can express

βab = βaibdx
i, so that

∇Xs = X i(∂is
a + βaibs

b)ea.

To go further with the parallels between the definition of connections in the last

50The field is a section from TM to M and not from V to M—i.e. X /∈ Γ(V ).
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section, just as in the Levi-Civita case where the action of the connection over the

inner product is null—namely ∇g = 0—it is also a big deal whenever we have a

Hermitian product 51 (., .) : V × V → C with the property that

iX(d(s, s
′)) = (∇Xs, s

′) + (s,∇Xs
′).

In such a case, we say that the Hermitian product is compatible with the connection.

The definition of the connection through ∇ as a function Γ(V ) → Γ(V ) ⊗ T ∗M

can be further generalized to contract with not only one, but p vector fields of M ,

even though, in that case, the conceptual meaning of the change of a section along

a field is lost. When this is done, we say that some α : Γ(V ) → Γ(V ) ⊗ (T ∗M)p

is a V value p-form so that it is well defined in a collection of p vector fields of M,

X1, ..., Xp ∈ Γ(TM) = X (M), which is linear and skew-symmetric in permutations

of the fields. Just like for the original p-forms, we can consider the algebras Ωp(V ),

for which Ω0(V ) = Γ(V ). This allows us to see that ∇ : Ω0(V ) → Ω1(V ) or, if we

generalize this through induction, ∇ : Ωk(V ) → Ωk+1(V ), so that the connection

works exactly as the exterior derivative d for exterior forms. 52.

Besides the ones given through the connection, there are other V value p forms

in the vector bundle. An efficient way to generate such structures is by tensor

multiplying any section s with an ordinary p differential form α through αs ≡ α⊗ s.

We want to stress how the ideas described here are far from being useful only in

51The Hermitian product is, conceptually, a not-defined everywhere –i.e. no metric—complex
inner-product.

52This kind of behavior generates an algebraic structure of cohomologies [17, 29]. Cohomologies
are another field of differential geometry that directly relates to algebra
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the canonical vector bundles TM and T ∗M and for this purpose we will look at a very

particular kind of vector bundle: the line bundles. We start by letting π : L → M

be a vector bundle over M for which the typical fiber is a one-dimensional complex

vector space. So, every section s of L will be of form

s = c(m)v (33)

as c : M → C and v is an any-size complex vector53. The simplification of the

restriction of L to one dimension allows us to express any section s as s = cs(m)u,

where u is the so called unit section, which is given by letting c = 1 in equation (33).

This allows us to worry only about u in establishing a connection in L, as in the

following definition.

Definition 4.33 (Potential 1-form). Let u be the unit section of a line bundle

π : L→M . We can define the potential 1-form Θ by

∇Xu = −iΘ(X)u, (34)

where the factor of −i will be soon explained.

Equation (34) tells us locally that, if we represent s = csu,

∇Xs = (X(cs)− i(iXΘ)(cs))u,

53We will ignore the fact that the bundle may not have a global trivialization, but can only be
defined locally on M. For the more general approach, check [30].
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or using X(cs) = Xa ∂cs
∂xa

= iXdcs,

∇ = d− iΘ. (35)

Now, the name “potential” to the 1-form Θ suggests that it is (locally) the deriva-

tive of some structure. This is indeed the case and the 2-form Ω = dΘ receives the

suggestive name of curvature54. Its action on vector fields X and Y on M is given

by

Ω(X, Y )s = ([∇X ,∇Y ]−∇[X,Y ])s. (36)

Whenever Ω = 0 in all M , we borrow the general relativistic notation and call

M a flat space. In such a case, Θ is simply a constant, so the connection gives a

same direction change for any section s ∈ Γ(L). When this happens, according to

equation (35), the connection becomes only the ordinary external derivative d plus

a non-interesting constant, simplifying matters a lot.

This implies that, along the integral curve γ(t) of X—namely γ̇(t) = X—the

section s does not change, which is expressed

∇Xs =
(︂dcs
dt
− i(iXΘ)

)︂
s = 0. (37)

We again say that a section s is parallel to a field X whenever the equation above

holds. It can be shown that there is a unique parallel section for each value of

s(0) [30]. Finally, whenever there exists a compatible Hermitian product in the line

54The nomenclature comes from the generalization of the 1-form potentials to any dimensional
vector bundles. In particular, for the case of V = TM , it follows that Ω is exactly the Riemann
tensor, used in general relativity to quantify the curvature of space-time.
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bundle, we simply call the bundle a Hermitian line bundle. Surprisingly enough,

Hermitian line bundles appear in a fairly important part of the geometric quantiza-

tion process and, when that comes, all the structure that was here developed as an

example of connections in vector bundles will be to good use for us.

4.12 Lie groups

We are now in position to analyze the big connection between differential geometry

and abstract algebra: Lie groups. In fact, these special spaces will be the cornerstone

of Noether’s theorem in both its classical and quantum formulations.

In a certain sense, Lie groups are nothing but manifolds that have group product

structures, that is, they are continuous groups that admit local coordinates. This is

to say that the three properties defining the group action– composition, inverse, and

identity map—are all smooth functions. Notice that the smoothness of the functions

is the key point in the definition: all the group automorphisms are, in this differential

geometry context, diffeomorphisms. Let us try to clarify this with some examples.

Example 4.21. Take again the group GL(n,R) as the group of all linear and invert-

ible transforms on the vector space Rn. We might think of this set as a n2-dimensional

manifold, of local representation given by the matrix form of its elements.

A special subgroup of GL(n,R) is generated by the automorphisms on Rn that

preserve the dot product of two vectors and is known as the orthogonal group O(n).

That is, if g ∈ O(n) and v,w ∈ Rn, then

g(v ·w) = g(v) · g(w).
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Unsurprisingly, this group is represented by a set of matrices with matrices that have

their inverses being their own transposes—i.e. A · AT = I. Now, since [13]

det(A) = det(AT ) det(A ·B) = det(A) · det(B),

the matrix representation of O(n) will have matrices of determinant −1 or +1. If we

restrict even further O(n) to the dot product-preserving transforms that respect ori-

entation, we create the special orthogonal group, SO(n), with matrix representation

obeying A · AT = I and of determinant +1.

We know that SO(n) is a subgroup of GL(n,R) and it looks like that it is a

submanifold too (in fact, whenever a subgroup of a Lie group is closed, it is also a

Lie group), but is its dimensionality still n2? No, actually, big no. The dimension of

SO(n) is n(n−1)
2

, which is much less than the n2 of GL(n,R). In particular, for n = 3,

SO(3) is a three dimensional manifold that, supplied the dot product constrains,

can represent all rotation symmetries on the sphere. This kind of dimensionality

reduction will often happen for sub-Lie groups.

The complex counterpart of O(n)—i.e. the matrices that preserve the inner prod-

uct in Cn—is called the unitary group U(n), which is composed of matrices U of form

U † = U−1.

Now, let us look at the geometric aspects of the Lie groups. As manifolds, it

is quite natural to create tensor objects in them. In particular, we can talk about

vectors. But first, consider the left translation action created by an element g of a
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group G on G itself, as defined in Section 3.3,

Lg : G→ G Lg(h) = gh.

That is, the left translations will be bijective maps that will take points of the

manifold to others, using the group multiplication to define these functions.

Now as left translations will map a manifold G to another manifold—namely

itself—we can think on the pullbacks of the left translations on vectors in G. In

particular, it will turn out that there is a set of vector fields on G that will be

invariant under all left translations defined on G, giving birth to a very special

space: the Lie algebras.

Definition 4.34 (Lie algebra—Version I). If G is a Lie Group, the set of left-

invariant (vector) fields in G, XL ≡ G, of elements X is such that, for all g ∈ G

L∗
gX = X.

If we add a commutator structure to G as

[X, Y ](f) = X(Y (f))− Y (X((f)) (38)

for all functions f on G, then we call G the Lie Algebra of G.

Although simple, this definition is not too useful. In fact, there is a very famous

proof that shows that the Lie algebra fields are uniquely determined by their actions

at the identity element e ofG [17]. Not only that, but there is an algebra isomorphism

109



between the tangent space at the identity, TeG and G [1]. This allows us to see any

element of the Lie algebra as a vector in the tangent space of the identity.

Definition 4.35 (Lie algebra—Version II). The Lie Algebra G of a Lie Group G is

the tangent space at the group identity element, TeG
55, together with the commuta-

tors defined by equation (38).

However, we are yet not done: there is still another way to define the Lie algebras.

For that, let us consider the integral curves generated by the elements of the G (when

seen as the tangent space at the the identity). That is, suppose α : R → G is the

integral curve56 of some X ∈ G = TeG, so that α̇(0) = X. There are two important

properties about α. First, as we argued, the left-invariant vector fields are uniquely

determined by their value at the identity, so all such α’s are actually the integral

curves of the left-invariant fields. Secondly, noticing that for any g ∈ G, if we let Φt

be the flow of some α generated by some X ∈ TeG

dΦt(g)

dt
= g · Φt

̇ (g) = g ·X(g) (39)

and

d(g · α(t))
dt

= g · α̇(t). (40)

As both equations above have the same initial condition, they are clearly equal so

Φt(g) = g ·α(t). In other words, the flow of the field X with initial input the element

55Of course an isomorphism does not mean that the two sets are equal, only that they are very
closely related, so calling both the left-invariant fields and the tangent space at the identity the
Lie algebra of G is a bit too far on notation stretching. However, there is a huge inconsistency in
literature to which one is the original Lie algebra over G.

56Here we are assuming α to be defined at all t ∈ R.
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g of the manifold M can be found simply by multiplying by the integral curve, which

evaluated at any t, will be another element of manifold. Using this and Property 3

of Theorem 4.2

α(t+ s) = Φt+s(e) = Φt ◦ Φs(e) = Φt(α(s) · e) = α(t) · α(s).

It is perhaps unsurprising that flows can be seen as left-actions if one considers

the non-accidental similarities of Theorem 4.2 for flows and equations (18) and (19)

for actions. Indeed, we can identify a flow as simply the left-action from (R,+) in

the manifold G, where t here will work as a parameter in picking, which element of

G, α(t) refers to. As G is also a group, the left-action of the flow for each specific

element g ∈ G is a (group) isomorphism from (R,+) to a subgroup of G given by

Φg : R→ G Φg(t) = Φt(g). (41)

We call, for each g ∈ G, the special subgroup formed by equation (41) by one

parameter subgroup of G. This means that we have, in fact, another form that is

equivalent to the original definition of Lie algebra

Definition 4.36 (Lie algebra—Version III). The Lie Algebra G of a Lie group G is

given by the generators—i.e. the vector fields that generate α—of the one parameter

groups of G with commutators defined by equation (38).
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Summarizing:

left-invariant vector fields ⇐⇒

⇐⇒ tangent space at the identiy

⇐⇒ generators of the one parameter groups.

As we shall see, the Lie algebras bring useful information about the Lie groups—

unfortunately, however, it is common for two distinct Lie groups to share the same

Lie algebra, which spoils a little their usefulness.

For now, however, it is a good idea to introduce a function from algebras to

groups. Such a function always exist and is called the exponential function.

Definition 4.37 (Exponential map). If X ∈ G = TeG with associated integral curve

αX , then the exponential map exp : G → G is given by

exp(X) = αX(e)

so that

exp(tX) = α(t).

Since Lie algebra elements can be seen as generators of vector fields at the origin, we

will stretch this exponential map a little to work not only on elements of Lie algebra

X, but to vector fields X in any manifolds as well, so that exp(tX) alwyas gives the

field’s flow. In the case of Lie groups, this is translated to the fact that such flow

originates the one-parameter groups.
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Notice how this is defined so to be consistent with equations (39) and (40), for which

d(g · α(t))
dt

⃓⃓
t=0

=
dΦt

dt

⃓⃓
t=0.

=
dΦt

dt

⃓⃓
g=e

= X exp(tX)
⃓⃓
t=0

= X, (42)

as X is the associated Lie algebra element.

The exponential map, through equation (42), is what will allow us to calculate

the Lie algebra of most Lie groups, as it will become clear in the next two examples.

Example 4.22. We let GL(n,C) be the n × n complex matrices. In such case,

the exponential map of any element A ∈ GL(n,C) is given by the ordinary matrix

exponentiation eA, defined as

eA = I + A+
1

2!
A2 + ...

Now, let us look at the unitary subgroup U(n) of GL(n,C). This set is important

because if |ϕ⟩ is any element of Cn, the dot product ⟨ϕ| Û |ϕ⟩ = ⟨ϕ| |ϕ′⟩ = ⟨ϕ|ϕ′⟩, so,

if normalized, |ϕ⟩’s normalization is preserved.

Since this is a subgroup of GL(n,C), any of its elements can be expressed as

exp(tX) = etX

for some X in the Lie algebra of U(n), u(n). But then using the group’s definition57

etX(etX)† = etXetX
†
= I.

57From here on, we start using the common notation ex to represent expx, even if x is a matrix.
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Taking the derivative of both sides and evaluating it at t = 0 gives the elements of

the Lie algebra

d(etXetX
†
)

dt

⃓⃓⃓
t=0

= X +X† = 0.

So the Lie Algebra of U(n) is the set of complex matrices such that

X† = −X

together with their commutators. This forms the set of skew-adjoint or anti-Hermitian

matrices. In general, however, it is natural to multiply X by a factor of −i, so that

X ′ = −iX and

(X ′)† = (−iX)† = (i)(−X) = −iX = X ′.

In which case we call X ′ Hermitian. This allows us to claim that

exp(−iX ′t)

is unitary for all t ∈ R.

Example 4.23. Once we can identify the Lie algebra G to the vector space TeG, it is

natural to look for a basis to the algebra. Let us try to illustrate this with an example.

Consider the group SU(2), which can most naturally represented as 2 × 2 complex

unitary matrices of determinant 1 . Since it can be shown that [8]

det(exp(A)) = exp(tr(A)),
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we must have that the elements of the algebra su(2) are traceless, in addition to being

skew-Hermitian. It turns out then that the vector space su(2) has a basis

iσx = i

⎛⎜⎝0 1

1 0

⎞⎟⎠ iσy = i

⎛⎜⎝0 −i

i 0

⎞⎟⎠ iσz = i

⎛⎜⎝1 0

0 −1

⎞⎟⎠ ,

which are the Pauli matrices introduced in Example 4.23. Since, for the Hilbert

space H = C2 can represent a spin 1/2-particle all operators can be given as linear

combinations of Pauli matrices [6], we can then conclude that the Hilbert space it-

self have operators satisfying a SU(2) symmetry: that is, besides of preserving only

normalization, operators preserve also orientation.

4.13 Representations of Lie groups and algebras

In Section 3.3, we have seen that groups can be represented as operators in vector

spaces. To construct such a representation, we use of an isomorphism from the group

G to the general linear group of transforms in the vector space, GL(V ). Now, given a

Lie algebra G with brackets [., .]—notice that once the vector product of the algebra

is defined, the Lie brackets are defined as well and vice-versa—we can think of a map

from G to the transformations of a space V such that is an algebra isomorphism,

allowing us to talk about representations of Lie algebras. However, some care is

necessary. In a general group G, all elements are invertible, whereas in an algebra

G, this might not be the case. Consequently, instead of mapping the elements of

the algebra G to the general linear transform group of V, GL(V ), in which cases all

matrices are invertible, a representation of G will map only to the linear transforms
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of V without necessary requiring the transform invertibility. Such a set, as we have

seen, is the End(V ), and so, it not only contains all elements of GL(V ), but also

the singular matrices. With this caveat in mind, we can proceed to defining a Lie

algebra representation.

Definition 4.38 (Lie algebra isomorphism). If G is a Lie algebra and V is a vector

space, a representation of G in V is a map ρ : G → End(V ) such that

ρ([X, Y ]) = [ρ(X), ρ(Y )],

where the brackets now are not restricted to being the commutators anymore, but

will respect all entries of Theorem 4.10. When, however, that is the case, we

call the brackets trivial and the Lie algebra representation is solely an algebra

representation—i.e. a normal algebra isomorphism in the sense of Section 3.2. We

will see some examples of non-trivial brackets, but the attentive eye will realize that

the Poisson brackets of Section 2.1 play the required role.

Example 4.24. The mapping of su(2) in H = C2 from Example 4.23 is a represen-

tation of the algebra into End(C2), in which case the vector space TeSU(2) = su(2)

has its basis associated to Pauli’s matrices.

Now that we have defined both the representation of groups and algebras in

vector spaces, it might be natural to wonder if there is a way to extract one from

the other. Let us start going from groups to algebras. Suppose π : G→ GL(V ) is a

representation of a group G in a space V. We can define the derived representation

of G as following.
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Definition 4.39 (Derived representation). A representation π : G → GL(V ) of G

in V has derived representation

π′ : G → End(V ) π′(X) =
d[π(exp(tX))]

dt

⃓⃓⃓
t=0
,

for any X is the associated Lie algebra of G, G.

Proven in [8], the following useful properties of the derived representation will be

the working tool we will be using when describing this kind of mapping.

Theorem 4.11. If π′ : G → End(V ) is the derived representation from a Lie group

representation π : G→ GL(V ), it follows that

1. the representation π′ is a Lie algebra representation of G;

2. π(exp(tX)) = exp(tπ′(X));

3. π′(g−1Xg) = π(g)−1π′(X)π(g).

We generally illustrate the derived representations in commutative diagrams as in

G GL(V )

G End(V )

π

π′

For the construction from an algebra representation of G to a group representation

of G, the news are not so good anymore. It turns out that two very distinct algebras

may have the same representation, so assigning a group from an algebra representa-

tion would not be a well defined process. The classical example of this issue happens
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with SO(3) and SU(2) that do share the same C2 Lie algebra representation, but

are very distinct groups [8] 58.

It is important to mention that there are some Lie algebra representations that

are not derived from the Lie group representation π : G → GL(V ), but rather are

formed directly so that ρ : G → End(V ) preserves the Lie brackets. One example can

be found in representations of the u(1) algebra in the complex system C, generally

written as ikeikθ, which is only a derived representation of the U(1) group if k is

integer [8]. Algebra representations which are derived from group representations

are called integrable.

Before we close the section, we would like to address, without proof 59, one of the

most important theorems of representations of Lie groups and algebras.

Theorem 4.12 (Schur’s lemma). Suppose V is a vector space over the complex field

C and A is an operator on the representation (π, V ) of a general Lie group G that

commutes with all other represented elements, that is

π(A)π(g) = π(g)π(A) ∀g ∈ G.

Then, if π is an irreducivle representation, it follows that A is a scalar multiple of

the identity, that is, π(A) = cI for some c ∈ C.

Interestingly, the result also applies to algebra representations, that is, if for some

irreducible algebra representation over the field C, [ρ(a), ρ(x)] = 0 for every ρ(x) in

58The issue of the same representation for SU(2) and SO(3) generates a very interesting topo-
logical problem of “spin double cover”, which is densely explored by [8].

59For demonstrations, check [17, 8, 1].
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the representation, then ρ(a) = cI. We can then define the following.

Definition 4.40 (Complete sets). A set C in a complex algebra representation ρ is

called complete if for all ρ(a) in C such that [ρ(a), ρ(x)] = 0 for all ρ(x) ∈ C, it follows

that ρ(a) = cI. In particular, by Schur’s lemma, any irreducible representation is a

complete set.

The most important instance in which the definition of complete sets plays a role is in

quantization itself. As one might now suspect, Dirac’s quantization map described in

Section 2.3 is an algebra isomorphism that takes Poison brackets to commutators and,

as we there mentioned, such map is assumed to connect complete sets to complete

sets.

4.14 Symmetries of manifolds

In the last section, we saw how we can derive an algebra representation from a Lie

group representation. Nonetheless, manifolds are in general non-linear spaces, so we

can only restrict ourselves to talk about actions rather than representations. For

Lie groups, as we shall see, this is no issue as actions are well defined on non-linear

spaces, but we do not generally think about algebra actions. So, we must find a way

to “linearlize” the group action on the manifold, making a representation out of it,

and then derive the associated algebraic representation. This will be our main goal

of the section.

Let us start considering the right-action of a Lie group G on a manifold M, as

defined in Section 3.3. This is then given by a set of functions R : G ×M → M .
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To linealize the action of G in M, we can consider the functions generated in the

right-action as

Rg :M →M Rg ≡ R(g, x).

Now, if we let F(M) be the set of all smooth functions in M, we can look at an

induced representation of G in F(M) through

π : G→ GL(F(M)) ρ(g)(f) = f ◦Rg = R∗
gf.

That is to say, we are mapping functions to transforms of function—i.e. functions

that act on functions. Evaluating this new “transformed” function at any m ∈M

π(g)(f)(m) = f(Rgm) = f(mg).

As we have just built a representation rather than a simple action, we are able

to consider the derived algebra representation through

π′ : G → End(F(M)) π′(X)(f) =
d(Rexp tX · f)

dt

⃓⃓⃓
t=0

(43)
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so, evaluated at some point m ∈ M

π′(X)(f)(m)|t=0 =
d(f ◦Rexp tX)

dt
(m)|t=0

=
df

dt
◦Rexp tX ·XR′

exp tX exp tX(m)|t=0

=
df

dt
◦Re ·XR′

e(m)

= X
∂f

∂xa
dxa

dt
(m)

≡ Xa ∂f

∂xa
(m)

which will then be a vector in TmM . If we want to extend this vector to all the man-

ifold M, we can define point-wise the vector field E . So, the derived representation

of the algebra G in M gives elements in the total vector field space of M, X (M). In

such cases, for any X ∈ G we name π′(X) as given by equation( 43) the fundamental

field generated by X in M or the generator of the action Rg in M.

Definition 4.41 (Fundamental action). We call the fundamental action of Rg in M

where g = exp tX the vector field in M given by

E =
d(Rexp tX · f)

dt

⃓⃓⃓
t=0
.

Example 4.25. For the translation group (R,+) acting on the manifold R itself

π(r)(f)(x) = f(Rrx) = f(x− r),

so literally translating the function by an amount of r. Looking, however, at the Lie

algebra representation of π in first-order, where we introduce the infinitesimal dx,
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for p in the Lie algebra of the group

π(dx)f(x) = f(x− dx)

≈ f(x)− dx∂f(x)
∂x

= exp(π′(p)dx)f(x)

≈
(︂
1− π′(p)dx

)︂
f(x)

= f(x)− π′(p)f(x)dx,

so that π′(p)f(x) = ∂f(x)
∂x

. We will see that this particular representation is responsible

for one definition of the momentum operator in quantum mechanics.

Once we have recognized that the Lie algebras can be represented as fields, we

are able to investigate their integral curves. Using the definition of integral curve of

Section 4.3, we see that for any point m ∈M

γ(t) = Rexp(tX)m = m exp(tX).

Notice that this coincides with the one-parameter subgroup starting at m. So, in a

certain sense, the manifold “inherits” the group structure.

However, this is not all. Once we have recognized the generator of action E

with an element of the Lie algebra, by Definition 4.34, we see that such a field is

left-invariant, that is

L∗
gE = E

for all g ∈ G. Since E does not change, we can directly conclude that the left-action
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of any element of G in the integral curve γ(t) generated by E will not take us away

from the curve—i.e. the curve will “not feel” the left-action from any element of G.

This important realization will be the biggest cornerstone behind Noether’s theorem.

Finally, with all of this in mind, we can point at some properties of the generator

of action that will make computations easier [17].

Theorem 4.13. There is a Lie algebra isomorphism from the generators EX and EY

to the vector field space of M , X (M), given by

1. [EX , EY ] = E[X,Y ], where [X, Y ] is the commutator of the vector fields;

2. EX + λEY = EX+λY , as λ ∈ C∞(M).

5 A Groupism Version of Quantum Mechanics

In 1925, Heisenberg’s original matrix mechanics version of quantum physics was

brought to the international physics community through a collaborative work with

Max Born and Pascual Jordan titled On quantum mechanics60 [15]. In the year next,

Erwin Schrörodinger published a series of papers suggesting a very different approach

to the problem, using the so called wave-equation and complex numbers [31, 32].

These two models not only disagreed on how the system depended on time—be it the

states changing with time or the operators—but also in the methods, with the first

using pure linear algebra and the second complex analysis techniques. Even though,

since the early days, the equivalence of both models was well known, it was only in

1931 that a mathematician, Herman Weyl, came to rescue the physicists in finding

60Free translation.
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a deeper underlying connection in between these two formulations of the theory:

groups. Initially accused of introducing “grouppest”—the fever of groups—to the

physical community [8], Weyl was in fact successful in developing the understanding

of what is today considered the most foundational interpretation of the mathematics

of quantum mechanics. In this chapter, we will explore Weyl’s account and develop

the required concepts for understanding how the dynamics of the system is formed

through group symmetries, synthesized in a Noether’s-like theorem for quantum

mechanics.

5.1 Heisenberg-Weyl group

It is not hard to recognize how Lie groups play an important role in quantum me-

chanics. If we recall, once again, the commutation relations, given by

[q̂, p̂] = iℏ,

it seems almost trivial to recognize that such structure deeply resembles a Lie algebra

representation, even though, as we have mentioned, this was a polemic assertion in

the beginning of the twentieth century. One might wonder, however, which algebra(s)

this might represent.

Definition 5.1 (Heisenberg-Weyl algebra). The Heiseberg-Weyl algebra h3 corre-

sponds to an algebra over the set R3 ∼ R2 ⊕ R with basis (X, Y, Z) and brackets

defined so that

[X, Y ] = Z [X,Z] = [Y, Z] = 0.
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This, component-wise for any elements v = xX + yY + zZ = (⟨x, y⟩, z) and v′ =

x′X + y′Y + z′Z = (⟨x′, y′⟩, z′), implies that [v, v′] = (⟨0, 0⟩, xy′− y′x), using R2⊕R

coordinates.

In this assignment, X is related to the position operator q̂, Y to the momentum

operator p̂ and Z to some operator ẑ that commutes with all other operators. The

generalization to more than one-dimensional physical system simply includes making

X and Y vectors, which creates larger size matrices—the reason for which is not

spelled out here.

The definition of X, Y and Z above, however, can be shown to be isomorphic to the

more useful 3× 3 upper triangular real matrices as

(⟨x, y⟩, z)←→

⎛⎜⎜⎜⎜⎝
0 x z

0 0 y

0 0 0

⎞⎟⎟⎟⎟⎠
with brackets simply given by the matrix commutation

[(⟨x, y⟩, z), (⟨x′, y′⟩, z′)] = (⟨0, 0⟩, xy′ − y′x)←→

⎛⎜⎜⎜⎜⎝
0 0 xy′ − x′y

0 0 0

0 0 0

⎞⎟⎟⎟⎟⎠ .

It is this matrix form that allows us to more easily compute the related Lie group.

Definition 5.2 (Heisenberg-Weyl group). TheHeiseberg-Weyl groupH3 corresponds
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to the associated Lie group of h3, which can be computed by

exp(⟨x, y⟩, z) = exp

⎛⎜⎜⎜⎜⎝
0 x z

0 0 y

0 0 0

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
1 x z + 1

2
xy

0 1 y

0 0 1

⎞⎟⎟⎟⎟⎠ . (44)

The group operation of the elements can be found through Baker-Campbell-Hausdorff

formula [8] and is equal to

exp(⟨x, y⟩, z) · exp(⟨x′, y′⟩, z′) = exp(⟨x+ x′, y + y′⟩, z + z′ +
1

2
(xy′ − x′y)).

As we shall see, however, the Heisenberg group is not a symmetry of the quantum

system—i.e. it is not important as a dynamical property, so does not belong to the

realm of Noether’s theorem. Rather than that, it will be used to generate the Hilbert

space itself through representations, creating the whole kinematics of the theory.

5.2 Schrödinger representation

Notice that the Heisenberg group in its matrix form is not unitary. We want, how-

ever, to look specifically at the unitary representations of this group since, as seen in

Example 4.22, these are the ones to preserve norms and which have associated Lie al-

gebra of Hermitian operators. Nonetheless, for finding unitary representations of H3,

it requires us to move away from finiteness and consider infinite dimensional represen-

tations of h3 [33]. The most remarkable of these is the one that bares Schrödinger’s

name and uses functions for defining the Hilbert space.
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Definition 5.3 (Schrödinger position representation). The Schrödinger’s representa-

tion61 of the Heisenberg group in the space of complex square integrable functions—

i.e. of real-valued functions62 f such that
∫︁
all space

(f(q))2 dx converges—L2(R), is

given by

ΓS(exp(⟨x, 0⟩, 0))ψ(q) = eQxψ(q) ΓS(exp(⟨0, y⟩, 0))ψ(q) = eyPψ(q)

ΓS(exp(⟨0, 0⟩, z))ψ(q) = eZψ(q),

with the derived Lie algebra representation

Γ′
S(X)ψ(q) = q̂ψ(q) ≡ qψ(q) Γ′

S(Y )ψ(q) = p̂ψ(q) ≡ −iℏdψ(x)
dq

Γ′
S(Z)ψ(q) = ẑψ(q) ≡ ℏψ(q),

where the factor of ℏ was chosen so that units work in associating p̂ with units of

momentum, if q̂ has units of space.

By Schur’s lemma, we know that ẑ, whatever it is, must be a multiple of the

identity, given that Schrödinger’s representation can be shown to be irreducible [8,

33]. For the other two operators, however, the interpretation is a little trickier.

We claimed that they correspond to position and momentum operators, but the

reason was not stated. If we refer to Example 4.25, however, we can see that the

momentum operator p̂ is simply a constant multiple of the generator of translation

61The Schrödinger’s representation is not the Schrödinger’s picture of the quantum mechanics.
The first refers to an actual group representation in a Hilbert space, the second to whether the time
dependency of the system is assigned to states.

62Here we are being sloppy with notation as, for being closed under the p̂ operator, L2(R) must
be a space of complex distributions rather than of functions [8].
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of ϕ’s argument—i.e. e−
i
ℏ p̂yϕ(q) = ϕ(q + y). In a certain sense then, we can simply

postulate that the momentum is the generator of translations in the function space

and, as we will see in the next sections, it will follow that when this is applied to

classical mechanics, we do reestablish the usual p = mv.

For the position operator, we can use the fact that

q̂ψ(q) = qψ(q) (45)

implies that ψ(q) is an eigenfunction of the operator q̂ with eigenvalue q. Since

the measurement postulate of quantum mechanics tells us that, by measuring an

observable, the outcome is an observable eigenvalue, it makes sense the outcome of

a space measurement to be the space coordinate itself.

However, none of the above tells us what the states of L2(R) are. We know from

Dirac’s notation that any state is representable as |ψ⟩. Nonetheless, when the space

operator acts on it, we should get

q̂ |ψ⟩ = |q⟩ ⟨q| |ψ⟩ ,

which, comparing to equation (45), tells us that ⟨q| |ψ⟩ ≡ ⟨q|ψ⟩ = ψ(q). We can go

further, though, and use the spectral decompostion theorem in q̂ [13, 6], which is

known to be Hermitiain, to yield

1 =

∫︂
all space

|q⟩ ⟨q| dq,
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so that

⟨ϕ| |ψ⟩ = ⟨ϕ| 1 |ψ⟩ = ⟨ϕ|
∫︂
all space

|q⟩ ⟨q| dq |ψ⟩ =
∫︂
all space

ϕ∗(q)ψ(q)dq,

defining the inner product of the L2(R) Hilbert space and suggesting the interpreta-

tion of |ψ(x)|2 as the probability distribution.

We also know that, given p̂ as Hermitian, the spectral decomposition theorem

will provide a basis formed by p̂. If, however, |p⟩ is an eigenstate of p̂ with eigenvalue

p, then it follows that

pψp(q) = ⟨q| p |p⟩ = ⟨q| p̂ |p⟩ = ⟨q| − iℏ
d

dq
|p⟩ = −iℏdψp(q)

dq
,

which implies

ψp(q) =
1√
2πℏ

e
ipq
ℏ .

Changing the basis representation of |ψ⟩ to p̂, however, gives

ψ̃(p) = ⟨p| |ψ⟩ =
∫︂
all space

⟨p| |q⟩ ⟨q| |ψ⟩ dq =
∫︂
all space

1√
2πℏ

e
ipq
ℏ ψ(q) dq, (46)

telling us the famous result that position and momentum are Fourier transforms of

each other. Even though many quantum mechanics textbooks use this to introduce

the momentum space as the space of L2(R) functions of input momentum p, most of

them do not stress that this is, in fact, a different representation of H3.

Definition 5.4 (Schrödinger momentum representation). The Lie algebra Schrödinger
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momentum representation of h3 is given by

Γ̃
′
S(X)ψ(p) = p̂ψ(p) ≡ pψ(p) Γ̃

′
S(Y )ψ(p) = q̂ψ(p) ≡ −yiℏdψ(x)

dp

Γ̃
′
S(Z)ψ(q) = ẑψ(p) ≡ ψ(p),

so reversing the roles of q̂ and q̂ from Definition 5.3.

There is a very common confusion on the fact that the momentum operator eigen-

states |p⟩ form a basis for the position representation space, whereas the momentum

space is, in some sense, a whole different set, as it takes different input values 63.

Even though this is a necessary condition to ensure that both the set of |p⟩’s form a

basis for the position space and that there is a (unitary) mapping between the two

spaces, these concepts are not necessarily too much related. If one considers, for

example, p̂2, which is Hermitian, then a spectral decomposition of it would allow us

to express a function ψ(q) in position space in a |p2⟩ basis through an equivalent of

equation (46), but nothing would guarantee us that there is a representation of H3

that takes p2’s as arguments would exist.

Turning our attention to the Fourier transform we notice that, since it is unitary,

it defines the intertwining operator F̃ in between the two representations

Γs = F̃ Γ̃s F̃
†
, (47)

giving that the two representations are equivalent. Equivalency will be of crucial

63Again, sloppy physics notation here. Both representations are in the same mathematical space,
namely L2(R), but the functions in these spaces take different arguments dimensional-wise.
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physical importance so that a normalized state |ψ⟩ in Γs representation will corre-

spond to another state |ψ̃⟩ in Γ′
s representation, consequently all physical information,

including the expectation value of observable, is equal independent of the analyzed

space. We will see, that, in light of Stone-von Neumann theorem, this is no accident.

This result allows us to treat position and momentum exactly in the same foot-

ing kinematically-wise, as is also the case within classical mechanics. Before that,

however, we will look at another very distinct representation of h3 as a matter of

example.

Example 5.1 (Fock representation). The power of Weyl’s realization that Schrödinger’s

version of quantum mechanics is nothing more than just one representation of a very

special group—the Heisenberg group—rests on the fact that this is only one of the

many possible options, which also include, for example, Heisenberg’s matrix mechan-

ics approach. Even though we have not yet discussed the dynamics of the theory, it is

well known that an appropriate choice of representation can significantly simplify so-

lutions to problems. For example, for harmonic oscillators, a distinct representation

of the Heisenberg group, called Fock’s representation, can be applied.

In Fock’s representation, the Hilbert space of interest is the set of complex holo-

morphic functions F—i.e. ∂ψ
∂z

= 0—with inner product

⟨ϕ| |ψ⟩ = 1

π

∫︂
all space

ϕ∗ψ e−|z|2 dℜ(z) dℑ(z),

where ℜ(z) and ℑ(z) are the real and complex parts of z. The represented operators
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still are

a† ≡ Γ′
F (X) = z a ≡ Γ′

F (Y ) =
d

dz
1 ≡ Γ′

F (Z) = ℏ.

Notice that this is not a representation of momentum and position, but of two other

distinct operators, the annihilation a and the creation a†. In fact, the holomorphic

functions lose the meaning of being mappings of position q, and depend on some

other abstract variable z 64. For the harmonic oscillator case, in particular, a†a

will have eigenstates corresponding to energy eigenstates and the eigenfunctions will

be monomials in F , given by zn√
n!
. Additionally, it can be shown that the actual

momentum and position operators are [8]

a =
1√
2
(q̂ + ip̂) a† =

1√
2
(q̂ − ip̂),

so that, in Schödinger’s representation

a =
1√
2

(︂
q − ℏ

d

dq

)︂
a† =

1√
2

(︂
q + ℏ

d

dq

)︂
,

indicating again a transform between the Schrödinger’s and Fock’s representations.

As we will see in the next section, this is, once more, no surprise. Also, notice

that just like in the creation of Schrödinger’s representation, we have a freedom to

pick which of the basis elements of of the Lie algebra h3 will receive the derivative,

x =⇒ d
dz

or y =⇒ d
dz
. In light of geometric quantization, this is natural to

64The z argument of the representation is not the same variable z of the holomorphic functions.
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any (integrable) representation of the Heisenberg group and the process is commonly

referred to as polarization.

5.3 Stone-von Neumann theorem: the multiple pictures of

quantum mechanical beauty

We have been indicating so far that the different representations of the Heisenberg

group will predict the same physical results. This is derived from the statement of

Stone-von Neumann Theorem, which traditionally is blamed to say that different

representations of the Heisenberg group will be unitarily equivalent. However, as we

shall now see, the statement is a little stronger and defines what is likely the most

important parameter of the quantum theory: ℏ. We will not provide the extremely

complicated proof of the theorem here, but demonstrations, including the original

one, can be found in [34, 35].

Theorem 5.1 (Stone-von Neumann Theorem). Let Γ be an unitary and irreducible

representation of the Heisenberg group H3 such that, for the derived representation

Γ′,

Γ′(Z) = µ1̂,

where µ is a constant. Then,

• if µ = ℏ, Γ is unitarily equivalent to Schrödinger’s representation Γs and all

measurements performed in Γ representation will give the same values as mea-

surements performed in Γs.
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• if µ ̸= ℏ, Γ is not unitarily equivalent to Schrödinger’s representation Γs and

some measurements performed in Γ representation may not give the same values

as measurements performed in Γs.

Stone-von Neumann Theorem then confirms that the momentum space and Fock’s

representations are both equivalent to Γs. Additionally, inspired by [1], we see that

we could, in principle, hope to witness a macroscopic quantum mechanics, for which

case µ is set to a different parameter value and the results of measurements will not

be the same as in standard quantum mechanics, explaining thus far the absence of

quantum behavior at the macroscopic level. In such sense then, it is hopped that the

classical theory will be nothing more but another representation of the Heisenberg

group, only with a distinct µ value.

However, what should someone set µ equal to if hoping to retrieve this classical

representation of H3? If we consider again the commutation relation with this now

new language

[q̂, p̂] = iℏ =⇒ [Γ(X),Γ(Y )] = iµ,

where, again, it does not make a difference which operator we call X and which we

call Y. Since, at a classical level, the position and momentum operators commute,

it seems reasonable to set µ = 0 for the classical representation of the Heisenberg

group, as

[Γc(X),Γc(Y )] = [q̂(q, p), p̂(q, p)] = 0. (48)

When first proposed, the physics community saw equation (48) with enthusiasm

as it seemed to be possible to retrieve all classical mechanics as a special case of the
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group version of quantum theory. Even better, since ℏ has units of [energy·time],

exactly like the action S =
∫︁
L dt, a classical system would be one in which ℏ << S.

Does this then mean that we are done in establishing quantization method—or,

even better, a “classicalization” method? Unfortunately, no. The issue is that,

even though the commutation of the classical momentum and position operators is

a requirement for a successful quantization scheme, it is not by itself enough. In

that sense, one cannot fully reconstruct the classical kinematics through the Poisson

brackets {q, p} = 1 from only the non-commutation requirement. This means that

equation (48) is not a recipe such as canonical quantization to establish the classical

theory, but rather a requirement for a successful quantization method. This does

not mean that it is a not useful relationship and, in fact, it has been used in both

path integral and deformation versions of quantum theory, but never alone [36, 37].

By the lack of space and time, however, we shall not address these other approaches

in this review.

5.4 Noether’s theorem for quantum mechanics and the dy-

namics of the Quantum Theory

Dynamical symmetries is the name we will give to transformations of the kinematics

which leave the dynamics unchanged. Normally, these are characterized as changes

of coordinates which conserve the equations of motion [5, 38], but we will be using

them in such a broader context that the reference to coordinate systems becomes now

irrelevant 65. In this section, we will consider how this type of symmetry shows up in

65We will briefly look at this more trivial applications of symmetry in Section 6.4.
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quantum mechanics, with a result very similar to the one obtained through classical

means in Section 6.3. The importance of this cornerstone result to the quantization

process could not be more fundamental: it is a way of guaranteeing that whatever

we call a quantum momentum operator represents the same element of Nature that

we denote by classical momentum. That is, without Noether’s result, it would be

conceptually complicated to make sure that our mapping of classical structures would

not bring, say momentum to position, and the whole empirical interpretation of the

quantum theory would parish.

We will then be needing a mathematical structure to characterize these dynamical

symmetries. As transformations of the kinematics that they are, we could expect

them to form a group and, as it is natural to the physical sciences, we would want

to require this group certain degree of “smoothness”, so expecting the formation of

a Lie group structure seems reasonable [38].

Let us start by considering some quantum system of associated Hilbert space H.

As seen in Section 2.2, states of this system will be represented as vectors |ψ⟩ in

H and, using the Schrödinger picture, these states will evolve in time, whereas the

observable which act on them are simply Hermitian operators. We want, however, to

understand how a Lie group G can act to form symmetries on of this Hilbert space.

This will be, unsurprisingly, given by a representation π : G→ GL(H), however, the

physicallity of the problem puts some restrictions on such representation. For exam-

ple, we must enforce normalization of states, which is only possible if we make π an

unitary representation—i.e. all the represented operators are unitary. Consequently,

a group can only be a quantum dynamical symmetry if it is unitarily represented in
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the Hilbert space.

On the other hand, not every unitary representation in H necessarily is a dynami-

cal symmetry. Take for example a single particle system under potential energy given

by U(r) = 1
r
+ g(ϕ) for non-constant g, as ϕ is the spherical coordinate azimuthal

position. It turns out that the group of three dimensional spacial rotations, SO(3),

does have a representation in L2(R) for Schrödinger’s representation, but perform

any azimuthal change of coordinates and one will see that the equations of motion,

described by Schödinger’s equation, will necessarily change.

Definition 5.5 (Quantum Dynamical Symmetries). A dynamical symmetry of a

quantum mechanics system of Hilbert space H and of Hamiltonian Ĥ is given by a

Lie group G which has an unitary representation π : G→ GL(H), with the property

that, for every state |ψ⟩ ∈ H and every group element g ∈ G

π(g)−1 ◦ Ĥ ◦ π(g) |ψ⟩ = Ĥ |ψ⟩ =⇒ [π(g), Ĥ] = 0. (49)

This implies that if we transform the state |ψ⟩ to some new state |ψ′⟩ ≡ π(g) |ψ⟩ ≡

ĝ |ψ⟩, apply the dynamics through the Hamiltonian operator and bring the system

back to its original state form we have a result equivalent to the direct application

of the dynamics66.

We readily see that referring to Schrödinger’s equation, we have that

d

dt
|ψ⟩ = ĝ−1 d

dt
|ψ⟩ ĝ.

66We will use, from now on, Ô to mean the representation of O under π.
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This is, surprisingly, enough to show a stronger version of a result to work as (an

one-direction) Noether’s Theorem for quantum mechanics 67.

Theorem 5.2. If G is a Lie group of a dynamical symmetry of a system of Hilbert

space H and Hamiltonain H, the the expectation value the associated Lie algebra

element, d
ds
π(g)

⃓⃓⃓
s=0

does not change with time.

Proof. Let us assume that π : G → H can be parametrized by s and so g =

exp(−isX), where the factor of −i is only introduced to maintain consistency with

literature. Consequently, we have the derived Lie algebra representation of X,

π′(X) ≡ X̂. Based on Example 4.22, as π is unitary, we know that X̂ is Hermi-

tian, so an observable of the system. Consequently, its expectation values represent

physical quantities.

Now, to show that these quantities are conserved, we must only prove that the

expectation values are constant in time. For that, we can use the fact that π(g) is a

symmetry to

[Ĥ, X̂] = [Ĥ,
d

ds
π(g)

⃓⃓⃓
s=0

] = Ĥ
d

ds
ĝ
⃓⃓⃓
s=0
− d

ds
ĝĤ

⃓⃓⃓
s=0

=
d

ds
[Ĥ, ĝ]

⃓⃓⃓
s=0

= 0,

which, by equation (9), shows that ⟨X̂⟩ is conserved.

Almost as a direct consequence of Theorem 5.2, one is able to show that the

Hamiltonian H comes from a symmetry. In fact, if we let s = t, the actual physical

time, then the operator Û(t) = exp
(︂
− i

ℏtĤ
)︂
—where the factor of ℏ was chosen

for unit sake—is assigned to the operator that produces time displacements to the

67The other direction is also true, but unimportant to us.
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system, that is

U(τ) |ψ⟩ (t) = |ψ⟩ (t+ τ).

Time differentiating both sides and allowing |ψ⟩ (t) = U(t) |ψ⟩ (0), forms a statement

equivalent to Schrödinger’s equation. Since energy is always assumed to be conserved

in time for the canonical examples, it seems reasonable to let the observed values of

Ĥ be the system’s total energy.

A much more interesting example is the system’s symmetry under spatial dis-

placement, that is, problems for which the equations of motion do not vary if we

shift the assigned coordinates. Such a group is formed by (Rn,+) where n is the

dimensionality of the physical system, for now assumed n = 1. So, if |ψ⟩ is any state

vector on the space H used to represent this system (different than what most books

seem to indicate, Schrödinger’s representation is not a necessary condition for this

argument), we have that

T̂ (x) |ψ⟩ (t, q) = |ψ⟩ (t, x+ q). (50)

In particular, notice that if we let q̂ be the position operator, if |q⟩ is an eigenstate

of q̂ of eigenvalue q, it follows that T (x) |q⟩ = |x+ q⟩.

Now, parametrizing T (x) = exp
(︂
− ixℏ p̂

)︂
, we have that p̂ is a constant of motion.
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Indeed, letting x be an infinitesimal displacement dx gives

[q̂, T (dx)] |q⟩ = q̂T (dx) |q⟩ − T (dx)q̂ |q⟩

= q̂ |q + dx⟩ − qT (dx) |q⟩

= dx |q + dx⟩

≈ dx |q⟩ .

To first-order, however, we have that T (dx) ≈ 1− i
ℏ p̂dx. So

[q̂, 1− i

ℏ
p̂dx] = [q̂, 1]− [q̂,

i

ℏ
p̂dx] =

= − i
ℏ
[q̂, p̂]dx,

so that [q̂, p̂] = iℏ. This tells us that p̂ corresponds to linear momentum, which is

then conserved if the system has translational symmetry. In fact, we can use this

result to define momentum as the quantity conserved when there is symmetry in that

direction of motion, given through equation (50). In fact, by doing so, we can build

a much more general notion of momentum. For example, angular momentum comes

from symmetry in the azimuthal direction, radial momentum comes from symmetry

in the radial direction and so on. Of course it is still necessary to indicate that these

quantities obey the desired commutation relation, as we did for the linear momentum,

but trust us, they do.

Now, let us give special attention to Schrödinger’s representation. In such a case,

we have that ⟨q|ψ⟩ = ψ(q), then we should have that the translation operator works

as ⟨q|T (x) |ψ⟩ = ψ(q + x). As we have seen in Example 4.25, the generator of such
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symmetry is given by p̂ = ∂
∂q
, only a factor of unit correction off from the quantity

given through Definition 5.3.

6 Geometric Version of Classical Mechanics

The goal of this section is to apply the mathematical formalism developed thus far to

elaborate a more geometric formulation of Hamiltonian mechanics. This will be done

through an ad hoc approach, in which the main argument behind its justification is

the fact that it works in reproducing the ordinary Hamilton’s equations presented

in Section 2.1. Nonetheless, once this requirement is applied to general geometric

quantities, the machinery of differential geometry will yield new results that are not

so straightforward to appreciate only from equation (3).

6.1 Symplectic manifolds: the kinematics of the theory

We start by considering a classical mechanics system, together with a set of coordi-

nates {qa}. Provided that the coordinates are well behaved—smoothness is often a

sufficient requirement—they induce a manifold Q, called the configuration space 68,

so that an atlas of Q will correspond to the set of coordinates {qa} of the system.

Let us try to illustrate with an example here. Consider a one dimensional pen-

dulum of length 1 (Figure 13). Such a system may be described by two dimensional

Cartesian coordinates, x and y, in which case the configuration space is the whole R2.

One can, nonetheless, be more economical and use the system’s constraints to ex-

68There is an unfortunate side to this name because Q does not have to be a space in the sense
of a vector space.
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Figure 13: Illustration of the pendulum described on the text, with the dashed line
in blue representing the space of motion, that is, all possible points in space that the
pendulum might occupy. In the left, we have a Cartesian frame used to describe the
plane, with the configuration space manifold being the whole R2 and in the right, we
have a polar description of the trajectory in the configuration space S1.

press the bob’s position using only its angle ϕ to the vertical so that the configuration

space is the unit circle. Notice that, in both cases, the possible position coordinates

actually occupied by the pendulum—which we shall call as the space of motion—are

the same: a segment of a circle of radius 1, but the number of coordinates used to

parametrize it and their physical interpretation will vary 69.

However, defining only the configuration space is not enough: we must provide

some structures so it can be mechanically useful. The natural structure used in

geometric mechanics is the so called symplectic form: an antisymmetric nondegen-

erated closed 2-form ω. That is, if X and Y are any two vectors in a symplectic

69There are some configuration spaces for which we do not even have the option to use more
coordinates than necessary to describe them. This is the case of n indistinguishable particles
moving in a d -dimensional space [39, 1].
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manifold M, then ω(X, Y ) = −ω(Y,X) (antissymetry), iXω = 0 implies that X = 0

(nondegneracy), and dω = 0 (closure).

It seems then that the next step would be to simply postulate Q to have a sym-

plectic structure, but there is, nonetheless, an issue with that: only even dimensional

manifolds can have symplectic structures [30]. This is a restriction we do not want

to deal with, so instead of introducing the symplectic structure in Q, we should look

for some other manifolds formed from Q for which we are certain to have even di-

mension. There are two natural choices for this: the tangent bundle over Q, TQ,

and the cotangent bundle T ∗Q, using the local trivializations as coordinate patches.

It is common, in literature, to use the cotangent bundle as the one to receive the

symplectic manifold in the Hamiltonian formalism of mechanics, leaving the tangent

bundle for a more geometric Lagrangian formulation and so will be our choice here.

In a certain sense, the symplectic form is nothing more than an “anti-metric”

in M = T ∗Q. It behaves like the metric because it can be used to “lower indices”,

that is, to map vectors to covectors by iX(ω) = ω(X, .) ∈ T ∗M = T ∗T ∗Q (one can

easily extend the action of ω to vector fields in a point-wise manner). Just like the

metric then, we can consider a series of transforms that leave the symplectic form

unchanged.

Definition 6.1 (Canonical transforms). Let ρ : M → M be a transform of (M ,ω).

We say that ρ is a canonical transform or a symplectomorphism if

ρ∗(ω) = ω.
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On the other hand, we say it is an “anti-metric” for noticing that ω(X,X) =

−ω(X,X) = 0 for any vectors X of M, implying that the symplectic form is far from

being positive definite. This completely kills any simple analogy of ω as a measure

of vector length and indicates that ω(X, Y ) = 0 will not imply that X and Y are

perpendicular. Nonetheless, the fact that the symplectic form of two vectors is zero

will still be pretty important to us and inspires the following definition.

Definition 6.2 (Symplectic normal). Two vectors X and Y in TM are said to be

symplectic normal if and only if

ω(X, Y ) = ω(Y,X) = 0.

As we have seen, any vector is symplectic normal to itself. However, as in the

metric cases, for any vector X, there might be other vectors that are also symplectic

normal to X. In fact, the set of all vectors that are symplectic normal to X is called

the (symplectic) complement of X and is denoted by {X}T , where this is not the

transposition operation. As it is often done in linear algebra, especially in the study of

Gram-Schmidt method [13], we can also consider the complement of a set of vectors,

that is, if F is a susbset of TM , then F T = {V ∈ TM | ω(V,X) = 0 ∀X ∈ F}.

Different from the linear algebra version, one can readily see that it is possible for

some X ∈ TM to belong to both F and F T (take again the case of F = {X}, for

example). A more astonishing possibility is of F = F T .

Definition 6.3 (Lagrangian submanifolds). A submanifold R of M is called La-

grangian if and only if TR = TRT . In this case, we say that TR is a Lagrangian
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subspace (of TM).

It is not hard to see that the restriction of ω to R is identically zero there—so ceasing

to be a symplectic form by failure of nondegeneracy. Additionally, it can be shown

that every symplectic manifoldM must have a Lagrangian submanifold of dimension

dimR = 1
2
dimM [30].

We will soon see a Lagrangian manifold in action, but first, we need to still explain

why the symplectic form is useful. This is further verified through means of what is

called Darboux theorem.

Theorem 6.1. [Darboux theorem] Let Q be a configuration space of dimension n and

M = T ∗Q its cotangent bundle. Then, for any m ∈ M , there exists a neighborhood

U around m such that {pa, qa} as a = 1, ..., n is a coordinate system of U and ω =

dpa ∧ dqa there.

The choice of lower and upper indices is tricky: we use lower indices for the p-part

because it represents covectors in Q and upper indices for the q-part to distinguish

it, but we will not use paq
a to represent ω(pa, q

a), as we have be doing with the

metric, but still keep it as paq
a =

∑︁
pa · qa. What is even more subtle though, is

the use of the letter p in representing the covector part, instead of the Greek letter

convention of Section 4.6. As one might imagine by now, the reasoning behind such

a choice comes after the realization that the covectors can be used to represent the

momentum components of some system. Through out the next sections, we will see

why this must be the case, but for now, if we assume that the covectors are, in fact,

momentum components, then cotangenet bundle of Q, M = T ∗Q, represents exactly
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the system’s phase space. Similarly, this implies that classical observable are then

functions from M to R.

Example 6.1. Let Q = Rn and so M = R2n. It follows from Darboux theorem

that ω = dp1 ∧ dq1 + dp2 ∧ dq2 + ... + dpn ∧ dqn. Nonetheless, restricting M to

some subspace Q′ isomporphic to Q as letting Q′ = {q1, ..., qn, 0, 0, ..., 0} ≃ Rn = Q

will form a Lagrangian subspace of M . For example, if n = 1 and X = X∂q and

Y = Y ∂q, then

ω(X, Y ) = dp ∧ dq(X, Y ) = XY (dq∂qdp∂q − dp∂qdq∂q) = 0.

This tels us that we are always able to produce a Lagrangian subspace in M = T ∗Q

by looking at its configuration space Q.

Example 6.2 (Symplectic potential). Since the symplectic form is closed, Poincare’s

lemma implies that there is a 1-form θ so that, locally, dθ = ω. In Darboux coor-

dinates, it is not too hard to see that θ = pa dq
a works, with uniqueness up to an

additive constant. Now, if π : M = T ∗Q → Q is the projection of the cotangent

(qa, pa) ↦→ qa, it will follow that

iXθ(m) = iπ∗X(pa)

will be well defined for any m ∈M = T ∗Q and X ∈ TmM . This can be used to show

that providing the phase space with a symplectic form or with a symplectic potential

is equivalent.
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By the statement of Theorem 6.1, we know that any symplectic manifold is locally

isomorphic to R2n. This suggests that there must exist a matrix representation of

the symplectic form 70, so that

ω(x, y) = xTJy. (51)

As it turns out, letting J =
(︁

0 In
−In 0

)︁
, where In is the n dimensional identity matrix,

satisfies equation (51). Surprisingly, J is an element of the special orthogonal group

SO(2n) and corresponds to a “hyper-rotation” of −π
2
in R2n. This highlights the big

difference between the metric and the symplectic form: g simply takes the vector

X and transform it into a covector pointing in the same geometric direction—so

completely equivalent to the transposition map—whereas the ω also changes X ’s

direction when transforming it into a covector.

Example 6.3 (The Liouville measure). Once a given a symplectic form ω to the

manifold M of dimension 2n, we can induce an integration measure through a n-fold

wedge product

ϵ =
1

(2πℏ)n
ω ∧ ... ∧ ω,

where the factor of ℏ was chosen for later convenience.

70Such form of representation is called quadratic representation [13] and it does exist for any type
2 tensor in Rn, including the metric, for which J is simply the identity matrix, as it was discussed
in Section 4.5

147



6.2 New formulations to Hamiltonian mechanics

In the last section, we geometically addressed all the points of classical physics which

we identified as the kinematics part in Section 2.1. Now, it is time to recreate the

dynamics, which, as we have seen, is fully expressed through Hamilton’s equations.

Let us start by analyzing, in a conceptual sense, what Hamilton’s equations entail.

According to the axiomatization found in Section 2.1, for every classical system, one

can find a Hamiltonian observable H that maps the phase space to the real numbers,

with the property that the path that the system undertakes in the phase space is one

that conserves H. We want then to find a vector field in the phase space M = T ∗Q

with the property that dH = 0. The construction of such a field is more natural if

we look at the specific case of M = R2, where intuition will be more useful.

Example 6.4 (Hamilton’s equation in R2). Consider a one-dimensional particle of

configuration space the whole real line, so that the phase space is R2 and assume some

well behaved Hamiltonian function H defined on it. As known from multivariable

calculus, trajectories in which a function is conserved are represented by the level

curves of the function, which are always perpendicular to the gradient, as seen in

Figure 14. Using the fact that the gradient of a function is always a covector, this

can be expressed as

XT
H

(︂⎛⎜⎝0 −1

1 0

⎞⎟⎠)︂T
=
(︂⎛⎜⎝ 0 1

−1 0

⎞⎟⎠XH

)︂
= J(XH) = dH,

where J is the matrix representation of the symplectic form, given in equation (51)—
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Figure 14: Representation of Hamilton’s equation iXH
ω = −dH in R2, as referred

to in Example 6.4. In the image, it is clear that the particle’s orbit through phase
space is the one in which the Hamiltionian function H is conserved. Inspiration for
the image from [1].

which is, not hard to see, an equivalent statement. We can translate this to a better

looking formula by, instead of asking XH to be normal to dH, requiring XH normal

to −dH. It reads

J(XH) + dH = iXH
ω + dH = 0, (52)

or, using Cartan’s magic formula (Property 6 from 4.9), it can be shown that this is

equivalent to

LXH
ω = 0. (53)

There was nothing special—besides the pedagogical value—about the use of R2 in
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Example 6.4, so we might as well assume that equations (52) and (53) are also valid

about any phase space M and call either of them Hamilton’s equation.

In coordinates, we have that

dω = dpa ∧ dqa dH =
∂H

∂qa
dqa +

∂H

∂pa
dpa,

which applied to equation (52) solves for

XH =
∂H

∂pa

∂

∂qa
− ∂H

∂qa
∂

∂pa
. (54)

Locally, this implies that the trajectory of the system in phase space is given by

q̇a =
∂H

∂pa
ṗa = −

∂H

∂qa
,

exactly as expressed in equation (4). Nonetheless, the ideas behind this construction

can be generalized to beyond the normal Hamiltonian dynamics, creating on their

own an important class of mathematical objects.

Definition 6.4 (Local Hamiltonian and Hamiltonian vector fields). Any vector field

A that satisfies LAω = 0 is said to be locally Hamiltonian and the set of locally

Hamiltonian vector fields ofM , V LH , forms an algebra under Lie brackets, for which,

for any A,B ∈ V HL, there is a Cc such that iCcω + dc = 0 and

[A,B] = Cc
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where c = 2ω(A,B). As Cc obeys equation (52), we know that it also obeys equation

(53), so Cc ∈ V LH . However, not for all fields that satisfy equation (53) there

will be a global function f : M → R for which equation (52) holds71. When this

happens, as it is the case for Cc, we say that the field is globally hamiltonian and we

call the function c a Hamiltonian function. The subalgebra of V LH of only globally

Hamiltonian fields is denoted by V H .

Two notes are important to be drawn from this definition. First, even though we

require for the function f that generates a Hamiltonian field Ff to be defined ev-

erywhere in the manifold, the field must not be complete, that is, it must not be

given at all points. This will allow us to force any function f in C∞(M) to define a

Hamiltonian field as in

Ff =
∂f

∂pa

∂

∂qa
− ∂f

∂qa
∂

∂pa
, (55)

forming an (infinite dimension) algebra—called the algebra of classical observables—

with a set of brackets defined through

{f, g} = Ff (g) =
∂f

∂pa

∂g

∂qa
− ∂f

∂qa
∂g

∂pa
, (56)

exactly the Poisson brackets72. Naturally, the map f ↦→ Ff creates an algebra

isomorphism between C∞(M) and V H(M), which allows us to see classical quantities

as either functions or the vector fields generated by them, with isomorphism given

71A classical example is X = 1
r

∂
∂r in polar coordinates, which is locally Hamiltonian, but has no

function for which equation (52) is true [30]
72Notice that this is an example of non-trivial Lie algebra as the Lie brackets here are not the

commutators.
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by

[Xf , Xg] = X{f,g}. (57)

Woodhouse [30] has a global argument that indicates why this must be the case, but

one can also see that locally

Xf (g) = iXf
dg = (−fq fp)

⎛⎜⎝−gq
−gp

⎞⎟⎠ = ω(Xf , Xg)

and so

i[Xf ,Xg ]ω = iLXf
Xgω

= LXf
(iXgω)− iXgLxω

= iXf
(d(iXgω) + d(iXf

(iXgω))

= −d(ω(Xf , Xg))

= −d({f, g})

where we repeatedly used different entries of Theorem 4.9 and the facts that dω = 0

and d(iXg) = 0.

Second, we have been talking about both Hamiltonian vector fields, in accordance

to Definition 6.4 and the Hamiltonian vector field, that is, the generator of the

system’s orbit in phase space. Unfortunately, this is a misuse of terminology and the

point to be understood here is that, in both scenarios, the fields will establish orbits

in phase space, however, only the actual Hamiltonian field will create the that path

the particle will “physically follow” in M, in which the parametrization constant t
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corresponds to the physical time. In an attempt to differentiate both scenarios, we

will often call the second case “the dynamical Hamiltonian field” wherever confusion

may happen. To clarify a little this notation, let us illustrate it with an example.

Example 6.5. Consider a classical one dimensional system of mass m and under

the influence of a potential force U(r) The dynamical Hamiltonian of this system, as

well as of all systems discussed in this paper, is given by the energy

H =
p2

2m
+ U(q).

We have that

dH =
∂H

∂p
dp+

∂H

∂q
dq =

p

m
dp− F (q)dq

and letting XH = a(p, q)∂p + b(p, q)∂q

iXH
ω = a(p, q)dq − b(p, q)dp

which, using equation (52), gives

XH = F (q)
∂

∂p
+
p

m

∂

∂q
,

telling us that

q̇ =
p

m
ṗ = F (q),

as required by Newton’s equations. This example shows that, even though for any
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function in C∞(M) we can find an associated Hamiltonian field, it is only for H

being the system’s energy that we generate the field which actually describes the sys-

tem’s motion. Clearly, this can be generalized to any finite dimension problems and

appropriate choices of coordinates.

Uniting these two notes, one can imagine that the conserved quantities f will be

the ones for which the level curves lie exactly on a flow of the dynamical Hamiltonian

field XH . This is, again by means of equation (52), forcing the field generated by f ,

Ff , to point exactly in the same direction as XH . This fact can be then generalized

in the form of the following lemma.

Lemma 2. For any two observable f and g, f is constant along the flow of Xg if and

only if {f, g} = 0, where the brackets represent the Poisson brackets.

Proof. Let Φt(m) be the flow of g in M. So

d(f ◦ Φt)

dt
=
dΦ∗

tf

dt
= Φ∗

tLXgf = Φt{f, g},

where we have used Definition 4.31, Part 3 of Theorem 4.9 and equation (56).

Noether’s theorem will help us clarify which are the functions f for which we can

be sure that the above theorem will hold for g = H.
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6.3 Symmetries in classical physics: the moment map and a

generalized Noether’s result

In classical mechanics, symmetries show up in somewhat the same way that they do

in the quantum realm, keeping the same Lie groups as a source. The main difference

arises once we realize that these groups formed representations in the Hilbert space,

which luckily is already a linear space, on the other hand, the phase space of classical

mechanics is only a manifold, so instead of considering representations, we will be

dealing with actions.

Start by taking a system of phase space M and a group G that acts on it by a

right-action Rg : M → M . Again, for possibly being a system’s symmetry, such an

action must preserve the kinematics, so it is reasonable to require that, for all g ∈ G,

Rg is a canonical transformation—i.e. R∗
gω = ω. Similarly, if we want such group

to represent a dynamical symmetry, we might require it to preserve the Hamiltonian

function H. In classical mechanics, this is an easier requirement than in the quantum

theory. There, the preservation of dynamics constraints gave us that π(g)−1Ĥπ(g) =

Ĥ. The action of the inverse operator was crucial as, for example, letting |E⟩ and

|E ′⟩ be two non-degenerate eigenstates of Ĥ, even though they will be, at all time, in

a complex multiple of the respective eigenstates, Ĥ |E⟩ ≠ Ĥ |E ′⟩, due to a constant

difference. In classical mechanics, eigenstates do not exist, and the requirement for

Hamiltonian conservation can be simply expressed through H(m) = H ◦Rg(m).

Definition 6.5 (Classical Dynamical Symmetry). Let M be a phase space with

symplectic form ω and Hamiltonian H. A Lie group G forms a dynamical symmetry
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on M if there is an action R : G×M →M so that

R∗
gω = ω H(m) = H(Rg(m)), (58)

for all g ∈ G.

Now that we have the definition of symmetry and so, for this generalized Noether’s

Theorem to be completed, we need observables to be constant. Classically, observ-

ables are functions in the phase space, so we are in need a recipe to create functions

out of our Lie groups. Such a recipe is denoted the moment map.

Definition 6.6 (Moment map). If M is a phase space for which G is a dynamic

symmetry, then the moment map of G is given by a function µ : M → G, where G

is the Lie algebra of G, so that, for all E ∈ G, we let µE : M → R be an observable

so that

µE(m) = µ(m)(E) = [µ(m), E ],

and there is a EM ∈ TM that is globally Hamiltonian vector field of generator

function

dµE = −iEMω, (59)

namely EM = XµE .

Conceptually, Definition 6.6 is a way to bring the Lie group behavior to the manifold

M. First, it takes an element of the Lie algebra G, E , which is nothing more than

a vector field in the manifold G. Then, we use this element to build a classical

observable µϵ which will be the constant we are looking for in Noether’s Theorem.
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We will use this function to build a Hamiltonian field in M , given by EM = XµM .

In such a sense then, EM will create in the phase space a trajectory closely related

to the symmetry G, on which the function µE is conserved throughout the path. In

other words, EM will be exactly the fundamental action of G in M . The only step to

complete Noether’s Theorem is to align the flow of EM to the flow of the dynamical

Hamiltonian.

Theorem 6.2 (Noether’s Theorem). If G is a dynamical symmetry of a system

(M,ω,H), then µE is conserved for all E ∈ G.

Proof. Let γ(t) be the curve of XH , so that γ̇ = XH . We have

d

dt
(µE(γ(t))) = dµE(γ̇)|γ

= −iEMω(γ̇)|γ

= −ω(EM , γ̇)|γ

= ω(XH , EM)|γ

= dH(EM)|γ

= dH
(︂ d

ds
ResE

⃓⃓⃓
s=0

)︂⃓⃓⃓
γ

=
d

ds
H(ResE )(γ)

⃓⃓⃓
s=0

=
d

ds
H(γ)

⃓⃓⃓
s=0

= 0,

where in the second to last equation we used the fact that H ◦ Rg = H for all

g ∈ G.
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Again, Theorem 6.2 gives that symmetry in time implies conservation of the (dy-

namical) Hamiltonian. The more interesting linear momentum conservation follows

from the translation symmetry

T (x)(q, p) = (q + x, p),

which, again has generator EM = ∂
∂q

times a constant, so that

−iEMω = −ω
(︂ ∂

∂q
, .
)︂
= dp,

implying by equation (59) that µϵ = p plus some uninteresting constant. This is

crucial in telling us that if we use the definition of linear momentum as the conserved

quantity when there is symmetry in the q-direction as we mentioned in Section 5.4,

then it follows that such quantity corresponds to the classical linear momentum

defined through {q, p} = 1.

We can finally conclude the often taken as granted fact that both quantum and

classical momentum represent the same physical quantity! That is, in a very physical

level, it seems reasonable to believe that quantization is still a valid process, even

with Greenwood’s Theorem almost telling us the opposite.

6.4 Lagrangian Mechanics and Hamilton-Jacobi theory

Even though the Noether’s Theorem described in the last section is very intuitive

and gives the correct relationship between momenta and space symmetry, it is not

in the general form often used by physicists in applications. For most purposes, as
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we mentioned, we are interested in looking at symmetries given a particular change

of coordinates. Take for example the pendulum of Figure 13. It might seen rea-

sonable to expect the existence of some function ρ that will map the bob’s coordi-

nate manifold in Q = R2 to the polar coordinate manifold Q′—in this specific case,

ρ(x) = cosϕ, ρ(y) = sinϕ—for which the kinematical structure is conserved. Bring-

ing this to the phase space level, we want ρ : M = T ∗Q → M ′ = T ∗Q′ such that

ρ∗ω = ω. This will be a canonical transformation of coordinates and when such ρ

exists, there will also exist a function S : (Q×Q′)→ R [30, 28], called the generating

function73 such that

pa =
∂S

∂qa
p′a =

∂S

∂q′a
(60)

for the coordinates (q, p) of M and (q′, p′) of M ′. The equations (60) above receives

the name of Hamilton-Jacobi equations as they are responsible for defining a whole

classical mechanics alternative formulation of same name. Even though we will

not further develop this version of mechanics, its main property shows up when it is

applied to the canonical transformation created by the physical Hamiltonian H itself.

That is, if we let ρt be the flow of XH , then since the symplectic form is conserved

over the physical time, it must follow that ρ∗tω = ω. Consequently, by letting pt and

qt be the canonical coordinates at a time t, we must have some S such that

p0a =
∂S

∂qa0
pta =

∂S

∂qat
.

73This does not correspond to the generator of action E .
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Surprisingly, we can show that the generator function S therefore defined corresponds

exactly to the action function of Lagrangian mechanics, as defined in Section 2.174.

To see this, we must define the associated Lagrangian as LH = iXH
θ −H, which is

nothing more than the globalized version of the Legendre transform—equation (5).

However, using Hamilton’s equation and Cartan’s magic formula in Theorem 4.2,

dLH = d(iXH
θ)− dH = LXH

θ − iXH
dθ + iXH

ω = LXH
θ.

On the other hand,

dθ

dt
(XH) = LXH

(θ(XH)) = iXH
(LXH

θ) = iXH
dLH =

dLH
dt

,

or, integrating both sides

∫︂
γ(t)

dθ

dt
(XH) = (θ(XH ◦ γ)(s)|ts=0 = (L ◦ γ)(s)|ts=0.

Using now that θ − ρ∗t θ must be a closed 1-form, by Poincare’s lemma, we can

define dA = θ− ρ∗t θ for some function A in M . Since ρt is the flow of XH , ρ
−1
t∗ XH =

74The sketch of a proof here completely comes from [28]. Even though [30] has a much more elab-
orated demonstration and analytical mechanics provides an alternative to the geometric features,
Carosso’s proof still wins for its simplicity.
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XH ,

(θ(XH ◦ γ)(s)|ts=0 = (ρ∗sθ)(ρ
−1
t∗ XH)(m)|ts=0

= (ρ∗sθ)(XH)(m)|ts=0

= ρ∗t θ(XH)− θ(XH)

= −(dA ◦ γ)(s)|ts=0.

Equating the above two formulas and again integrating both sides yields to

A ◦ ρt = −
∫︂ t

0

(L ◦ γ)(s)ds+ C,

which by equation (6) is the definition of action functional, up to a constant. Since

γt(q0, p0) = (qt, pt) it follows that

∂(A ◦ ρt)
∂q

= −
∫︂ t

0

(L ◦ γ)(s)
∂q

ds

= −
∫︂ t

0

(i(XH)θ)∂q −
∂H

∂q
ds
⃓⃓⃓
γ

= −
∫︂ t

0

∂p

∂q
− ∂H

∂q

⃓⃓⃓
γ
ds

=

∫︂ t

0

∂H

∂q

⃓⃓⃓
γ
ds

=

∫︂ t

0

ṗdt

= pt − p0.

Using the constant C to absorb p0, we see that A behaves exactly like S, namely

pt =
∂A
∂qt

. This tells us that S is the action functional.
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Even though we will not have the opportunity to further explore the quantum

implications of the derivation above, the generator S idea will allow us to express

one pt coordinates as a function of q0 only, a very desirable tool to when polarization

is introduced, in the next sections. Once this is done then, its status as action

functional will tell us that our construction, whatever it will be, can recreate the

system’s dynamics.

7 Geometric Quantization of the Phase Space

It is finally time to look at geometric quantization. As we have seen as early as in the

Introduction, the geometric quantization is a way of generating quantum observables

from classical counterparts in a more attentive form than it is done by Dirac’s in his

canonical method. For that, we must drop the assumption of Axioms 2.9 and 2.10,

substituting them with the weaker

Q(f) = Îf (61)

for any constant classical observable f . Equation (61) together with Axioms 2.11 and

2.12, will tell us how to replicate Schrödinger’s representation right from a general

classical phase space M = T ∗Q.

7.1 Prequantization

Start by considering a phase space (M,ω,H). We want to construct a map Q that

takes p ↦→ p̂ = −iℏ ∂
∂q
. Since in M , Xp = ∂

∂q
, as implied by equation (55), it may
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then seem reasonable to let the quantization map be

Q(f) = −iℏXf .

There75 is a problem with this equation though: if f is a constant observable, ac-

cording to Hamilton’s equation, Xf = 0, contrary to what is expected from equation

(61). To fix this issue, we try a second quantization map, given by

Q(f) = −iℏXf + f.

Nonetheless, the commutation relation of such a map is then

[f̂ , ĝ] = −ℏ2[Xf , Xg]− iℏ[Xf , g]− iℏ[f,Xg] + [f, g]

= −ℏ2X{f,g} − 2iℏ{f, g},

using equation (56). For the canonical commutator, letting {q, p} = 1, implies that

X{q,p} = 0 and so

[q̂, p̂] = 2iℏ,

wrong only by a factor of 2. One could, in principle, multiply the field term by 1
2
,

but this would not solve similar problems that do show up for operators different

75Technically, there is some care to be taken in introducing the complex number i to the previous
real manifold M . However, we might ignore such trouble and simply state that it is possible to
change the scalars of M from the reals to the complex system without much harm.
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from q and p. A solution to this issue comes from letting

Q(f) = −iℏXf + f − iXf
θ, (62)

where θ is a symplectic potential dθ = ω. Alternatvely, we can express this in the

Lagrangian notation of Section 6.4 as

Q(f) = −iℏXf − Lf . (63)

Now, using the identity

Xf (iXgθ)−Xg(iXf
θ)− {f, g} = iX{f,g}θ,

again using equation (56), we find the desired result

[f̂ , ĝ] = −iℏ(−iℏX{f,g} + {f, g} −X{f,g}θ) = −iℏQ({f, g}),

at least locally.

Even though this satisfies all (modified) Dirac’s postulates for quantization, a

problem still persists. The symplectic potential θ is not unique, but in fact it suffers

from a gauge freedom in its definition as dθ′ = ω + dϕ, for any 1-form dϕ, changing

the operator to f̂
′
= f̂ − iXf

θ. The issue can be resolved if we incorporate ϕ to the

wave functions, that is, whenever a gauge factor of dϕ is added, the state changes

according to

ψ′ = ei
ϕ
ℏψ,
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so that

f̂
′
(ψ′) = −iℏXf ′(e

iϕℏψ) + ei
ϕ
ℏ (f ′ − iX

f ′̂
θ′)

= −iℏ(Xf ′(e
iϕℏ ) + ei

ϕ
ℏ (iℏXf ′(ψ) + (f ′ − iX

f ′̂
θ′)

= ei
ϕ
ℏ (iXfdu(ψ) + f̂

′
(ψ))

where we used that Xf = Xf ′ , which can be derived through Hamilton’s equation.

This implies that the expectation value of the observable f̂ for a state |ψ⟩ will be

unchanged by any gauge transformation of θ, letting us define the inner product of

any two wave-functions by

⟨ϕ|ψ⟩ =
∫︂
M

(sϕ, sψ)ϵ, (64)

where ϵ is the Liouville measure defined in Example 6.3 as ϵ = 1
(2πℏ)n ϵ

n and (sϕ, sψ)

is an inner product, given through (ϕ, ψ) = ϕ†ψ.

The attentive reader will soon realize that whatever the process we are building

leads to, it resembles a lot a line bundle construction. The created bundle π : L→M

would have as sections the wave-functions ψ, that is, for every point m ∈M = T ∗Q

which represents a classical state, we would be assigning a vector sψ = ψei
ϕ
ℏ u which

would represent the quantum state. Comparing this to equation (33), we have that

cs(m) = ψei
ϕ
ℏ , telling us that ψ(m) ≡ ψ(q, p) is a function that maps elements of the

phase space to C. Such line bundle would also have a natural connection that can
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be found if one contrasts equations (34) and (62), indicating that by letting

Θ =
θ

ℏ
,

the curvature of the bundle will be Ω = ω
ℏ and the prequantized operator f̂ becomes

Q(f) ≡ f̂ = −iℏ∇Xf
+ f. (65)

These operators will act on sections and are compatible with the Hermitian prod-

uct (sϕ, sψ), completing the construction of a Hermitian line bundle, for which we

define (u, u) = 1. The Hilbert space of the prequantization, Hp, will then be given

by the union of the square-integrable sections, provided the inner product as given

by equation (64). In such a sense then, the method here described does more than

Dirac’s by creating functions that will not only map classical to quantum observables,

but through defining a Hilbert space as well.

As pretty as it seems, this prequantization is still unsatisfactory. Even though

the fact that we are able to assign for every classical state (q, p) a quantum state

ψ through a section might seem a win at first, this is extremely problematic: the

sections ψ(m) depend on both position and momentum coordinates, whereas the

wave-functions of Schrödinger’s representation can depend on only one of them.

This issue is made even more apparent when we apply the prequantization scheme
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to M = R2, for which Xp =
∂
∂q

and Xq = − ∂
∂p
, so that

p̂ = −iℏXp + p− iXpθ

= −iℏ ∂
∂q

+ p−
(︂
p dq

∂

∂p

)︂
= −iℏ ∂

∂q
+ p− p

= −iℏ ∂
∂q
,

but

q̂ = −iℏXq + q − iXqθ

= iℏ
∂

∂p
+ q−

(︂
p dq

∂

∂q

)︂
= iℏ

∂

∂q
+ q.

(66)

Nonetheless, even though not perfect, prequantization by itself is still able to

reproduce several of the desirable aspects of quantum mechanics. Surprisingly, most

of these victories will come from a restriction of prequantization, Weyl integrabil-

ity condition. In a general sense, Weyl condition76 predicts that only symplectic

manifolds for which ∫︂
Σ

ω = 2πℏn n ∈ Z (67)

for any closed 2-dimensional surface Σ in M77 can receive the line bundle.

The motivation behind the requirement comes from enforcing, once assumed that

76Equation (67) is only a sufficient condition for prequantization of M in simply connected man-
ifolds [28], but we will assume that this is the case for all manifolds M discussed in this paper.

77Surprisingly enough, as Woodhouse points out [30], equation (67) is exactly the periodicity
condition of quantization in old quantum mechanics [14].
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Figure 15: Representation in R3 of the surfaces Σ1 (yellow) and Σ2 (blue) spanned
from the curve γ (red). The closed surface Σ is given by the ellipsoid formed from
the union of the two other surfaces.

the line bundle π : L → M exists, that the section sψ = ψu is parallel transported

in a field X = γ̇ for t ∈ [0, tf ]—since there is always a parallel section for each value

of s(0)—so that, according to equation (37),

dψ

dt
=
i

ℏ
(iXθ)ψ.

Using the initial condition γ(0) = m and integrating both sides of the equation

above,

ψ(t) = exp
(︂ i
ℏ

∫︂
γ

θ
)︂
ψ(0).

If, on the other hand, γ is a loop, γ(0) = m = γ(tf ). In that case, one can apply
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Stoke’s theorem (Section 4.7) to arrive at

∮︂
γ

θ =

∫︂
Σ1

dθ =

∫︂
Σ1

ω,

where Σ1 is the surface whose boundary is γ—i.e. ∂Σ1 = γ. This implies that the

parallel transport requirement gives

ψ(t) = exp
(︂ i
ℏ

∫︂
Σ1

ω
)︂
ψ(0). (68)

Now, we can consider the other surface Σ2 that also has boundary γ (Figure 15). So,

if we parametrize γ in the opposite direction, Sotke’s theorem will again give

ψ(t) = exp
(︂
− i

ℏ

∫︂
Σ2

ω
)︂
ψ(0). (69)

Now, by uniqueness of the ordinary differential equation given by X = γ̇, equations

(68) and (69) must be identical. If we let Σ = Σ1 ∪ Σ2 be the closed surface formed

around γ, it follows that

exp
(︂ i
ℏ

∫︂
Σ1

ω
)︂
= exp

(︂
− i

ℏ

∫︂
Σ2

ω
)︂

implies

exp
(︂ i
ℏ

∫︂
Σ

ω
)︂
= 1,

which, by the known fact from complex analysis that 1 = eix if and only if x = 2iπn

for n ∈ Z [40], gives the desired result.
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In a R2n phase space, Weyl integrability condition is trivially fulfilled, since

∫︂
Σ

ω =

∮︂
∂Σ

dθ = 0,

as all closed surfaces Σ will have no border.

A more interesting case, however not important to quantization, comes from when

we attempt to prequantize the manifoldM = S2, a spherical surface of radius s. Such

manifold can be seen as the possible angular momentum coordinates of a classically

spinning particle whose angular momentum magnitude s is kept constant78. The area

element of this manifold, dA = s2 sin(θ)dθ∧dϕ can also be seen as a symplectic form

of S2. As s is constant, we can scale ω to ω ≡ s sin(θ) dθ ∧ dϕ. Now, as the integral

over any closed surface of S2 can only be an integral over the whole sphere—so of

area 4πs2—Weyl’s integral condition tells us that

∫︂
S2

ω = 4πs = 2πnℏ,

or

s =
ℏ
2
n, (70)

exactly the requirement for fermions in quantum mechanics [6, 8]! That is, with

prequantization, one is able to associate quantum spin directly with a classical spin-

ning object, very similar to what was suggested by the first physicists to analyze the

matter. Coincidence or not, this strongly indicates that even with the wrong opera-

78A fine enough approximation would be a “precessing” spinning top or the precession of Earth’s
rotation axis.
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tor for position, prequantization is still pointing towards a correct understanding of

quantum behavior straight up from classical systems.

7.2 Polarization

Prequantization left us with a big problem: even though the wave functions ψ are

given a quite interesting mathematical significance, they depend on both momentum

and position. Traditionally, this is resolved through the process of polarization, where

we arbitrarily choose one of the canonical coordinates over the other.

This is done through the selection of a Lagrangian subspace of the phase space’s

tangent bundle, that is a P ⊂ TM so that [X, Y ] ∈ P for all X, Y ∈ P—namely P

is closed under commutations—and ω|P = 0—the Lagrangian requirement. Since,

for a prequantum system, the wave-functions are sections of a Hermitian line bundle

L → M , we can as well translate the dependence for one canonical variable only

through

∇Xsψ = 0 ∀X ∈ P.

This works because we make use of the “Lagrangianity” of P to guarantee that the

field X depends on one canonical variable only, since

ω(∂pa , ∂pb) = 0 ω(∂qa , ∂qb) = 0.

Now, the problem arises of whether or not the quantified operators preserve the

polarization, that is

∇Xsψ = 0 =⇒ ∇XQ(f)sψ = 0,
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which, referring back to equation (65), will be true if

∇XQ(f)sψ = ∇X(−iℏ∇Xf
+ f)sψ

= −iℏ∇X(∇Xf
sψ) +∇X(fsψ)

= iℏ∇X(∇Xf
sψ) + df |X ⊗ sψ + f∇X(sψ)

= iℏ∇X(∇Xf
sψ) + df |X ⊗ sψ

= 0.

(71)

If we have that the classical operator f is maintained constant in X—i.e. X(f) =

iX(df) = 0—we will see that equation (71) above will be satisfied if ∇X and ∇Xf

commute. By equation (36), we know that such will be the case whenever

(Ω(X,Xf ) +∇[X,Xf ])sψ =
i

ℏ
ω(X,Xf )sψ +∇[X,Xf ]sψ = 0.

Consequently, if [X,Xf ] ∈ P—where, again ω = 0—we know that the polarization

will be conserved by the quantum operator f̂ ≡ Q(f). Therefore, we expect that

only classical observables f for which Xf ∈ P can be quantized. At first glance, this

sounds a wonderful constraint: the great issue with canonical qunatization was that,

after a certain degree, quantized quantities started being contradictory. Therefore, a

restriction to what can indeed be brought to a quantum system seems appropriate.

Unfortunately, though, as it is now elaborated, this quantization turns out to be too

restrictive. Let us understand why.

We want to produce wave-functions to depend only on position, so that Schödinger’s

representation is formed. To do so, we can, as argued above, let P be the momen-
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tum spanned Lagrangian subspace of TM , in which case P is formed by all vectors

X = Xa∂pa
79. The vector-space P will define, in such a sense, a submanifold P ⊂M

for which the coordinates of P will be independet of the pa. Geometrically, we un-

derstand P as the vector space of flows of constant q-coordinate, so that P will be

the manifold formed from these constant coordinates. One can readily see that such

manifold will be isomorphic to the configuration space Q, so we might call it the

configurations space as well. In P , the wave-functions must satisfy

∇X(sψ) = ∇X(ψu)

= (iXdψ + iXθψ)

= Xa
(︂ ∂ψ
∂pa

+ padq
a∂pa

)︂
= Xa ∂ψ

∂pa

= 0,

so that

∂ψ

∂pa
= 0,

guaranteeing their dependency on spacial coordinates only.

However, the requirement for [Xpa , Xpb ] = 0 will dictate that

[Xpa , Xpb ]f = Xpa(iXpb
df) +Xpb(iXpa

f) = XaXb
∂

∂pa

∂f

∂pb
+XaXb

∂

∂pb

∂f

∂pa
= 0,

79In literature, this polarization is known as vertical [28]
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implying, by Clairut’s theorem

∂2f

∂pa∂pb
= 0.

Consequently only classical operators of form

f(p, q) = g(q) + ha(q)pa

are quantizeable. Luckily, both canonical projections p and q belong to such family.

In this family, we have the associated Hamiltonian fields

Xf = ha(q)∂qa − (pb∂qah
b + ∂qag(q))∂pa ,

so that h = ha(q)∂qa is a vector field in TP . For θ = padq
a, we have

Q(f)sψ = (−iℏ∇Xf
+ f)sψ

= (−iℏ(Xfs)− iXf
θs+ f(s))sψ

= (−iℏ(Xf )− (ha∂qa − (pb∂qah
b + ∂qag)∂pa)(padq

as) + g(s) + hapa(s))sψ

= (−iℏ(Xf )− hapas+ g + hapa)sψ

= −iℏ(Xfψ)u+ g(ψ)u

= (−iℏha∂qa − (pb∂qah
b + ∂qag)∂pa)(ψ)u+ g(ψ)u

= −(iℏh+ g)ψν

= −(iℏh+ g)sψ.

Notice that it is in going from the sixth to the seventh lines where we used the fact
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that ψ is polarized, correcting the source of error in equation (66). In fact, when

applied to f = qa, for which g = qa and h = 0, we finally have

q̂ ≡ Q(qa) = q.

Now for pa, h = ∂
∂qa

, again

p̂a ≡ Q(pa) = −iℏ
∂

∂qa
,

giving the correct canonical Schrödinger operators. As we have seen, however, po-

larization is not preserved for functions of higher dependence on momentum and,

unfortunately H, dependent on p2, will not therefore be a quantizeable observable

in the sense that is mapped by Q̂. Of course we do not want this to happen and,

as we shall see in Section 7.4, the solution to this issue will be not given through

a new definition of Q— which is possible—but rather through a smart use of the

techniques developed so far. However, we must warn the reader that this decision,

inspired by [28], will fail to work for any Hamiltonian H whatsoever, but is rather

restricted to the more trivial cases.

On the other hand, the introduced polarization to wave-functions creates issues

that are far more complicated than only the problem of the operators. Since the

wave-functions now have no dependence on momentum, we have the integral

⟨ϕ|ψ⟩ =
∫︂
M

(ϕ† ψ) ϵ
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diverging. Consequently, if we want HP to be the reduced Hilbert-space of momen-

tum independent wave-functions from the polarized part of the line bundle LP , we

must also change how the inner product is taken.

7.3 Half-form correction and the Blattner-Konstant-Stenberg

construction

The remedy to the integral issue described in the last section is generally assigned

to the half-form correction. In such structure, we reduce the Liouville measure ϵ to,

instead of running through the whole manifold M , having only P coordinates—i.e.

the p-independent part of the manifold.

We start by defining another fiber bundle, this time to P , called the determinant

bundle, denoted by det(P). Such manifold will be formed by taking n-times the

wedge product of the elements of T ∗P , that is, β = α ∧ α ∧ ... ∧ α, where α satisfies

the polarization induced by P . This tells us that for any X = Xa∂pa ∈ P ,

iX(β) = 0 = iX(dβ).

Therefore the forms are completely independent of momentum coordinates, being

appropriate to the use in integrations of the polarized Hilbert space HP . The only

part that rests is to choose one β to be the manifold’s measure, as it was the case

for the Liouville’s ϵ.

To do so, we use the elements of the determinant bundle to create the half-forms

as ν2 ≡ ν⊗ ν ≡ β, which, in a practical sense, work simply as “square-roots” for the
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determinant elements. They also have the very useful property of behaving as one

would expect for derivatives

∇V ν
2 = 2ν∇V ν LV ν2 = 2νLV ν.

We will call the set of all half-forms by the fiber bundle
√︁

det(P).

The half-forms will be used to extend the ideas of the polarized Hermitian line

bundle LP through forming a new Hermitian bundle structure.

Definition 7.1 (Quantum line bundle). The quantum line bundle is formed from the

polarized sections of a prequantization Hermitian line bundle π : LP →M , together

with the half-form bundle over P as

π̃ : LP ⊗
√︁
det(P)→M,

for which, locally, the sections become

s̃ψ = sψν = (ψu)ν.

Notice that the polarization of the prequantization line bundle sections, sψ ∈ LP ,

will give us that

sψ(∇Xν) + ν(∇Xsψ) = 0 + 0 = ∇X s̃ψ ∀X ∈ P,

using the fact that ν is momentum-independent.
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The quantum line bundle will naturally inherit an inner product structure from

π : LP → M , where the Hermitian product will be now given, for s̃ϕ = sϕνϕ and

s̃ψ = sψνψ, by

(s̃ϕ, s̃ψ) = (sϕ, sψ)ν
†
ϕνψ = (ϕ†ψ)ν†ϕνψ,

defining a polarized Hilbert space HP with the non-diverging inner product

⟨ϕ|ψ⟩ =
∫︂ ′

P

(s̃ϕ, s̃ψ).

We then have already constructed what seems to be an appropriate modification

to quantum states in order to avoid the issue of the indefinition of the inner product

introduced through polarization. Even though efficient, the half-form correction

spoils some, but not all, of the beauty in associating the classical states to quantum

states through a line bundle. This happens because, for a system of configuration

space of dimension n, the normalization requirement to the state |ψ⟩ for which s̃ψ =

sψν as ν2 = βa...bdq
a ∧ ... ∧ dqb is given through

⟨ψ|ψ⟩ =
∫︂
P
|ψ|2 |βa...b|2dqa ∧ ... ∧ dqb = 1. (72)

Consequently, there exists a duality in how to normalize this integral: we could

either divide ψ(q) by a constant a, as it is generally done in quantum mechanics

textbooks, or we could normalize β instead. To make matters definitive, we will

go some steps backwards and reintroduce the momenta coordinates and then find

a way to eliminate them again. Such an approach is conceptually facilitated when
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a metaplectic correction is applied [30, 41], however the mathematical formalism

necessary is far too complicated to be worth it. For that reason, we will take the

“easier” path of only using what is called in the literature as Blattner-Konstant-

Stenberg construction [28]. Even though, as we shall see in the next section, this will

give us the time evolution wrong by a complex normalized constant, such approach,

besides being much “cleaner” will be able to readily reproduce one of the most

important characteristics of quantum mechanics: the equivalence of Schödinger’s

momentum and space representation through equation (47).

We start with the very intuitive deduction that, if there exists a polarization P

of the line bundle π : L → M that creates p-independent wave-functions, it seems

reasonable to believe that the polarization P ′ = TM − P of the same bundle will

generate q-independent sections. In such a way, we use all the formalism developed

here so far to create the momentum Hilbert space HP ′ . That is, just as P was iso-

morphic to the configuration space Q, P ′ will be isomorphic to the space of constant

positions. We therefore have M = P × P ′ and are able to consider higher-order

structures over T ∗P ′, det(P ′), and
√︁

det(P ′).

Now, as we restricted ω to ω|P , it makes sense the restriction of ω|P ′ , forming

then a canonical isomorphism from P to P ′, given simply by q ↦→ p—i.e. in P ′,

momentum and position will exchange roles. This, on its turn, will allow us to

consider a generating function S. If we let the coordinates of P ′ be p—for very good

reasons, we have

ω = ∂a∂b′Sdp
b′ ∧ dqa θ = ∂aSdq

a (73)

through equation (60). In such a case, we are now able to re-express the symplectic
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form, again as a function of momentum, without, at any point, breaking the refer-

ences to the polarizations. Notice that, if S = paqa, the ω defined above will reduce

exactly to ω = pa ∧ qa, as always. In fact, being that the case and recalling that

physical momentum has the mathematical role of position in P ′, we will have, from

the definition of S above, Hamilton-Jacobi equations—equation (60)—being fully

satisfied.

We will define a function which will take elements of P and P ′ and mix both

together.

Definition 7.2 (Pairing). A pairing between HP and HP ′ will be given by a sym-

metric, non-degenerated function ⟨⟨., .⟩⟩ : HP ×HP ′ → C so that, letting ⟨., .⟩ be the

inner product in HP , there is a function Π : HP ′ → HP , called the pairing projection,

for which

⟨⟨vP , vP ′⟩⟩ = ⟨vP ,Π(vP ′)⟩⟩. (74)

In simpler terms, the pairing is nothing more than a complex Hermitian inner product

which takes vectors from two distinct spaces. Also notice that the projection Π will

be dependent only on the canonical isomorphims ρ, even though we are still not

certain how the relation of these two functions work.

To understand that, let us define another map (., .) that take elements in det(P)

and det(P ′) to form

(β, β′)ϵ ≡ β ∧ (β′)† ∈ Ω2n(M),

where ϵ is the Liouville form inM . In certain sense, this is a method of reconstructing

M ’s structures from the polarization constrains only. Notice that, as the Liouville

180



form is an object of Ω2n(M), (β, β′) ∈ C∞(M). This will allow us to define (ν, ν ′) in

an even more intuitive way through (ν, ν ′) =
√︁
(ν2, (ν ′)2) ∈ C∞(M), which finally

tells us that the pairing of Definition 7.2 is

⟨⟨s̃ϕ, s̃′ψ⟩⟩ = ⟨s̃,Πs̃′⟩ =
∫︂
M

(sϕ, s
′
ψ)(ν, ν

′)ϵ, (75)

as s̃ϕ = sϕν and s̃′ψ = s′ψν
′. We need therefore a representation for ϵ. Forcing it to

agree with the definition of the Liouville measure gives

ϵ =
ωn

(2πℏ)n
=

1

(2πℏ)n
(dnp ∧ dnq)

so, by choosing ν =
√
dnq and ν ′ =

√
dnp, we have

(ν2, ν ′2)ϵ = (ν2, ν ′2)
1

(2πℏ)n
(dnp ∧ dnq),

therefore (ν2, ν ′2) = 1
(2πℏ)n and

(ν, ν ′)ϵ =
1√︁

(2πℏ)n
dnp ∧ dnq. (76)

If we represent the elements of P ′ as X ′ = X ′
a∂qa and refer to equation (73), the

action on s′ψ

∇∂qaψ
′ = ∂qaψ

′ − i

ℏ
(i∂qa∂aSdq

a)ψ′ = ∂qaψ
′ − i

ℏ
∂qaSψ

′.

This yields us a differential equation, which can be solved through the Ansatz
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ψ′(q, p) = ϕ′(p)eR(q,p) as

ψ′(q, p) = ϕ′(p)e
i
ℏS(q,p) = ϕ′(p)e

i
ℏpaq

a

.

Applying this to equation equation (75), together with the Liouville form in equation

(76), we find that, using the fact that M is isomorphic to P × P ′

⟨⟨s̃ϕ, s̃′ψ⟩⟩ =
1√︁

(2πℏ)n

∫︂
M

ϕ†(q)ψ(p)dnp ∧ dnq

=
1√︁

(2πℏ)n

∫︂
P
ϕ†(q)

(︂∫︂
P ′
ϕ′(p)e

i
ℏpaq

a

dpn
)︂
dqn

giving us the projection through

Πs̃′ψ(q) =
1√︁

(2πℏ)n

∫︂
P ′
ϕ′(p)e

i
ℏpaq

a

dpn,

exactly as predicted by equation (47). Even though lengthy by nature, this con-

struction not only provides a conceptual and accurate understanding of the position-

momentum duality in quantum mechanics from a purely classical perspective, which

can be completely tied back to the uncertainty principle, but also solves the excess

of freedom in equation (72) by setting the appropriate ν’s of |βa...b| to 1√
(2πℏ)n

80. In

the next section, we will see how the Blattner-Konstant-Stenberg method almost

gives the free-particle Schrödinger’s equation for HP , without even telling us a direct

quantization of H.

80We could have only stated that this was a necessary condition for equation (72) to be well
defined, but besides the risk of sounding too ad hoc, we would miss the implication of the Fourier
transform here derived. This, in fact, seems to be the shared opinion in most reviews that address
half-form method [42, 28]
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7.4 The quantified dynamics

In Section 7.2, we saw that even the simplest Hamiltonian, that of a free-particle,

cannot be constructed through the mapping Q(H) to give a polarization preserv-

ing operator. Instead of trying to correct the function Q(H), a very interesting

approach that one can take, at least for the free-particle, is to admit that the Hamil-

tonian will in fact move exp Ĥs̃ψ(0) ≡ s̃ψ(t) away from GP . Nonetheless, even though

not in the realms of the traditional Hilbert space, we can still use the projection

function Π of the Blattner-Konstant-Stenberg construction to create an “image” of

s̃ψ(t) in HP , in which case, the useful quantum mechanics operations are still ap-

plicable. Consequently, our goal will be to use the definition of pairing in equation

(74) for ⟨⟨s̃ψ(t), s̃ψ⟩⟩ = ⟨⟨ρts̃ψ(0), s̃ψ⟩⟩, to find that the quantum Hamiltonian used in

Schrödinger’s equation ψ(t) = e
i
ℏ Ĥψ(0) is exactly Ĥ = −ℏ2∇2/(2m).

In Schrödinger’s picture, the states s̃ψ(t) will be the ones to evolve in time. It is

therefore natural to define ρts̃ψ(0) ≡ (ρtsψ(0))(ρ
∗
t sρ

∗
tν), with the first term in parenthe-

sis being Schrödinger’s equation applied to the section—i.e. ψ(t)u = e
i
ℏ Ĥψ(0)u—and

the second being the pullback along XH of the polarization term ν.

Using Schrödinger’s equation to the section sψ

sψ̇ =
i

ℏ
Ĥsψ =

i

ℏ
Q(H)sψ(t)

where Q(H) is given by equation (63). As the Lagrangian is LH = H = p2

2m
—the

fact that the Lagrangian is equal to the Hamiltonian is basically what will make the
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case of the free-particle much easier

ψ(t) = exp
[︂ i
ℏ
(−iℏXH − LH)t

]︂
ψ(0)

= exp(XH) exp
(︂
− i

ℏ
p2

2m
t
)︂
ψ(0)

= exp
(︂
− i

ℏ
p2

2m
t
)︂
exp(XH)ψ(0)

= exp
(︂
− i

ℏ
p2

2m
t
)︂
ψ(t)

= exp
(︂
− i

ℏ
p2

2m
t
)︂
ψ(p(t), q(t))

where we used the fact that LH is time-independent (so must commute with exp(XH))

and the definition for the exponentiation of a vector field as its flow, such as given

by Definition 4.37.

Now, when the system is under the classical Hamiltonian H = p2/(2m), the

coordinates will be given through

ρ∗t (q, p) =
(︂ p
m
t+ q, p

)︂
.

So, for the polarized term, we have that

(ρ∗tν, ν) = ρ∗tν ∧ ν = dn
(︂
q ∧ t p

m

)︂
dnq =

(︂ t

m

)︂n
dnp ∧ dnq.

This will tell us, referring back to equation (76)

√︁
(ρ∗tν, ν)ϵ =

(︂ t

2πmℏ

)︂n
dnp ∧ dnq.
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Consequently, the pairing of s̃ψ(t) and Πs̃ψ(0) = s̃ψ—i.e. the initial state expressed in

the polarization P—becomes

⟨⟨ρts̃ψ(0), s̃ψ(0)⟩⟩ =
∫︂
M

ψ(p(t), q(t))†ψ(q) exp
(︂
− i

ℏ
p2

2m
t
)︂†(︂ t

2πmℏ

)︂n
dnpa ∧ dnqa,

where we use the coordinates for marking the time dependence of the polarization.

Even though of hard calculation, [30] and [28] both show, through very distinct

techniques—surprisingly, Woodhouse’s requires a smaller degree of mathematical

expertise—that this is equivalent to, in first-order,

⟨⟨ρts̃ψ(0), s̃ψ(0)⟩⟩ = ⟨⟨ρ0s̃ψ(0), s̃ψ(0)⟩⟩+ i
n
2
iℏt
2m

∫︂
P
∇2(ψ†(q(0)))ψ(q)dnq.

Now, taking the time partial derivative of the above equation evaluated at zero and

noticing that this must be equivalent to calculating ⟨ṡ̃ψ(0), s̃ψ(0)⟩81, we arrive at

iℏ
2m

i
n
2

∫︂
P
∇2(ψ†(q(0)))ψ(q)dnq =

∫︂
P

∂ψ†(q(0))

∂t
ψ(q)dnq,

which, by taking the conjugate and multiplying both sides by iℏ yields

iℏ
∂ψ(q)

∂t
= −c ℏ

2

2m
ψ(q), (77)

where c = − exp(−iπ n
4
). That is, besides the scalar factor of c, equation (77) above

correctly yields Schrödinger’s equation for the free-particle, only from the construc-

81There is a danger notation here. Recall that the first ψ(q(0)) does depend in time, however the
second ψ(q) is only the projected version of Πψ(q(0)) = ψ(q) and so is fixed in the polarization P ,
therefore cannot bare any time evolution.
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tion of the geometric quantization of states. In fact, in a full metaplectic correction,

one can not only get completely rid of the c, but also is able to define the Hamiltonian

operator for many other more complicated systems. Indeed, there are several avail-

able resources that, once given the Blattner-Konstant-Stenberg construction, guide

the reader towards the implementation of the metaplectic structure in a long, but

not too complicated manner [41, 30, 43, 42, 44].

8 Conclusion

In this review, we have developed a mathematical formalism—differential geometry,

as described in Section 4—to handle both quantum and classical mechanics in a very

intuitive manner. In Section 5 we saw how a Lie group, the Heisenberg group, lies

on the core of the quantum theory and how its geometric description is enough to

give the Hermitian observables. Section 6, on the other hand, presented a formu-

lation of classical mechanics through symplectic manifolds. Additionally, using the

symmetries of space in both scenarios, we were able to argue for the often taken for

granted statement that classical and quantum momentum represent both the same

physical quantity.

Section 7 finally used the same differential geometry basis for both quantum and

classical physics to create a method in which we could reproduce the first from the

second, trying to therefore correct the issues found in Dirac’s quantization of Section

2. Even though the method described by us was not enough to give the fully corrected

version, we pointed out that it is in the right track: a complete metaplectic correction
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can fix most of the issues we left behind. Nonetheless, our construction was still

enough to reproduce one of the most important features of geometric quantization:

the fact that the information of the classical trajectory ψt is still “buried” inside the

formalism of the quantum mechanical system. Indeed, several of these systems still

show their classical dependence, besides being described by Schrödinger’s equation.

We call such behavior semi-classical mechanics.

The most striking example of semi-classical physics can be found in experiments

with Rydberg atoms, which are nothing more than atomic structures embedded in a

strong magnetic field so that the electrons are now so far from the nucleus that the

whole atom assumes microscopic size. In such systems, photonic absorption behave

much weirder than it does when null magnetic field is applied: atoms keep strongly

responding to radiation at frequencies much higher than ionization [45]. For many

years, ordinary Schrödinger’s mechanics was unable to explain such phenomena.

However, in 1988, Delos and Du published a series of papers of different levels [46,

47, 48, 49] in which they were able to explain this feature if it was assumed that,

at the Rydberg level, the electrons followed classical orbits. A fantastic review of the

Rydberg atom problem, as well as other semi-classical experiments through a more

philosophical/historical lens can be found in [50].

Indeed, an attempt of describing the “classical limit” through geometric quanti-

zation has become a “hot topic” of current research [51], but much is still needed to

be done. We still do not know at what size parameters a classical system starts re-

quiring wave-functions to describe it, nor whether if the sections of the quantum line

bundle have any sort of influence in the macroscopic motion as well. Understanding
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these questions might be the path that will finally lead us towards the development

of a correct quantization of gravity [1]. However, we do know at this point that there

exists a same structure behind two areas of physics that were often treated as com-

pletely distinct from one-another. We still believe that it is not a ungrounded hope

to expect that someone, someday, will be able to describe all mechanics through a

single mathematical model.
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