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Abstract
Molecular Dynamics (MD) is an incredibly powerful tool in the computational study of atomistic systems. However it is also very computationally
costly, which severely limits the types of events that can be studied using MD. Additionally, traditional MD methods are purely classical, and
thus they do not incorporate quantum zero-point energy and tunneling
effects. At low temperatures in particular, this omission of quantum effects
produces results that may be incorrect by many orders of magnitude.
In this thesis, we present a new method, hyperRPMD, which both incorporates quantum effects, and also reduces the computational cost of
simulating state-to-state dynamics of an atomistic system. As the name suggests, hyperRPMD combines the power of ring-polymer MD to incorporate
quantum effects into the simulation, and the power of hyperdynamics to accelerate the state-to-state dynamics of the system. We validate hyperRPMD
by simulating a model one-dimensional system.
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Chapter 1
Introduction
In recent years, the exponential increase in the availability of computing
power has made the direct computational study of atomic systems feasible.
These computational studies allow physicists to refine physical models by
testing them at scale on large systems, and to make predictions that would
not be possible using purely analytical means.
Many methods have been developed to simulate atomic systems; each
makes particular assumptions about the dynamics of the system. Some
of these assumptions are necessary for the system to be simulated at all.
Other assumptions make the simulation more computationally tractable,
and thus faster and easier to simulate.
If the assumptions are well-founded, then the quicker methods are valid,
and preferable to less efficient methods. However, human intuition consistently fails to predict how atomic systems will behave, and thus seemingly
reasonable assumptions about the dynamics of a system are often dramatically wrong. When more computationally expensive methods are used to
test these assumptions, researchers often find that atomic systems behave
in ways that were not expected. In these cases, further investigation is
warranted to determine how the system actually behaves.
Ideally, we would like to use more computationally expensive methods
to learn about the true dynamics of a system. With this information, we
can ensure that our assumptions are valid, and then we can use quicker
1

methods to accurately simulate the system at longer timescales. With this
goal in mind, we will construct a simulation method that makes as few
assumptions as possible about the target system.

1.1

Molecular Dynamics

Suppose that we would like to simulate the dynamics of an atomic system
with N atoms, each with mass m. Every atom has three spatial degrees of
freedom, and thus the state of the system can be specified as a point in a
3N dimensional configuration space. We denote this point with the 3N
dimensional vector x ∈ R3N. We call the subset of R3N that is accessible to
the system the configuration space of the system.
If we are given an initial system configuration xi , we would like to construct a function x : R → R3N such that x(0) = xi , and x(t) specifies the
configuration of the system at time t.
Before we can construct such a function, we must first make a few assumptions about the system. Let us assume that the nuclei of the atoms evolve
classically over time, and further suppose that total force acting on a particular atom in the system is simply a function of the positions of all of the
atoms in the system. Implicitly in the discussion in the previous paragraph,
we have assumed that the system is deterministic. That is, we are assuming
that, if we we precisely know the configuration of the system at a particular
time t0 , then it is possible to compute the configuration of the system at
any other time.
Our assumption that the force on an atom is only a function of the configuration of the system means that we can denote the total force on atom k by
Fk : R3N → R3 . We define the total force on the system to be the total force
acting along each coordinate in the configuration space, and we denote
this total force by F ( x). Now, according to our first assumption, the system
evolves in time according to the second order differential equation
F ( x) = ma = m ẍ,

2

(1.1)

where we have adopted the convention that time derivatives are denoted
using a corresponding number of dots.
In principle, we are done. We have written an equation (really, a system of
3N equations) that exactly describes the time evolution of our system in
terms of the forces between atoms. However, for most interesting systems,
there is no analytical solution to this system of differential equations. Thus
we must resort to numerical approximations.
In practice, it is more convenient to numerically integrate such a system
using Hamiltonian mechanics. It can be shown that Hamiltonian and
Newtonian mechanics are equivalent, and thus each formulation can be
derived from the other [14]. However, for the molecular systems that we
are considering, the Hamiltonian differential equations are only first order
in time, and thus they are more numerically tractable.
We consider an adaptation of the derivation of Hamiltonian dynamics
presented in [4]. The momentum of atom k is
pk = m ẋk ,

(1.2)

and we denote the momentum of the system using the 3N dimensional
vector p. Notice that we can now fully specify the state of the system at
some point in time using the 6N dimensional point ( x, p). We call the subset
of R6N that is accessible to the system the phase space of the system.
Let us further suppose that all of the forces acting on the system are conservative, and that they are only a function of the configuration of the system.
Then we can find a potential energy function U ( x) with the property that
∂U ( x)
= − F ( x ).
dx

(1.3)

Finally, suppose that our system is isolated from the environment. Then the
total energy of the system is some constant E. We denote the energy of a
particular state of the system by H( x, p) where H is called the Hamiltonian
of the system. It clearly follows that

H( x, p) =

p2
+ U ( x) = E.
2m
3

(1.4)

Now we can differentiate H with respect to p and x to obtain
∂H
p
=
= ẋ,
∂p
m

and

∂H
∂U
=
= − F.
∂x
∂x

(1.5)

Notice that the left equation has specified a relationship between the momentum of the system and the time derivative of the position; this is one of
Hamiltonian’s two equations. To find the other equation, we consider the
total time derivative of the Hamiltonian. We have that
∂H
∂H
∂H
dH
=
· ṗ +
· ẋ +  = 0.
dt
∂p
∂x
∂t

(1.6)

Note that we have assumed that the energy of the system is constant in
time, so the last term disappears. Then substituting the results of Equation
1.5 into Equation 1.6 we have that
ẋ · ṗ − F · ẋ = ( ṗ − F ) · ẋ = 0

(1.7)

Each coordinate in the configuration space is independent, so if the equation
is to be identically zero for each coordinate, the quantity in parenthesis
must be zero. Thus Hamiltonian’s equations of motion for our system are
p
and
ṗ = F ( x).
(1.8)
m
We have replaced the 3N second order differential equations that we had in
the Newtonian case with 6N first order differential equations. Each of these
first order equations relates position to the rate of change of momentum, or
vice versa. This substitution will make numerically integrating the system
easier.
ẋ =

1.2

Integrators

Now that we have expressed the time evolution of our system in a system
of differential equations, we need to devise a way to solve these equations.
In all but the simplest systems, the equations will not have an analytical
solution, so we are forced to use numerical integration.
4

At its most fundamental level, an integrator accepts the state of a system,
and returns the state of the system after a short timestep, ∆t. That is, an
integrator is a function I with the property that
I ( x(t0 ), p(t0 )) = ( x(t0 + ∆t), p(t0 + ∆t)).

(1.9)

The most computationally expensive part of any integrator is evaluating
the force vector F. Thus, any reasonable integrator must only perform the
force computation once per timestep. In this section, we consider a few
simple integrators.
Let’s suppose that, for the duration of the timestep, the derivatives of
position and momentum are essentially constant. Then the state of the
system after the timestep is given by
p(t0 + ∆t) = p(t0 ) + F ( x(t0 )) ∆t
x(t0 + ∆t) = x(t0 ) + p(t0 ) ∆t/m.

(1.10)

This scheme is called Forward Euler integration, and it is appealing because
the integrator is clearly related to the equations of motion. However, it
is rarely used in real applications because the timestep ∆t must be prohibitively short for the trajectory to be accurate. We can improve the
accuracy of the integrator by splitting the momentum integration across
the position integration. The Leapfrog Integrator uses this approach, and is
given by
)
(
= p(t0 ) + F ( x(t0 )) ∆t/2
p t0 + ∆t
2
(
)
(1.11)
x(t0 + ∆t) = x(t0 ) + p t0 + ∆t
2 ∆t/m
)
(
+ F ( x(t0 + ∆t)) ∆t/2.
p(t0 + ∆t) = p t0 + ∆t
2
It might appear that the Leapfrog Integrator requires two force computations, and would thus it would be computationally unfavorable. But, the
configuration of the system does not change between the second momentum calculation of one timestep and the first momentum calculation of the
following timestep, and so the same force vector may be reused.
5

1.2.1

Langevin Integrators

In all of the preceding discussion, we have assumed that the system is
isolated from its environment, and thus the total energy of the system is
constant. However, this is rarely the case. More often, the system is in
thermal contact with its environment, and so the energy of the system may
fluctuate in time.
To model this reality, we typically assume that the environment forms a
perfect heat bath. That is, we assume that the environment has sufficient
thermal mass that it will stay at a fixed temperature T, regardless of what
happens in the system. This heat bath fixes the temperature of the system,
not its energy.
When the energy of the system is fixed, the phase space of the system is
quite limited. We call the probability that the system occupies a particular
point in this restricted space the microcanonical ensemble. However, now that
the temperature of the system is fixed, the energy of the system fluctuates
around some average energy, with larger deviations from the average
energy becoming increasingly less likely. This means that a much larger
phase space is (in principle) accessible. We call the probability that the
system occupies a point in this enlarged space the canonical ensemble.
To simulate the canonical ensemble, we use stochastic integration, a type of
numerical integration that is capable of simulating random processes. In
particular, we will use Langevin dynamics which simulates the temperature
regulating effects of the environment as random “kicks” in the momentum
differential equation. The equations of motion for Langevin dynamics are
√
p
and
dp = F ( x) dt − γp dt + w 2k B Tγm.
(1.12)
m
Notice that the position differential equation is unchanged from the Hamiltonian case. However, the momentum equation has become a stochastic
differential equation where γ is a constant that specifies how strongly the
environment and the system are coupled, and w is a 3N dimensional vector
of independent Brownian motions [1].
ẋ =

Numerical integrators for Langevin dynamics are similar to those for Hamil6

tonian dynamics, with additional terms to account for the stochastic nature
of the momentum equation. For example, the forward Euler integrator for
Langevin dynamics is
√
p(t0 + ∆t) = p(t0 ) + F ( x(t0 )) ∆t − γp(t0 ) ∆t + R 2k B Tγm ∆t
(1.13)
x(t0 + ∆t) = x(t0 ) + p(t0 ) ∆t/m.
where R is a 3N dimensional vector of independent random numbers with
mean zero and standard deviation one. Similar to the Hamiltonian case, we
do not use the forward Euler integrator because it has poor stability when
used with a reasonable timestep length [1].
Instead, we will use an integrator called ABOBA [6]. This integrator splits
both position and momentum integration into two parts, similar to the
Leapfrog Integrator that we considered earlier. The five steps of the integrator are
(
)
x t0 + ∆t
= x(t0 ) + p(t0 ) ∆t/(2m)
2
)
(
= p(t0 ) + F ( x(t0 )) ∆t/2
p t0 + ∆t
2
(
)
(
)
∆t
∆t
p̂ t0 + 2 = c1 · p t0 + 2 + c3 · R
(1.14)
(
)
p(t0 + ∆t) = p̂ t0 + ∆t
+ F ( x(t0 + ∆t)) ∆t/2
2
(
)
x(t0 + ∆t) = x t0 + ∆t
+ p(t0 + ∆t) ∆t/(2m).
2
where R is a vector of random numbers as before,
√
(
)
c1 = eγ·∆t ,
and
c3 = mk B T 1 − c21 .

(1.15)

The notation p̂ indicates the stochastic step in the integrator. Notice that all
of the momentum calculations are consecutive, and thus the force vector
must be computed only once per step; namely between the first and second
steps.
The development of integrators for MD simulations is an extremely active
area of research. For a much more through discussion of the current state
of MD integrators, see [11].
7

1.3

The Timescale Problem

The incredible power of MD comes with one very significant drawback:
MD simulations require an enormous amount of computational power.
To ensure that the numerical integration does not “blow up,” the MD
timestep must be a fraction of the fastest vibrational mode of the system.
In a typical system, this means that the timestep length is on the order of
one femtosecond.
In contrast, the chemical transition events that we are interested in observing often occur with frequencies measured in micro- or even milliseconds.
This discrepancy in scales means that, in order to observe a series of chemical transition events, we would need to simulate the system for trillions of
timesteps, which remains infeasible even with recent advances in computational power. We call this the timescale problem: the events we are most
interested in studying using computational physics methods often occur on
timescales that are far outside the reach of standard MD methods [18].
Typically, this problem is solved by resorting to more approximate computational methods, such as Kinetic Monte Carlo, that do not have the
limitation that every vibration must be accurately simulated [18]. However,
in this thesis, we explore another approximation that preserves the core
assumptions of MD, while still allowing the simulation of longer timescales
than standard MD.

1.4

Classical and Quantum MD

In our derivation of MD, we assumed that the atoms evolved classically on
a single potential energy surface. Of course, we know that this is not really
the case; systems at the molecular scale are inherently quantum mechanical.
When the system is at a high temperature, and if the atoms in the system are
relatively massive, the classical approximation is quite good. However, for
systems with light atoms and at low temperatures, these quantum effects
can be extremely significant [7].

8

We consider two quantum effects that can influence molecular systems:
zero-point energy and tunneling. Zero-point energy refers to the intrinsic
energy of a system that remains even when the system is in its ground
state, and tunneling occurs when the system “passes through” an energy
barrier, even though, according the classical predictions, it does not have
the requisite amount of energy.
Later in this thesis, we will encounter a system for which the classical
approximation is wrong by several orders of magnitude. In these cases, it
is clearly important to reincorporate the quantum effects that we originally
assumed were insignificant. Directly computing these effects is not possible
in all but the simplest systems, however several excellent approximation
schemes have recently been proposed.

1.5

Structure of the Thesis

For the remainder of this thesis, our goal will be to construct a MD simulation method that both incorporates quantum effects and reduces the
timescale problem. In Chapter 2, we examine two important MD simulation methods: hyperdynamics and ring-polymer MD. Then in Chapter 3,
we combine these two methods, and simulate a simple one-dimensional
system. Finally, Chapter 4 reviews work we have done and suggests some
future directions for research.

9

Chapter 2
Methods
In this chapter, we consider adaptations of the standard MD method that
can reduce the timescale problem and simulate quantum effects. Hyperdynamics increases the state-to-state transition rate of systems, which allows
for longer simulation times than standard MD methods. Ring-polymer
MD (RPMD) approximates quantum effects using purely classical MD. We
examine the details of each of these methods in turn.

2.1

Accelerated Molecular Dynamics

Accelerated Molecular Dynamics (AMD) is a class of methods that “speed
up” MD simulations, which has the effect of diminishing the timescale
problem. In the following sections, we will give a more precise definition of what it means to speed up an MD simulation, and also examine
several AMD methods, and the compromises each must make to achieve
acceleration.

2.1.1

Infrequent Event Systems

Before we explore AMD methods, we need to examine what exactly it is
that they accelerate. The computational power of the computer running
10

Potential Energy

State A

State B

Vbarrier

Position
Figure 2.1. A schematic representation of a system undergoing a state transition.
The line indicates the trajectory of the particle prior to the transition. Initially, the
particle is confined in state A. The particle transitions only when enough energy
has been concentrated along the reaction coordinate for the particle to overcome
the barrier Vbarrier .

the simulation is fixed, so clearly we must trade some sort of accuracy
in return for increased simulation speed. For this reason, AMD methods
cannot be used to simulate all systems; luckily, there are a large number of
very interesting systems for which AMD methods are valid. For example,
surface diffusion and radiation damage annealing are two important classes
of systems that are amenable to AMD methods [16].
Consider a simple system in which a single particle is constrained to move
along one axis, and suppose that the system is coupled to a heat bath that
fixes the temperature of the system. For each position the particle may take
along the axis, there is a corresponding potential energy V ( x ), as shown in
Figure 2.1. This double well potential has two energy basins, A and B, that
are separated by a barrier with height Vbarrier . Suppose that the particle
initially begins in state A. Then, provided that the particle’s energy is less
than the barrier potential, the particle will be confined to vibrate within
state A.
11

However, on occasion the particle’s energy will increase sufficiently to
make a transition between the energy basins. It might transition into state
B, or it might rapidly bounce between states. This state transition on the
potential energy surface corresponds to a chemical transition in the system.
After a short period of time, the energy that has been concentrated into
the particle will dissipate, and the particle will once again be confined to
vibrate within a single well. We call this loss of energy thermalization.
We describe the time it takes for the particle to gather enough energy to
transition from state to state with the rate constant, krxn . We call the average
time that the system spends before transitioning Trxn and we denote the
average amount of time when the particle has sufficient energy to transition
between energy wells by Tcorr .
Once the particle has settled into one of the wells, the random thermal energy from the environment will eventually make it impossible to determine
how that particle entered the energy basin. We call the time it takes for the
particle to “lose its memory” of how it came to be in the state the dephasing time, Tdephase . If the time between transitions is much larger than the
dephasing time, then each transition event appears to be independent of
the transition before it.
We say that a system is an infrequent event system if the average time between
transitions is much larger that the dephasing time following a transition.
That is, an infrequent event system has Trxn ≫ Tdephase . This means that
consecutive transition events will be not influence each other. If this condition does not hold, consecutive transition events will be dynamically
correlated. For an infrequent event system, we can describe the probability per unit time that the system will undergo a transition using the rate
constant krxn defined by
1
krxn =
.
(2.1)
Trxn
Our goal in all of the AMD methods is to spend less time simulating the
vibrating system, and more time observing transition events. Infrequent
event systems are particularly amenable to this goal because it is not critical
to faithfully represent the vibrational activity between transitions to ensure
that the state-to-state transition activity is accurate.
12

Potential Energy

State A

State B

ΔVb

Position
Figure 2.2. A one-dimensional example of a bias potential applied to a potential
energy surface. The bias potential speeds the system’s transition by reducing the
depth of the energy basin. Notice that the bias potential is zero at the dividing
surface.

2.1.2

Hyperdynamics

Hyperdynamics, the first of the AMD methods, was developed by Voter in
the late 1990’s. The method reduces the time spent computing vibrational
activity of the system while still capturing the state-to-state dynamics. With
the hyperdynamics method, “at an accelerated pace, the system evolves from
state-to-state in a sequence representative of the exact dynamics” [15].
This method works by adding a bias potential ∆Vb to a system’s potential
energy. The system is then simulated on this biased potential energy surface,
which accelerates the state-to-state dynamics of the system by reducing the
activation energy required for the system to make transitions. The actual
simulation time, and thus the reaction rate coefficients, are recovered as a
statistical property of the simulation called hypertime, which is computed
for each timestep as
∆thyper = ∆t · e βVb ( x) ,
(2.2)
where β = 1/(k B T ) with k B as the Boltzmann constant, and T as the
13

temperature.
In the limit as the simulation is carried out for an infinite number of
timesteps, the hypertime becomes exact [17]. For the hyperdynamics
method to be applicable, the system must meet three conditions:
1. The transitions between potential energy basins must be infrequent.
2. The bias potential ∆Vb must be zero at the dividing surfaces between
potential energy basins.
3. There must be no recrossings from one basin to another in either the
unbiased or the biased system. This means that when the system
leaves the current energy basin, it must thermalize in the first energy
basin into which it enters.
In practice, the third condition can often be relaxed to require that the biased
and unbiased systems exhibit the same recrossing behavior, however the
stronger form is assumed in the derivation of hyperdynamics.
Hyperdynamics is based on Transition State Theory (TST), so before we
examine the derivation to hyperdynamics, we first review TST.
Transition State Theory
TST is a method of computing approximate reaction rate coefficients for
systems in thermal equilibrium with their environment. Consider a potential energy surface that has an energy well A that is separated from the
surrounding configuration space by an energy barrier. We can construct
a dividing surface that encloses the state A, and then the TST rate for a
transition from state A is
[
] [
]
outward flux through
probability system is
TST
k
=
×
. (2.3)
the dividing surface
near dividing surface
More formally, consider a prototypical system of N atoms with position
x(t) and momentum p(t). Suppose that the system has a potential energy
V ( x), and it has kinetic energy K ( p) given by
K ( p) =
14

p2
2m

(2.4)

where m is the mass of each atom. The total energy of the system at
a particular point in phase-space E( x, p) = K ( p) + V ( x). We define a
function FA ( x) with the property that
⎧
⎪
⎨> 0,
FA ( x) =
0,
⎪
⎩
< 0,

x is in state A;
x is on the boundary of state A;

(2.5)

x is outside state A.

The occupation function Θ A ( x) for state A is given by
Θ A ( x) = θ [ FA ( x) ],

(2.6)

where θ is the standard unit step function. Notice that the dividing surface
between A and the rest of the space is the subset of the configuration space
that satisfies FA ( x) = 0, and thus we define the dividing surface to be
δ A ( x ) ≡ δ [ Θ A ( x ) ].

(2.7)

We must also determine the velocity v A which is perpendicular to the
boundary surface of state A. This is simply given by
vA = −

∇ FA ( x) p
· .
|∇ FA ( x)| m

(2.8)

Now we have all of the pieces required to define the TST rate. The outward
flux through some small patch of the dividing surface is

|v A | δA ( x) Θ A ( x) dx dp.

(2.9)

The normal velocity accounts for the flux through the patch of dividing
surface, the delta function ensures that the point is actually on the dividing
surface, and the step function enforces that the system is leaving state A.
To compute the total rate constant, we simply weight this factor by the
probability of the system being in a particular state (the Boltzmann factor),
and then integrate over the entire phase space. Thus the TST approximation
for the total escape rate is
kTST
A→ =

1
Z

∫∫

|v A | δA ( x) Θ A ( x) e− βE(x,p) dx dp,
15

(2.10)

The factor Z is the partition function, which is defined as
Z≡

∫∫

e− βE( x,p) dx dp.

(2.11)

Many thermodynamic properties are computed by integrating over the
Boltzmann weighted phase space, so we have a more compact notation
to indicate this. For example, the average value of a property P over the
phase space is
∫∫
1
P(r, p) e− βE( x,p) dx dp.
(2.12)
⟨ P⟩ ≡
Z
With this new notation, we can write the TST rate as
k TST
A→ = ⟨| v A | δ A ( x ) Θ A ( x )⟩ = ⟨| v A | δ A ( x )⟩ A ,

(2.13)

where, in the last equality, we indicate that the ensemble average should
only occur over the phase space of state A by using the subscript.
The TST rate approximates the true transition rate of the system, however,
if the system satisfies a few conditions, the TST rate is actually exact. First,
we assume that the atoms are evolving classically, and that they are only
subject to conservative forces. This means that we can think of the motion
of the system as a movement on a 3N dimensional potential energy surface.
Second, we assume that the reactant state is in thermal equilibrium with its
surroundings, and thus we may assume a Boltzmann distribution within
the reactant state.
Finally, we assume that there are no recrossing events. This means that we
are assuming that every trajectory that crosses the dividing surface leaving
state A will actually thermalize outside of the state, and not return to state
A. This assumption is often the most troublesome because recrossings
are present in almost all systems to some degree. Several methods have
been developed to relax this assumption such as variational TST [9] and
dynamical correction factors [19]. However, these methods are beyond the
scope of this thesis.
If a system satisfies these three conditions, then the TST rate will be the
exact reaction rate.
16

Derivation of Hyperdynamics
Now that we have defined the TST rate, we are in a position to examine
the derivation of hyperdynamics. In this section we expand on the original
derivation given in [15], and fill in some of the omitted details.
Consider the example system from the last section, and suppose we add a
non-negative bias potential ∆Vb ( x) to the system’s potential energy V ( x).
We design the bias potential in such a way that ∆Vb ( x) is zero along the
dividing surface, does not block any escape paths from state A, and does
not introduce any new energy wells into the system.
We define Eb ( x, p) = K ( p) + V ( x) + ∆Vb ( x) to be the total biased energy
at a point in phase-space. Now modifying our TST rate equation, we have
that
k TST
A→ = ⟨| v A | δ A ( x )⟩ A

(2.14a)

= ⟨|v A | δA ( x)Θ A ( x)⟩
∫∫
|v A | δA ( x)Θ A ( x) · e− βE(x,p) dxdp
∫∫ − βE(x,p)
=
e
dxdp
∫∫
|v A | δA ( x)Θ A ( x) · e− βE(x,p) · e− β(∆Vb (x)−∆Vb (x)) dxdp
∫∫ − βE(x,p) − β(∆V (x)−∆V (x))
=
b
b
e
·e
dxdp
∫∫
|v A | δA ( x)Θ A ( x) · e− βEb (x,p) · e+ β∆Vb (x) dxdp
∫∫ − βE (x,p) + β∆V (x)
=
b
b
e
·e
dxdp
⟨
⟩
|v A | δA ( x) · e β∆Vb (x)
Ab
⟨ β∆V ( x) ⟩
=
,
b
e
A

(2.14b)
(2.14c)
(2.14d)
(2.14e)

(2.14f)

b

where the subscript Ab indicates that the ensemble average is being taken
on the biased potential energy surface within state A. That is, we define
the state Ab to be the state A with the bias potential “turned on.”
Recall that ∆Vb ( x) = 0 whenever δA ( x) is nonzero, and thus we may
simplify the previous equation:

⟨|v A | δA ( x)⟩ Ab
kTST
.
A→ = ⟨ β∆Vb ( x) ⟩
e
A
b
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(2.15)

The numerator in this equation is just the TST escape rate from the state Ab ,
and the denominator is the ratio of the partition functions for states A and
Ab . If we specified a TST dividing surface, we could evaluate this equation
to compute the TST rate using any number of sampling methods.
However, this would require a precise knowledge of the dividing surface,
and a complete sampling of the state A in order to compute a transition
rate. Instead, we would like to create a dynamic method that can advance
the system from state-to-state more quickly than a typical MD simulation
without requiring prior knowledge of the possible transitions out of the
state.
Suppose we have a system for which the TST approximation is actually
exact. That is, any crossing of the TST dividing surface corresponds to
a true transition into a new state, and the crossing is not dynamically
correlated with any past or future crossing events. Further suppose that
modifying the potential V ( x) by adding ∆Vb does not affect either of these
conditions.
The bias potential increases the TST escape rate because the biased energy
well is not as deep as the normal well. Also, because ∆Vb ( x) is zero along
the TST dividing surface, the ratio of TST escape rates to each of the states
adjacent to A are preserved because the partition functions cancel in a ratio
of rates regardless of whether the potential is biased or unbiased. That is
kTST
A→ B
kTST
A→C

=

kTST
A →B
b

kTST
A →C

.

(2.16)

b

Now we consider the meaning of the simulation time on the biased potential energy surface. We would like to find a way to relate the simulation
time to the true time between transitions in the simulation. For a given
timestep, the simulation time does not have a physical meaning, but, as we
will see, it does have a well defined meaning in the limit as the simulation
is carried out for an infinite number of timesteps.
Consider an experiment in which we evaluate the averages in Equation 2.15
in state Ab using a single, long MD simulation. Let ∆tMD be the length of a
timestep in the simulation, ntot be the total number of MD steps taken in
18

the simulation, and ti be the time at the ith MD step. We couple the system
to a heat bath to guarantee that, over time, the entire canonical phase space
of the system is correctly sampled. If the simulation is sufficiently long, we
can compute the averages to arbitrarily high accuracy.
Imagine that we place a reflecting barrier along the TST dividing surface,
and count the number of times nesc in which the system attempts to escape
state Ab . Then, recalling that the average escape time Tesc,A from state A is
the inverse of the rate constant, we have that
⟨
⟩
β∆V
(
x
)
b
e
1
Ab
Tesc,A = TST =
(2.17)
⟨|v A | δA ( x)⟩ Ab
k A→
n
∑i=tot1 e β∆Vb ( x(ti ))
=
nesc /(ntot · ∆tMD )
1 ntot
∆tMD e β∆Vb ( x(ti )) .
=
nesc i∑
=1
1
ntot

(2.18)
(2.19)

We have used the equivalence between an ensemble average and a time
average by evaluating the numerator using the ntot samples from the canonical ensemble, and evaluating the denominator as a time average. We do not
actually wish to compute Tesc,A ; rather, we would like to find a relationship
between the timescale of the biased trajectory and the “true” dynamics of
the system. By examining Equation 2.19, it seems that a natural definition
for the time evolved per MD step (which we will call the hypertime of the
system) is
∆thyper,i = ∆tMD e β∆Vb ( x(ti )) .
(2.20)
Thus we estimate the total hypertime that this simulation has accumulated
as
ntot

thyper =

∑ ∆tMD eβ∆Vb (x(ti )) .

(2.21)

i =1

This definition is completely meaningless on short time scales, however,
note that Equation 2.19 can be manipulated to read thyper = Tesc,A · nesc .
Obviously, on short time scales, the average escape time from state A will
not be exactly equal to the true average. However, in the long time limit,
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the average escape time must converge to the correct result. Consequently,
in the long time limit, the hypertime becomes exact.

2.1.3

Other AMD Methods

Though they will not be our main focus, we will briefly describe two other
AMD methods: Temperature Accelerated Dynamics (TAD) and Parallel
Replica Dynamics (ParRep). Both of these methods share the requirement
that the system’s activations be infrequent, however they make different
assumptions in order to accelerate the state dynamics.
Temperature Accelerated Dynamics
In the TAD method, a physical system confined in energy basin A is simulated at a high temperature Thigh . The basin A is surrounded by a reflecting
barrier, and times at which the system bounces off the barrier are recorded.
Using this information, the correct escape path, and corresponding escape
time, is computed for a lower temperature Tlow , and then the system is
advanced to this new state where the procedure is repeated [12].
TAD assumes a more approximate form of TST called harmonic TST, and,
like hyperdynamics, it has the advantage that the possible transition pathways do not need to be known prior to the simulation.
Parallel Replica Dynamics
As noted previously, the increase in the availability of computing power
has enabled larger MD simulations that incorporate many more atoms.
Many of the innovations that have driven the sharp increase in computing
power are parallel processing techniques that allow moderately powerful
computers to collaborate, resulting in extremely powerful clusters.
These computer clusters have allowed MD simulations of larger simulations by assigning each processor a different parts of the system. This
means that the forces acting on the system can be computed efficiently
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in parallel. However, the increases in the spatial capability of MD have
traditionally not come with a corresponding increase in temporal capability
because MD simulations are linear in time. The results of one timestep are
dependent on the results of the previous timestep, and as a result, multiple
processors can only work on the current step. While this does provide
some speedups as more computers are added to the cluster, there is a point
of diminishing marginal returns when the communication between new
processors exceeds the computation benefits they provide.
Parallel Replica Dynamics (ParRep) solves this problem and allows parallel
computational resources to be used to accelerate MD simulations. To do
this, ParRep duplicates the system n times, and then simulates each copy
of the system independently. When one copy of the system escapes from
a potential energy basin, the total simulation time from all of the systems
is added to the simulation clock, and then the non-escaping copies are
destroyed. New copies are made of the escaping copy, and the process
repeats.
For more information about the ParRep method, see [10].

2.2

Ring-Polymer Molecular Dynamics

Ring-polymer MD (RPMD) is an MD method that incorporates quantum
tunneling and zero point energy effects into classical MD simulations. It is
based on the Feynman path integral formulation of quantum mechanics.
Unfortunately, there is not a completely rigorous derivation to show that the
state-to-state dynamics produced by RPMD are actually exact. Despite this
lack of rigor, RPMD has been extremely successful in accurately simulating
quantum effects, and attempts to rigorously derive RPMD are ongoing
[5].
To perform an RPMD simulation, a system is replicated n times, and the
n replicas are arranged in a “ring.” The same atom in adjacent replicas
are connected by weak harmonic springs, and different atoms in the same
replica experience the same forces as in a classical MD simulation. This
duplication and arrangement process is depicted in Figure 2.3.
21

3
2

3
2

1

1
n

n
n-1

n-1

Figure 2.3. A conceptual view of the RPMD process. The system is replicated n
times, and the replicas are arranged in a ring. The same atom in adjacent replicas
are connected by weak springs (indicated by the jagged lines), and different atoms
in the same replica experience the same forces as a classical MD simulation (the
dotted lines).

The spring constant k n between the same atom in adjacent replicas is given
by
)
(
nk B T 2
.
(2.22)
kn = m ·
h̄
The springs create closed loops, each with n atoms (the same atom in each of
the n replicas). We call these closed loops ring-polymers, and sometimes refer
the the atoms in the ring-polymer as beads. The spatial extent of the ringpolymer is the maximum distance between two beads in the polymer.
The interactions between adjacent systems, or equivalently, the coupling
of the ring-polymers, approximate the equilibrium properties (and to a
lesser extent, the quantum dynamics) of the system. The approximation
of the equilibrium properties is exact in the infinite bead limit. However,
the results converge as n increases, so we may simulate the system with an
appropriately large n to observe approximately correct dynamics.
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2.2.1

Formal Definition

Consider our prototypical 3N dimensional system. We would like to use
RPMD to compute the quantum canonical partition Z̃ = Tr[e− β Ĥ ], which
can, in turn, be used to compute many interesting quantities including
reaction and diffusion rates. We can also express the quantum partition
function as
Z̃ = lim Zn = lim
n→∞

n→∞

1
h3nN

∫∫

dX dPe− β n Hn (X,P) ,

(2.23)

where X = { x1 , . . . , xn } and P = { p1 , . . . , pn } are the position and momentum vectors of n replicas of the system. Together, X and P form the 6N × n
dimensional space called the ring-polymer phase space [7]. The extended
phase space Hamiltonian is given by
)
(
n
p̂2i
1
+ k n ( xi − xi+1 )2 + V ( x̂i ) ,
(2.24)
Hn ( X, P ) = ∑
2m
2
i =1
where β n ≡ β/n and k n is the spring constant defined in Equation 2.22. We
also enforce a cyclic condition on the subscripts such that x1 = xn+1 .
The key idea in RPMD is that Equation 2.23 can be accurately approximated
for a finite number of replicas, and thus we may compute canonical ensemble averages by simulating a system with the Hamiltonian Hn ( X, P ) for an
appropriately large n.
For example, suppose that our Hamiltonian has an energy basin A. Then
in analogy to section 2.1.2, we define a function FA ( X ) with the property
that
⎧
⎪
⎨> 0, X is in state A;
(2.25)
FA ( X ) =
0, X is on the boundary of state A;
⎪
⎩
< 0, X is outside state A.
Now we let Θ A ( X ) = θ [ FA ( X )] and δA = δ[Θ A ( X )]. Then the RPMD-TST
rate from state A, which approximates the true quantum TST rate form
state A, is
k

RPMD-TST

1
1
≈
· 3Nn
Zn h

∫∫

dX dP v̄ A δA ( X ) Θ A ( X ) e− β n Hn (X,P) ,
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(2.26)

where v̄ A is the normal velocity of the center of mass of the ring-polymer
relative to the dividing surface,
v̄ A = −

1 ∇ FA ( X ) P
· .
n |∇ FA ( X )| m

(2.27)

In the limit as n goes to infinity, we find that the quantum TST (qTST) rate
is exactly the RPMD-TST rate [2]. That is
lim kRPMD-TST = kqTST .

n→∞

(2.28)

High Temperature Limit
At very high temperatures, we expect that the quantum zero-point and
tunneling effects will be insignificant, and thus the RPMD-TST rate should
collapse to the TST rate in the high temperature limit. To see that this is
the case, note that the springs between adjacent beads on the ring-polymer
become very tight, and thus the spatial extent of the ring-polymer collapses
to zero at very high temperatures. In this limit, the RPMD-TST rate can
be evaluated with just a single bead, so n = 1. With this simplification,
Equation 2.26 simply collapses to the TST rate [3], as we expected.

2.2.2

Extended Phase Space

The RPMD method is appealing because, fundamentally, it is just classical
molecular dynamics carried out in an extended phase space, namely the
ring-polymer phase space. This means that a variety of existing atomistic
simulation methods, and the codes that have been written to implement
these methods, can be easily adapted to carry out RPMD simulations.
However, when a system is duplicated n times, the number of dimensions
in the simulation also increases n fold. Even more troubling, the computational cost of the simulation increases superlinearly with increasing
dimension, and thus the cost of an n replica RPMD simulation is even more
than n times the cost of a corresponding classical MD simulation.
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In this case, the need for AMD methods becomes especially apparent. In
the following chapter, we demonstrate a new method, hyperRPMD, that
uses hyperdynamics to accelerate the state-to-state dynamics of RPMD
simulations.
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Chapter 3
Implementation and Results
The goal of this project is to use hyperdynamics to accelerate the stateto-state transitions of RPMD. As was previously noted, the use of AMD
methods to accelerate RPMD is particularly nice because simulations in the
RPMD extended state space are extremely computationally expensive, even
for relatively small systems. In this chapter, we describe a new method,
hyperRPMD, that combines hyperdynamics and RPMD. We also test the
effectiveness of this new method on a simple, one-dimensional model
system.

3.1

Implementation

The combined implementation of hyperdynamics and RPMD is largely
straightforward because hyperdynamics is unaffected by the extended
phase space the RPMD creates. However, there are a few places where the
best choice is not obvious. In this section, we highlight the non-obvious
design choices that we made while implementing hyperRPMD.
Recall that the RPMD approximation to the quantum canonical partition
function is
∫∫
1
Zn = 3nN
dX dPe− β n Hn (X,P) .
(3.1)
h
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Notice, in particular, the factor of β n Hn . There are two ways to interpret
this term: either ( β/n) Hn or β n ( Hn /n). In the first interpretation, the temperature of the extended phase space system is multiplied by a factor of n,
while in the second interpretation, the Hamiltonian (and thus the effective
mass m and potential energy V ( xi )) are divided by a factor of n. The second
interpretation is perhaps more intuitive because, for example, the sum of
the mass of each bead on a ring-polymer is equal to the classical mass of
the atom that the ring-polymer represents. However, this choice quickly
becomes confusing when the bias potential is added to the Hamiltonian.
For this reason, we instead chose to multiply the simulation temperature
by a factor of n.
Another potentially confusing point is the construction of the dividing
surface between states. We choose to define the dividing surface between
states as the location where the center of mass of the ring-polymer crosses
the dividing surface in the classical phase space.
Finally, the construction of bias potentials that both satisfy the hyperdynamics assumptions and also provide a reasonable boost factor is always
challenging, even without the added complexity of RPMD. Suppose that a
bias potential Vb ( x) has already been designed for the classical system. We
then compute the bias force on the extended phase space system as Vb ( x̄),
where x̄ is the center of mass of the ring-polymer. We apply the full bias
potential to each replica of the system.
This definition of the bias potential, along with our definition of the dividing surface, ensures that the bias potential will be zero at the dividing
surface, as required. It is also advantagous because this method is not
dependent on the particular form of the classical bias potential; any bias
that works in the classical case will also work for hyperRPMD.

3.2

Testing

Recall that the key advantage of the hyperRPMD method is that it can
replicate state-to-state dynamics of a molecular system, while also incorporating quantum effects. To test these claims, we simulate a simple one
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dimensional system, and use the simulation to compute the reaction rate
coefficients between states.
Computing these rates is not the primary goal of this method; rather, this
method provides a way to explore the quantum dynamics of a system
without a complete knowledge of the transition pathways. If the transitions
are already known, then there are much more efficient methods to compute
reaction rate coefficients. However, computing transition rates provides
a convienent way to compare the results of hyperRPMD against known
theoretical results.

3.2.1

Eckart Barrier

To test hyperRPMD, we will use the one dimensional symmetric Eckart
barrier that was designed to simulate the collinear H + H2 → H2 + H
reaction. The Eckart barrier is defined as
V (x) =

V0
cosh2 ( x/a)

(3.2)

where V0 = 0.425 eV, a = 0.3884 Å, and m = 9.7 × 10−28 kg. The rate of
this reaction is highly dependent of quantum effects, particularly at low
temperatures, and thus it has become somewhat of a standard test case for
quantum molecular methods [7, 2, 8]. The classical transition rate for the
Eckart barrier is given by
√
1
kcl = e− βV0
,
(3.3)
2πβm
and the exact quantum transition rate can be computed by numerically
evaluating the integral
2π
kq =
h̄ · Zr

∫ E
0

T ( E)e− βE dE,

(3.4)

√
where Zr = m/(2πβh̄), is the reactant partition function, h̄ is the reduced
Planck constant, and T ( E) is the transmission coefficient at energy E, given
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Figure 3.1. An Eckart barrier with reﬂecting walls at L = 10 to create energy wells.

by

T ( E) =

sinh2 (πa · A)

cosh2 (πa · B) + sinh2 (πa · A)

√
−1
−1
2mE and B = h̄
2mV0 − h̄2 /(4a2 ) [7].
with A = h̄

(3.5)

To make the Eckart barrier suitable for simulation using hyperRPMD, we
bounded the barrier by adding two harmonic reﬂecting walls, one on each
side of the barrier at a distance L from the origin. With this modiﬁcation,
we can compute the transition rate as k = L/T  where T  is the average
transition time. In the limit as L goes to inﬁnity, this rate is exact [7], though
experience has shown that the rate is extremely accurate for values as small
as L = 5 Å. The Eckart barrier with reﬂecting walls at L = 10 Å is shown in
Figure 3.1.

3.2.2

Results

We simulated the bounded Eckart system using MD, hyperdynamics, and
hyperRPMD and then computed the transition rates at a variety of temperatures. In all cases, we used the ABOBA integrator with a Langevin
thermostat to ensure the the system sampled the entire canonical ensemble
while it was conﬁned in a state. For the hyperdynamics and hyperRPMD
simulations, we used a so called “pond-ice” bias potential which creates
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Figure 3.2. Arrhenius plot for the Eckart barrier. The solid lines indicate exact classical and quantum transition rates for the Eckart barrier. Notice that we were able
to simulate much lower temperatures using the AMD methods (hyperdynamics
and hyperRPMD).

a ﬂat surface on the biased potential surface for any location where the
original potential is below a cutoff energy [13]. In real atomic systems, it is
difﬁcult to use a pond-ice potential because it requires a detailed knowledge
of the lowest barrier for escape from the state. Additionally, the pond-ice
bias does not greately accelerate the dynamics in larger systems.
The results of the simulations are shown in Figure 3.2. At the lower temperatures, the transition rates computed using RPMD clearly deviate from
the exact quantum rate. This deviation is consistent with other Eckart
transition rates computed using RPMD [7, 8]. However, some preliminary
testing has indicated that this error may not be inherent in the RPMD
method, but rather from an over-aggressive bias potential that prevents the
system from fully thermalizing prior to the next transition. In the future,
we will preform low temperature simulations using less aggressive bias
potentials to determine if this is the case. We do not have any speculation
as to what would have caused the errors in other RPMD based transition
rate computations, none of which used bias potential based methods.
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Figure 3.3. Wall time per transition for the Eckart barrier. They symbols used in
this graph are the same as in Figure 3.2. Notice that the hyper based methods both
achieve a constant time per transition at lower temperatures.

For the lowest temperature (140 K), we used 273 replicas in our RPMD
simulation. This means that, compared to a classical simulation, the RPMD
simulation takes more than 273 times the computational power to simulation a transition. However, the addition of hyperdynamics allows us to
simulate the system at these extremely low temperatures. To see how remarkably effective hyperdynamics is at accelerating the rate of transitions,
we plot the inverse temperature against the average wall time per transition
in Figure 3.3. This indicates how long (in the real world) we would expect
to simulate the system before observing a transition.
Notice that, as the temperature decreases, the expected wall time per transition for a standard MD simulation rapidly increases because the classical
transition rate falls rapidly as temperature decreases. In comparison, the
hyperdynamics and hyperRPMD methods fair much better, with both eventually approaching an apparently constant wall time per transition.
Another possible way to interpret the speedup is to examine the ratio of
the hypertime to the simulation time. We call this ratio the boost factor,
and it indicates the relative speeds of the hyperdynamics simulation and a
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standard MD simulation. For the 140 K hyperRPMD simulation, the boost
factor was 6.78 × 1012 , which means that a RPMD simulation would need
to run on the order of 1012 times longer than the hyperRPMD simulation to
reach the same total time.
One particularly enticing aspect of the hyperRPMD method is that the wall
time per transition may actually decrease again at extremely low temperatures because the exact quantum transition rate does not approach zero as
the temperature goes to zero. This tendency can be seen in the orange points
in Figure 3.3. Once the bias potential for low temperature simulations has
been corrected, we intend to further investigate this possibility.
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Chapter 4
Conclusion and Future Work
The hyperRPMD method uses hyperdynamics to accelerate the state-tostate dynamics of RPMD simulations. This new method allows for rapid
simulation of the state-to-state dynamics of infrequent event systems while
also incorporating quantum zero-point and tunneling effects.
Traditionally, the key challenge in performing hyperdynamics simulations
has been the construction of appropriate bias potentials that both satisfy
the hyperdynamics assumptions and also produce large boost factors. As a
result, the design of appropriate bias potentials has been an active area of research for many years, and several generally applicable bias potentials have
been developed. Fortunately, all of this research is also applicable to hyperRPMD because, by construction, every bias potential that is appropriate for
hyperdynamics may also be used for hyperRPMD simulations.
To test hyperRPMD, we simulated the one-dimensional Eckart barrier
using MD, hyperdynamics and hyperRPMD at a variety of temperatures.
For each temperature and simulation method, we computed transition
rates, and compared these rates to classical and quantum exact transition
rates. At low temperatures, hyperRPMD consistently computed transition
rates that were less than exact quantum transition rate. These results are
consistent with other simulation methods based on RPMD. In our particular
tests, we believe that this incorrect rate is due to an overly aggressive bias
potential that confines the system to vibrate near the dividing surface. This
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is particularly interesting because the other RPMD simulation methods
that similarly deviate from the exact quantum rate do not utilize bias
potentials.
In the future, we will reexamine the low temperature behavior of the
hyperRPMD simulations on the Eckart barrier. In particular, we would like
to determine if, at low temperatures, the bias potential is constraining the
system from sampling the full reactant state prior to transitioning. Once this
behavior has been studied, we would also like to examine the intriguing
possibility that frequency (measured in wall time) of transition events will
actually increase at low temperatures.
We will also implement hyperRPMD for a larger and more complex system
to validate the method on higher dimension systems. Two key features of
the hyperRPMD method will ease this implementation. First, we can use a
bias potential designed for hyperdynamics to carry out the hyperRPMD
simulation. Second, hyperRPMD is just classical MD in an extended phase
space, so any computer package designed for MD simulations can be easily
adapted to carry out hyperRPMD simulations.
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