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ABSTRACT OF THESIS

FORMAL LOGIC PERSPECTIVES ON NON-STANDARD ANALYSIS AND ITS

APPLICATIONS TO THE PARIS-HARRINGTON THEOREM

This review presents the mathematical background necessary for understanding

the original proof of the Paris-Harrington Theorem, the first natural non-provable

result in Peano’s arithmetic. The approach here chosen is based on the use of the

non-standard analysis interpretation of combinatorics principles in Ramsey’s theory.

The vast majority of the work is therefore devoted to developing the necessary ideas

from set theory, filters, hypernatural analysis, abstract logic, and Ramsey’s theory.

We also provide demonstrations of several of the results used in our method, including

Los’s Theorem and the Finite and Infinite Ramsey’s Theorem, as well as conceptual

justifications for Zorn’s Lemma and Gödel’s Incompleteness Theorems. No previous

expertise of the fields here discussed is necessary and introductory knowledge of set

theory and logic should be enough for this work.

Henrique Ennes
Whitman College
May 2020
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1 Introduction

The Infinity is to me only a feeling.

Isabel Gutruf

Axiomatization attempts are almost as old as mathematics itself. The idea that

someone could, from a set of “easy-to-believe-but-hard-to-prove” statements, to-

gether solely with the rules of deduction, demonstrate every single theorem of a sys-

tem was perhaps the principal guide of those scholars who adventured in the many

subareas of our field. Euclid described geometry only through axioms [1]; Newton

believed that mechanics could be postulated by three laws [2]; Frege, Russell and

Whitehead [3] attempted an axiomatization of Arithmetic; Zermelo [4] created an

axiomatic description of set theory. With the beginning of last century, however,

more and more fields received simple postulates—known as first-order axioms—for

which many mathematicians believed, after the guidance of David Hilbert, to be

enough to translate every one of the proofs into nothing more than mere applications

of logic to these initial claims. Historically, the field in which such axiomatization

attempt was most important was, exactly, within number theory, given its immense

methodological simplicity compared to the ones cited above.

It was, nonetheless, shown through the unprecedented work of Kurt Gödel that

the believers of Hilbert’s program were chasing after impossible dreams: in most

mathematical areas, there were some important results that, although true, were

not provable within the realm of first-order axioms. For instance, the Continuum

Hypothesis is not provable with only the traditional axioms of set theory. However,



the first natural example of an important non-provable statement in a postulate

version of number theory came as recently as 1977, due to the work of Paris and

Harrington [5]. Together, they found the missing point in finite Ramsey’s theory,

a field of combinatorics. In this paper, we will work towards understanding this

important result. Nonetheless, to construct the necessary basis for such an objective,

we will introduce techniques from non-standard analysis, which not only will allow

us to see the Paris-Harrington Theorem through lenses that are even clearer than the

ones used in 1977, but also will introduce the necessary terminology for understanding

the logical roots of Paris and Harrington’s work.

In such a sense, the bigger goal of this review is to present connections between

three seemingly unrelated fields of mathematics: non-standard analysis, formal logic,

and Ramsey’s theory. We believe that there are several positive pedagogical outputs

from such a study. First, it highlights how different areas of mathematics are used

to support each other, parallel to several contemporary approaches in research, with

the most prominent of them, perhaps, in category theory. Second, we believe that

the logic study of hyperfilters is a positive introduction to ideas of predicate calculus

without referring to a specific model or axiomatization, hopefully indicating a certain

degree of independence of language and theory, often ignored by a first contact

with the field. Third, the use of non-standard analysis techniques in the proofs of

several results in Ramsey’s theory has recently demonstrated to be a powerful tool

in the interpretation of combinatorics, with treatises of different levels of complexity

dedicated to explore these connections [6, 7]. Consequently, all the demonstrations

of the sections that make reference to Ramsey’s result will be performed here with
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reference to hypernaturals. Finally, we believe that looking at the logical foundation

for both non-standard analysis and Ramsey’s theory allows us to pay due respect to

Hilbert, Russell and Frege’s supporters, that even though had their dream of a fully

axiomatic mathematics destroyed by Gödel’s work, were nonetheless correct about

the important role that abstract reasoning plays in every single field.

This work is then divided as following: Section 2 is dedicated to a review of set

and filter theories, with ideas that will be used throughout the of the whole paper. Of

special interest, we will study Zorn’s Lemma [8] and one of its equiavlent statements:

the Axiom of Choice. Section 3 brings a conceptual introduction to non-standard

analysis, focusing on the construction of infinitesimals, extended quantities smaller

than any positive real numbers. In such a construction, the concepts of filters earlier

introduced are explored to generate a set similar to the real numbers, but bigger:

the hyperreals. Finally, the validity of the hyperreal system in proving results about

the ordinary real numbers—Los’ Theorem and the Transfer Principle—is established

using ideas of formal logic languages.

Section 4 serves as a break to non-standard analysis and introduces the formal

logic perspective of the natural numbers: Peano’s arithmetic. As we shall see, even

though several results about the natural numbers—or even about the non-standard

equivalent of them, the hypernaturals—are provable in the formal framework of

Peano’s arithmetic, it was established by Kurt Gödel early in the last century that

there are various prepositions that hold about N, but that are not provable in Peano’s

arithmetic [9]. One of these prepositions, the so called Paris-Harrington theorem is

what brings us to Ramsey’s theory, a topic in combinatorics that is explored in
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Section 5. Finally, we unite all these different fields in Section 6, where we prove

Paris-Harrington theorem. Section 7 presents a conclusion to where interesting unan-

swered logical questions based on the ideas here introduced can be taken.

2 Review of Set Theoretical Methods

This initial section constitutes of basic notions of set theory that will be used through

the rest of the review. We will treat the results here naively enough so to avoid any

complicated logical considerations through the Zermelo-Fraenkel axiomatization, but

formally enough to correctly describe theoretical mathematics results. For deeper

discussions of these topic, still in a non-axiomatized form, check [10, 11]; and, for an

introduction to ZFC, [12, 13]. We shall assume that the reader has very basic ideas

of sets, like the notions of set operations, cardinality, etc.

2.1 Brief notions of naive set theory

Interesting enough, most of what we call by set theory is not directly devoted to the

study of sets, but rather, to analyzing a particular structure introduced to them: the

partial order. A partial order ≤ is a relation on some set S so that, for any element

x, y, z ∈ S

1. x ≤ x (reflexibility);

2. if x ≤ y and y ≤ x, then x = y (anti-symmetry);

3. if x ≤ y and y ≤ z, then x ≤ z (transitivity).
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We call the pair (S,≤) a partial order structure on S if 1-3 are respected and we say

that the set S is a partial ordered set (under ≤).

A same set S might have more than one partial order. For example, if S = Z,

then we can let either ≤ be the normal comparison between elements of Z—i.e. x ≤ y

if and only if there is a non-negative z such that x + z = y—but we can consider

other partial orders, for example, by looking at the structure (Z, |), where | is the

divisibility notation: x|y if and only if there is a z ∈ Z − {0} such that z · x = y

(we leave for the reader the exercise of showing that | indeed obeys 1-3). In such a

view, we call ≤ the natural partial order of Z, whereas | is only an alternative partial

order. Notice that, besides the name, there is also an important difference between

≤ and | in Z: for any x, y ∈ Z, we have that either x ≤ y or y ≤ x, but that is not

the case for |, as, for example, neither 2|3, nor 3|2. To characterize these differences,

we give the following definition.

Definition 2.1 (Total order). A structure (S,≤) is called a total order if and only

if, for any x, y ∈ S, either x ≤ y or y ≤ x. If that is the case, we call S a total

ordered set (under ≤).

In this case, then, ≤ is a total order in Z, but | is not.

Nonetheless, there is an even more advanced characteristic that an order may

have. Consider, for example, the natural ordering ≤ of N. In contrast with Z, N

has the special property that it has an element, namely 0, such that 0 ≤ n for any

n ∈ N. In fact, this characteristic is even stronger. It turns out that for any subset

A ⊆ N, there is a a ∈ A such that a ≤ x for any x ∈ A. We call such element a the

least element of A.

5



Definition 2.2 (Well order). A structure (S,≤) is called a well order if and only if,

for any subset A ⊆ S, A has a least element a, so that a ≤ x for any x ∈ A. If that

is the case, we call S a well ordered set (under ≤).

As we have seen, N is well ordered. In fact, however, it turns out that this

property is completely equivalent to the normal induction principle. This inspires

the following very important theorem [12].

Theorem 2.3 (Equivalences of well ordering). Consider the partial order structure

(S,≤). The following are equivalent

1. well order: for any non-empty subset A ⊆ S, A has a least element.

2. Mathematical induction: if A ⊆ S, A has S’s least element and y ∈ A for all

y < x implies that x ∈ A, then A = S.

3. Principle of infinite descent: if p1, p2, ... is a sequence of elements in S such

that p1 > p2 > ..., then the sequence is finite—that is, there is a n ∈ N such

that pn < pi for all i < n.

The beauty of set theory, however, does not lie on analyzing only the orderings of

a set, but actually, in comparing different sets. For that, we can consider functions

in between two sets S1 and S2 such that the ordering structures in each of them are

preserved.

Definition 2.4 (Ordering isomorphism). If (S1,≤1) and (S2,≤2) are (partial) order

structures, then an ordering isomorphism between them is a function ϕ : S1 → S2

such that
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• ϕ is bijective 1;

• ϕ preserves ordering, that is, for any x, y ∈ S1, x1 ≤1 x2 if and only if ϕ(x1) ≤2

ϕ(x2).

If such a function exists, we say that S1 is (order) isomorphic to S2.

An example that is easy to visualize comes from considering the two natural

orders on R, (R,≤) and (R,≥). Both of these will be partial (actually total) orders

on the same set R and the bijection f(x) = −x for all x ∈ R preserves the ordering:

if x ≤ y, then f(x) = −x ≥ −y = f(y).

It is not too hard to prove from the definition of ordering isomorphisms that they

preserve the important ordering characteristics we have been dealing with so far. For

example, if (S1,≤1) is a total (well) order and is isomorphic to (S2,≤2), then (S2,≤2)

is also a total (well) order.

The notion of order isomorphism is the key in the statement of the following

theorem about sets.

Theorem 2.5 (Fundamental Theorem of Ordering Isomorphisms). If (S,≤) is a

partial ordering structure on a set S, then it is isomorphic to a subset of the power

set of S (often called a family of subsets of S), P(S), ordered under set inclusion ⊆.

Proof. The fact that P(S) is partially ordered under inclusion ⊆ comes easily from

the definition, so we will focus here on building the isomorphism. Consider the

function ϕ : S → P(S) so that ϕ(x) = {y ∈ S|y ≤ x}2. We say that ϕ is an

1One could consider ordering homorphisms (often called embeddings) by dropping this bijection
requirement, but these will not be particularly interesting to us.

2In formal set theory, more care is necessary to state the possibility of actually building a function
like this, but in our naive version, we will only assume that it is possible to do so.
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isomorphism onto ϕ(S). First, notice that if y ∈ ϕ(x), then by transitivity of ≤,

ϕ(x) ⊆ ϕ(y).

Now, x1 = x2 if and only if x1 ≤ x2 and x2 ≤ x1, which is true if and only

if x1 ∈ ϕ(x2) and x2 ∈ ϕ(x1). But this holds if and only if ϕ(x1) ⊆ ϕ(x2) and

ϕ(x2) ⊆ ϕ(x1), if and only if ϕ(x1) = ϕ(x2). This gives both well definition and

injection for ϕ, then establishing the bijectivity of ϕ (surjection follows trivially from

the definition of ϕ(S)).

For order preserving, suppose x1 ≤ x2, so x1 ∈ ϕ(x2). Then, transitivity implies

that ϕ(x1) ⊆ ϕ(x2). So, (S,≤) is order isomorphic to ϕ(S) ⊆ (P(S),⊆).

Theorem 2.5 translates the ordering statements about sets to set theoretical relations

only, often making several of the proofs and concepts of the theory easier to grasp.

In the next section, we will be repeatedly applying this result to our approach in

stating some theorems. Before that, however, let us illustrate it through an already

mentioned example.

Example 2.6. Consider the set N ordered under divisibility | and the associated

isomorphism ϕ to P(N), guaranteed through Theorem 2.5. We can define the map, so

that for any n ∈ N, ϕ(n) = {a|a is a divisor of n}. Notice that for any x, y ∈ N, x|y

if and only if ϕ(x) ⊆ ϕ(y), as expected. Also, p is a prime if and only if ϕ(p) = {1, p}.

2.2 Zorn’s lemma and its equivalence to the Axiom of Choice

The statement often referred to as Zorn’s Lemma is nowadays seen, in fact, not as

a lemma—i.e. a result—but rather as an axiom of set theory. Indeed, as we shall
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see in Theorem 2.11, this axiom is completely equivalent to the famous Axiom of

Choice, therefore, throughout all this paper, we shall take Zorn’s Lemma hold. Let

us then explain what the lemma predicts. First, we have to give the definition of a

chain. If (S, p) is a partial ordered set, a chain in S is a (possibly infinite) collection

of elements S, denoted by Γ, such that, for any elements x and y of Γ, either x ≤ y

or y ≤ x. That is, in the frame of Definition 2.1, Γ is a totally order subset of S

under the same ordering ≤ of S.

Additionally, we define an upper bound of a subset X ⊆ S as an element s ∈ S

so that, for any x ∈ X, x ≤ s. Notice that X might not contain its upper bounds, as

it is the case for the set [0, 1), which has least upper bound 1. If, however, an upper

bound s of X is in X, we call s the maximal element of X. What Zorn’s lemma does

is mixing the definitions of upper bounds and maximals for chains.

Axiom 2.7 (Zorn’s Lemma). If (S,≤) is a partial ordered structure so that every

chain Γ in S has an upper bound, then S contains (at least) one maximal element.

Let us try to illustrate Zorn’s lemma. Consider N ordered under multiples, that

is, x ≤ y is x is a multiple of y. Notice that this is the opposite of the ordering of

Example 2.6, in which case, x ≤ y ≡ x|y if x divided y. Now, notice that for every

number n ∈ N, we can put it in a chain for which x ≤ x
d1

≤ x
d1d2

≤ ... ≤ x
d1·d2·...·dn

where di are all divisors of x. We know, however, by the Fundamental Theorem of

Arithmetic, that any of these chains must have an end: it will be either a composite

number that divides x, a prime that divides x or 1. In all of these cases, however,

the chains will have upper bound. It is not hard to see that 1 will be an upper

bound (although not necessarily the least upper bound) of any chain. So, by Zonr’s

9



lemma, we know that the set N must have a maximal element and, in fact, it does:

the number 1. Notice, however, that even though this example seems to be quite

trivial, there is a lot going on underneath the surface. The chains 24 ≤ 12 ≤ 3 and

35 ≤ 7 are completely disjoint and may have very distinct upper bounds, which can

be 3 and 7, for example. However, all the numbers of these chains, as well as any

other natural number, will still be a multiple of 1.

Using Theorem 2.5, we can express Zorn’s Lemma in set notation only.

Axiom 2.8 (Zorn’s Lemma—second version). Suppose that for a set X, S ⊆ P(X)

has the property that, for any non-empty chain Γ ⊆ S,
⋃︁
Γ ∈ Γ. Then, there is (at

least) one maximal element M in S.

Notice how here we change the upper bound requirement for
⋃︁

Γ ∈ Γ. It turns out

that both of these approaches are equivalent, that is, Γ has an upper bound in S if

and only if
⋃︁

Γ ∈ Γ[10]. We decided to formulate Axiom 2.8 using the union notation

because that is the version we will witness more often in applications.

In set notation, if we analyze again the elements of N under multiples, we see

that ϕ(1) = N and so, not surprisingly, this is a maximal element of the set P(N)—

ϕ(1) = N. It is more surprising, though, if we analyze the same “being a multiple”

ordering in N − {1}. In such a case, we would not have any maximal x ∈ N so

that ϕ(x) = N, but rather, based on the Fundamental Theorem of Arithmetic, the

maximals will be ϕ(p), as p is a prime. Notice that for any n ∈ N−{1}, ϕ(n) ⊆ ϕ(p)

for which p is a prime, but the “splitting” of N − {1} into maximals is not so easy

anymore. In fact, as all maximals are intersection disjoint from one another and

their union is N, they will form a partition of N. This is, however, not specific to
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this particular application of Zorn’s Lemma and it can be used to give a whole new

statement of this axiom.

Axiom 2.9 (Zorn’s Lemma—third version). Suppose that for a set X, S ⊆ P(X) has

the property that, for any non-empty chain Γ ⊆ S,
⋃︁
Γ ∈ Γ. Then, every element

Y ∈ S is a subset of some maximal M of S. In particular, the result holds for every

proper subset of P(X)—i.e. S ⊂ P(X).

Now, as we have mentioned in the beginning of this section, Zorn’s Lemma is

equivalent to the Axiom of Choice. In the most traditional manner, the Axiom of

Choice is stated as following.

Axiom 2.10 (Axiom of Choice). Let S be a set of non-empty sets. Then, there is a

function f : S →
⋃︁

S called a choice function such that, f(x) ∈ X for all X ∈ S.

Visually, the Axiom of Choice is often represented as the following. Imagine a library

S full of shelves X, such that the shelves have books x. The choice function will

assign, for every element X ∈ S, one book from X itself.

For example, let S = {{1}, {2}, {1, 2}} = P({1, 2}). Then one choice function

might be

f({1}) = 1 f({2}) = 2 f({1, 2}) = 1,

whereas a different choice function could be

f({1}) = 1 f({2}) = 2 f({1, 2}) = 2.

What the Axiom of Choice says is only that one of these should exist.
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Notice that, even though the Axiom of Choice might seem trivial from the ex-

ample above, that is not quite really the case. There are models of Set Theory (see

Section 4.1 for the definition of “model”) for which the Axiom of Choice is not true

for some infinite sets S. We will not be dealing with such models here, but knowing

about their existence is a very astonishing realization on its own.

Finally, we will state the equivalence of Zorn’s Lemma and the Axiom of Choice

as a theorem. We will again, not engage in a proof, but we recommend [10] for a

detailed discussion on the matter.

Theorem 2.11. Zorn’s Lemma given by Axiom 2.7 is logically equivalent to the

Axiom of Choice given by Axiom 2.10

2.3 The theory of filters and ultrafilters

The theory of filters begins with power sets: let X be a non-empty set and consider

the power set of X, P(X).

Definition 2.12 (Filter). A filter F on the set X is a non-empty subset of P(X) 3

such that

1. if A ∈ F and B ∈ P(X), then A ⊆ B implies that B ∈ F ;

2. no two elements of F are strongly incomparable—i.e. for all A and B in F ,

there is a C in F such that C ⊆ A and C ⊆ B. Equivalently, if A and B are

in F , so is A ∩B4.

3There is a potential source of confusion with the notation here: we say that F is a filter on X,
when it is, in fact, a subset of P(X)—namely a family of subsets of X.

4The definition of filters are not restricted only to power sets.Using the Fundamental Theorem
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Such a definition of filters may seem pretty abstract right now, but there is an

intuitive approach that will be very important in what follows. We can imagine the

filter F as a measurement of “largeness” of the sets it contains. If A ∈ F , then any

B larger than A, namely A ⊆ B, is also in F (Property 1). Also, the elements of F

are so big that, if A and B are large, then the smaller set A∩B will form a large set

on its own (Property 2).

Now, as for any A ∈ F , since A ⊆ X, we can see that X is in any filter, which

in our language of “largeness” is implied by the fact that there is nothing in P(X)

bigger than X itself. In fact, it is not hard to see that the smallest filter possible

is given by F = {X}. This might suggest a very simple way to generate filters: for

any certain element A ∈ P(X), make a filter by throwing inside everything bigger

than A, that is everything which A is contained. Inspired by the study of abstract

algebra, these filters receive the name principal filter.

Definition 2.13 (Principal Filter). For any element A ∈ P(X), the principal filter

generated by A, (A), is the set consisting of all subsets of X for which A is a subset

of—i.e. (A)={B ∈ P(X)|A ⊆ B}.

This suggests that the bigger the set A is in P(X), the smaller the principal filter

generated by it, (A) will be. So, for the principal filter generated by X, (X )={X},

while for the one generated by the smallest subset of X—i.e. the empty set—(∅) =

P(X).

Let us illustrate all of this with an example. Start by letting X = {1, 2, 3}. So

of Ordering Isomorphisms, Theorem 2.5, we can easily extend these ideas to any other form of
ordering as well.
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the following are principal filters

({1}) =
{︁
{1}, {1, 2}, {1, 3}, {1, 2, 3}

}︁
({1, 2}) =

{︁
{1, 2}, {1, 2, 3}

}︁
. (1)

Notice that {1} ⊆ {1, 2}, but ({1, 2}) ⊆ ({1}). This is no luck, given that for any

subsets A and B of X, A ⊆ B if and only if (B) ⊆ (A)—formalizing therefore the

previous suggestion we gave that the bigger the subset, the smaller the principal

filter generated by it. However, we can learn even more from this example. Notice

that {1, 2} and , {1, 3} are both elements in ({1}), but also that ({1, 2}) and ({1, 3})

are actually subsets of ({1}). We can again generalize this and say that if F is a

filter and A is any element of P(X), A ∈ F if and only if (A) ⊆ F .

For our purposes, however, instead of focusing on filters in general, we will look

deeper into a very special collection of filters formed from X : the ultrafilters.

Definition 2.14 (Ultrafilters). Consider the whole collection of filters, F. Some

proper filter F ∈ F is called an ultrafilter of X if F is a (proper) maximal of P(X)

under inclusion. That is, if F is an ultrafilter of X, then F ⊆ G implies that F = G

or G = P(X).

Notice that, in the example given by equation (1), the principal filter ({1}) is an

ultrafilter of X. Such kinds of filters are called principal ultrafilters.

Although the definition of an ultrafilter as a proper maximal filter is pretty re-

markable on its own, it has an equivalent statement to it that is even more important

to our needs[14].

Theorem 2.15. The filter F of X is an ultrafilter if and only if, for any non-empty
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subset A of X, either A ∈ F or Ac = X − A ∈ F and F ̸= P(X).

Proof. Suppose F is not an ultrafilter. Then we must have F ⊂ G for some filter G.

Consequently, there is a A ∈ G such that A /∈ F . But then, if Ac ∈ F , Ac ∈ G and

so A ∩ Ac = ∅ ∈ G, so G is not proper. Therefore, Ac /∈ F .

Now, suppose A,Ac /∈ F . We can expand F by taking the elements of A and

adding it to another filter G. This can be done by letting G = {G ⊆ X : A ∩ F ⊂

G for some F ∈ F}. Let us then show that G is a proper filter. For Property 1

of Definition 2.12, we see that if B ∈ G, then A ∩ F ⊂ B for some F ∈ F . But

then, if B ⊆ C, we have that A ∩ F ⊂ B ⊆ C, so C ∈ G. Now, for Property 2, if

B,C ∈ G, then A ∩ F1 ⊂ B and A ∩ F2 ⊂ C, and, as F is a filter, F1 ∩ F2 ∈ F . So

(A ∩ F1) ∩ (A ∩ F2) ⊂ (B ∩ C), then (B ∩ C) ∈ G. Consequently, G is a filter.

We will be done with the proof if we show that F ⊂ G ⊂ P(X). As for any

F ∈ F , F ∩ A ⊂ F , then by definition, F ∈ G, so F ⊂ G. Now, if G = P(X), then

there is some F ∈ F for which F ∩A = ∅. So, F ⊆ Ac and by the Property 1 to the

filter F , Ac ∈ F , contradicting the assumption.

The usefulness of this new equivalent definition will be immeasurable to us. For

example, it can be used to show that, if X is infinite, then for any non-principal

ultrafilter G, it not only contains no finite sets, but it also contains all cofinite - i.e.

the complements of a finite sets—subsets of X [10, 6]. This gives an even better

notion of “largeness”: the total set X, minus a finite number of stuff, must still be

large.

However, if the second definition of ultrafilters is the one that we are actually

using, why did we even bother in showing the original one? As it turns out, the

15



definition given by 2.14 is in perfect shape to apply Zorn’s Lemma.

Theorem 2.16 (Zorn’s Lemma for Filters). If G is a filter of a set X, it is contained

in an ultrafilter F .

In the original definition of ultrafilters language, this means that every filter is a

subset of a maximal filter. In fact, this result implies the last very important property

of filter theory that will be crucial to us. We will state the theorem without a proof,

as at this point of the discussion, it will bring nothing really new to it, but refer to

[6] for a general demonstration.

Theorem 2.17. If X is an infinite set, then it has some non-principal ultrafilter.

3 The Hyperreal System

In this section, we will develop a mathematical extension that adds infinite numbers

to R, the hypereals R∗. For our purposes, however, this bigger system will work much

more as a tool in Ramsey’s theory than as an object of study on its own. Nonetheless,

this does not mean that we will not dedicate the necessary care to demonstrating

that the creation of such numerical entities do not violate any important principle of

mathematics. Fortunately, the ideas introduced in this careful construction, specially

the ones of Sections 3.2 and 3.5, will serve as a preview of the ground work towards

the Paris-Harrington Theorem.
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3.1 Building the hyperreals

Our goal, in this section, will be to construct a set N∗ that not only include the

natural numbers, but also entities of form

Ω > n ∀n ∈ N,

namely, infinitely large quantities. To that end, however, it turns out to be easier

to produce first an analogous extension of the real numbers, R∗, which will not

only include N∗ as a subset, but will also contain infinitely small quantities, the

infinitesimals ω for which

0 < ω <
1

n
for n = 1, 2, 3, .... (2)

Nonetheless, doing so is not a very trivial task. Even though it might seem

possible to simply toss ω and Ω into R to form R∗, such an approach will not

guarantee us the existence of a system for which, the properties of R∗ can be used to

demonstrate results on R as well. When more care is taken, on the other hand, Los’

Theorem will tell us that several of the results proven using R∗ will necessarily hold

for R and the same sort of relationship will exist between N and N∗. Additionally,

when the full construction is employed, we shall see that there exits not only one ω

and one Ω, but rather an infinitude of these weird entries.

Such a construction will be done to emulate Cantor’s interpretation of the real

numbers [15]. In this approach, the set of infinite real sequences, RN, is studied.

We will start by inducing an equivalence relation ≡ based on what the sequences
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converge to. For example, the sequence

s0 =
{︂
3, 3, 3, 3, ...

}︂

converges to 3, as well

s1 =
{︂
1, 3, 3, 3, 3, ...

}︂
,

and

s2 =
{︂
1, 1, 3, 3, 3, 3, ...

}︂
.

Consequently, we see that in RN, {s0} ≡ {s1} ≡ {s2}. Since all elements elements

converge to the same number 3, we can identify in the partitioned set RN/ ≡, without

much loss,

[{s0}] = [{s1}] = [{s2}] = 3.

Consequently, for any r ∈ R, it seems reasonable to allow it to be represented by the

partition (R,≡) as

r = [{r, r, r, ...}] = [{0, r, r, r, ...}] = [{1, 1, r, r, r...}] = ..., (3)

solely based on the convergence of the sequences of RN. In such scenario then, R∗

could be seen as simply a ring isomorphic image of (R,≡).

However, such a view suffers from a big issue: the relation ≡ cannot form a

partition RN. The problem is that, in this set, there are sequences such as {1, 2, 3, ...}

that do not converge, so using convergence as a measure of equivalence does not

constitute of an adequate approach. This, however, does not mean that we are
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supposed to throw away the fact that there exists another relation ≡ in RN that will

guarantee us that {s0} ≡ {s1} ≡ {s2}.

A possibility comes from realizing that {s0}, {s1}, and {s2} all agree in most of

their entries, or, even better, in a large set of entries. That is, if we let [s0 = s1] be

the set of agreeing entries of {s0} and {s1}—i.e. [s0 = s1] = {n ∈ N | s0 = s1}—then

we are claiming that [s0 = s1] is a “large” set (as well as [s0 = s2] and [s1 = s2]).

Similarly, the r as given in the equation (3) above becomes once again well defined,

as, the set of entries for the alternative sequences that agree with {r, r, r, ...} is large—

in fact, infinite. This mention to large sets of agreement should resonate with the

notion of ultrafilters, as given in the last section. In fact, if we choose F as any

infinite non-principal ultrafilter of N, which we know to exist by Theorem 2.17, we

will be able to formalize “largeness” for the elements of RN. This motivates the

following definition.

Definition 3.1 (Largely Equivalence). Two sequences {s} and {t} are largely equiv-

alent in RN if and only if, for some infinite non-principal ultrafilter of N, F , the

subset of components in which the two sequences agree [s = r] = {n ∈ N | rn = sn}

is in F .

With this definition 5, we can construct the set of hyperreals.

Definition 3.2. The set of hyperreals R∗ is given by the partition in equivalence

classes of RN under large equivalence.

5A buzzing question seems to remain: is this filter F unique? It turns out the answer does
not really matter: everything would equally work for any infinite non-principal ultrafilter of N.
However, the question can still be answered: yes, it is unique, provided that one assumes the
Continuum Hypothesis to hold [6].
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However, we do not want to only build a set of hyperreals, we want to make an

ordered filed out of them. It is no surprise that this can be accomplished component-

wise, for which operations are guaranteed to be well defined thanks the ultrafilter

ideas.

Theorem 3.3. Let [r] =
{︁
r1, r2, ...

}︁
and [s] =

{︁
s1, s2, ...

}︁
be any two elements of

two elements of R∗. The following operations are well defined

[r] +∗ [s] = [{r1 + s1, r2 + s2, ...}] [r] ·∗ [s] = [{r1 · s1, r2 · s2, ...}],

as well as the total ordering relation

[r] ≤∗ [s] if and only if
{︁
n ∈ N | rn ≤ sn

}︁
∈ F .

So, ⟨R∗,+, ·,≤⟩ forms an ordered field.

Now that we are done with constructing the field of hyperreals, let us finally look

on what non-standard quantities—i.e. elements of R∗ but not of R—look like. In

the sense of Theorem 3.3, the number

[ω] = [
{︁
1,

1

2
,
1

3
, ...
}︁
]

is bigger than [0], but smaller than any r ∈ R: it is an infinitesimal. On the other

hand, it is still bigger than

[ω′] = [
{︁
1,

1

4
,
1

9
, ...
}︁
]
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which is also an infinitesimal, telling us that there are more than one of these quan-

tities. Similarly, the sequence

[Ω] =
1

[ω]
= [
{︁
1, 2, 3, ...

}︁
]

has the property that, for any r ∈ R, [r] ≤ [Ω]: [Ω] is an infinitely large number.

Again, there will exist more than only one infinitely large number.

Finally, we would like to reproduce the the canonical sets of R into R∗.

Definition 3.4. A subset A of R can be enlarged to A∗ of R∗ by

[r] ∈ A∗ if and only if
{︁
n ∈ N | rn ∈ A

}︁
.

Based on this definition, we call the set of natural number sequences as the hyper-

rnaturals, N∗. The elements of this set will then be

[{n1, n2, n3, ...}] ∈ N∗.

In this scenario then, the infinitely large element [Ω] is part of N∗ as {1, 2, 3, ...} ∈ N∗.

Similarly, the set Z and Q are also well defined and will have non-standard elements

too.

3.2 First-order languages

As already argued, N∗ will only be helpful to us if it can be used to demonstrate

properties about the ordinary N as well. This is in fact the case and how this works
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will be explored in the next section, through Los’s Theorem. However, to be able to

understand the statement of this result, we must look at the main object it refers to:

first-order languages, symbolic structures used to express mathematics.

In linguistics, it is often assumed that every language may only refer to an ob-

ject. That is, it (arguably) makes no sense to exist an idiom that has no subject to

describe. This is no different in the field of mathematics, where the (logical) lan-

guages must necessarily refer to a class of objects to have some appropriate meaning.

Consequently, in building first-order languages, it is normally easier to first consider

the objects that they apply to, and then see how the language symbols are used to

describe such objects. For our purposes, these objects will be relational structures.

Definition 3.5 (Relational structures). A relational structure, S = ⟨S,RelS,FunS⟩,

is formed by a non-empty set S, known as the universe set, together with a set of

“finitary” (i.e. finite number of entries) relations (or predicates) on S, RelS, and a

set of well defined “finituple” (i.e. again finite number of entries) functions, FunS,

formed from elements S only and that maps to another unique element of S.

For example, the relational structure of R, R = ⟨R,RelR,FunR⟩, is formed by all

relations and functions of the reals6. Consequently, “≤” is an element of RelR and,

since “∈” is an unary relation, all subsets of the universe set can be created in this

relational structure. Additionally, + : R× R → R is in FunR.

Let us now see how the first-order language can be constructed from the relational

structure. We start with terms. The fact that any function f ∈ FunS will be so that

6Notice the abuse of notation here. Normally the set of functions in a relational structure,
FunS , does not necessarily correspond to the set of all functions of S, neither RelS corresponds to
all relations of S. However, this assumed to be the case for S = R.
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f(x1, x2, ...) ∈ S inspires the definition of term as

Definition 3.6 (Term). A term τ in S is defined so that

1. an element s of S—known as constant—is a term;

2. a variable x is a term7;

3. if τ1, ..., τn are terms of S, so is f(τ1, ..., τn) as f is any n-tuple function of S.

Terms will then be, in a certain sense, the “name” we give for the elements of S. So,

“2” is the name we give to “1 + 1” in R, but also to “2 · 1”.

Terms, however, mean very little by themselves. Just like the English name

“a cow” only makes sense in a sentence, such as, “a cow is big”, terms will only be

meaningful when predicated. For example, we can use the predicate “N(x) = x ∈ N”

of R to say “2 is a natural number” by “N(2)” or “N(1+1)”. We then define atomic

formulas as predicates acting on terms, so that “sentences” such as N(x) are added

to the language.

Definition 3.7 (Atomic formulas). We define atomic formulas so that, for any finite

set of terms τ1, ..., τn, and any predicate P, an atomic formula is given by P (τ1, ..., τn).

Notice that every relation P (x) in S will induce a set P in S called the truth set

of the predicate P in which, x ∈ P if and only if P (x) is true in S. For our N(x)

example, x ∈ N if and only if x is a natural number. So, in this case, N = N ⊆ R.
7The variable x is not, by itself, an element of S, but only a symbol or a place-holder that can

assume a value in S. So, it is, in strict sense, not in the relational structure of S, S, but rather in
the first-order language, LS of S only.
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To further emulate with mathematics all basic aspects of the English language

(languages regular spoken such as English are often called natural languages in this

kind of context), we must include a form to connect atomic sentences. In English,

this is done through the use of prepositions as in “a cow is large and a dog is small”

or “if the cow is large, then the dog is not large”. In the formal language, this is

done with the so called “symbols of prepositional calculus”: “¬”, “∧”, “∨”, “ =⇒ ”

and “ ⇐⇒ ”. So, we can use these objects to form bigger formulas from the atomic

ones.

Definition 3.8 (Formulas). The formulas of a formal language are defined by

1. an atomic formula is a formula;

2. if ϕ1, ..., ϕn are atomic formulas, also are their combinations using a finite num-

ber of “symbols of prepositional calculus”.

For example, if N(x) means that “x is a natural” and Q(y, z) means that “y is larger

than z”, N(2) ∧ Q(10, z) is a formula, which means “2 is a natural and 10 is larger

than z”.

But one last problem still remains. In English, none of the names are variables, so

it makes little sense to say “x is big” where x is just a “place-holder”. However, in the

Definition 3.6, we said that any variables by themselves, as well as functions acting

on variables, do make terms—and thus formulas—even though, just like in English,

the sentence “N(x)”, means very little. To give a more substantial significance to

this claim, we can use the quantifiers for all “∀” and there exists “∃”. So, we

may write, for example, “∀xN(x)” to signify that “all elements (of the universe set
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R) are natural numbers” and “∃xN(x)” to mean that “there is an element (in the

universe set R) that is a natural number”. When a variable is within the influence

of a quantifier acting upon it, we say that the variable is bounded. For example, in

∀x(y ≤ x2), x is a bounded variable, whereas y is not, and is thus called “free”.

With such idea in hands, we can proceed to finally define sentences in a language.

Definition 3.9 (Sentences). A sentence in a first-order language is a formula for

which all variables are bounded.

Notice a very important aspect of sentences: they are either true or false. That is,

∀xN(x) = ∀x(x ∈ R) is a false sentence in the relational structure R, but ∃xN(x) =

∃x(x ∈ R) is true. The assignment of a sentence as true or false is called the truth

value of the sentence and we will assume, that every sentence will have one and

only one truth value8. This turns out to be everything needed to define a first-order

language.

Definition 3.10 (First-order language). A first order language, LS is given by

1. a relational set S;

2. a countable number of variables;

3. both “∀” and “∃” quantifiers;

4. all the symbols of prepositional calculus.

8It turns out that the “only one” part is actually a consequence of the ultafitler construction of
R∗, as it will become clear in the proof of Los’s Theorem. Such a result is often called “the law of
excluded middle”.

25



All sentences which can be expressed using only 1-4 are called first-order sentences

of S.

Through Definition 3.10, we can call LR the first-order language of the real set

R. Additionally, as we saw at the end of Section 3.1, the functions + and · in R

can be extended, component-wise, to functions +∗ and ·∗ in R∗ as well. Similarly,

the relations ≤ and ∈ in R generate the correspondent relations in R∗. Without

much worry, we can see that any function or relation of R is extendable to R∗ in

a component manner. This readily allows us to introduce the relational set R∗ =

⟨R∗,RelR∗ ,FunR∗⟩ and the consequent first-order language of the hyperreals LR∗ , in

which the relations and functions are extensions of the relations and functions of R
9. There is then no point in using the ∗ notation for addition, multiplication and

ordering in R∗, as we know that these operations are well performed there. For this

reason, we will simplify matters by dropping the star from now on, expecting for the

reader to use distinction in identifying in which field, R or R∗, operations are being

performed.

3.3 Los’ Theorem

Before we look at the statement of Los’s Theorem, let us introduce some ideas.

First, borrowing notation from calculus, we evaluate a formula ϕ∗(⟨x1⟩, ..., ⟨xn⟩)

at some i ∈ N where ⟨x1⟩, ..., ⟨xn⟩ ∈ RN by looking only at the i -th components

of ⟨x1⟩, ..., ⟨xn⟩ and denote such evaluation by ϕ∗(⟨x1⟩|i, ..., ⟨xn⟩|i). In this defi-

9Notice, however, that RelR∗ is not necessarily the set of all relations in R∗, neither FunR∗ is
the set of all functions in R∗.
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nition, ⟨1, 2, 3, 4, ...⟩|i = i and ⟨1, 1
2
, 1
3
, 1
4
, ...⟩|i = 1

i
for all i ∈ N. That is, the

sentence, ⟨1, 2, 3, 4, ...⟩|i=1 = ⟨1, 1
2
, 1
3
, 1
4
, ...⟩|i=1 is true, whereas ⟨1, 2, 3, 4, ...⟩|i=2 =

⟨1, 1
2
, 1
3
, 1
4
, ...⟩|i=2 is false. Notice that these are actually sentences in LR since

⟨1, 2, 3, 4, ...⟩|i = i

and

⟨1, 1
2
,
1

3
,
1

4
, ...⟩|i =

1

i

will be constants in R for a given i.

We would like, however, to construct the evaluation for R∗ as well. A possibility

is to make ϕ∗([x1]|i, ..., [xn]|i) as ϕ∗(⟨x1⟩|i, ..., ⟨xn⟩|i) where ⟨x1⟩ ∈ [xi], ..., ⟨xn⟩ ∈ [xn].

However, this attempt is not well defined, as two sequences may differ in components

and still be in the same R∗ class. For example

⟨1, 1, 1, ...⟩, ⟨3, 1, 1, 1, ...⟩ ∈ [1] but ⟨1, 1, 1, ...⟩|1 = 1 ̸= 3 = ⟨3, 1, 1, 1, ...⟩|1.

To solve the issue, we can consider the ceiling set of a formula ϕ∗(⟨x1⟩, ..., ⟨xn⟩) as

the set of all entries that makes the sentence true, that is

⌈ϕ∗(⟨s1⟩)⌉ = {i ∈ N | ϕ(⟨x1⟩|i, ..., ⟨xn⟩|i) is true}.

Even though the ceiling set for two distinct ⟨s1⟩ and ⟨s2⟩ in [s] will generally differ,

notice that ⌈ϕ∗(⟨s1⟩)⌉ ∈ F if and only if ⌈ϕ∗(⟨s2⟩)⌉ ∈ F . Consequently, we can

safely claim that ⌈ϕ∗([x1], ..., [xn])⌉ ∈ F if and only if ⌈ϕ∗(⟨x1⟩, ..., ⟨xn⟩)⌉ ∈ F where
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⟨x1⟩ ∈ [xi], ..., ⟨xn⟩ ∈ [xn]. Now, we are ready to look at Los’s Theorem.

Theorem 3.11 (Los’s Theorem). A formula ϕ∗([x1], ..., [xn]) of n-free variables

[x1], ..., [xn] is true in LR∗ if and only if ⌈ϕ(x1, ..., xn)⌉ ∈ F .

Proof. We will proceed the proof inducting on the complexity of the formula—i.e.

going from the term level, passing through the atomic formula until reaching the

sentences [16].

Suppose ϕ∗([x1], ..., [xn]) is the equation t
∗
1 = t∗2 ([x1], ..., [xn]), where all variables

are free. So

t∗1 = t∗2 ([x1], ..., [xn]) is true in LR∗

⇐⇒ t∗1([x1], ..., [xn]) = t∗2([x1], ..., [xn])

⇐⇒ [⟨t1|i([x1]|i, ..., [xn]|i)⟩] = [⟨t2|i([x1]|i, ..., [xn]|i)⟩]

⇐⇒ {i ∈ N|t1|i([x1]|i, ..., [xn]|i; = t2|i([x1]|i, ..., [xn]|i)} ∈ F ,

from the definition of equality in R∗. However, Definition 3.2 will imply that

t∗1 = t∗2 ([x1], ..., [xn]) is true in LR∗

⇐⇒ {i ∈ N|t1|i([x1]|i, ..., [xn]|i) = t2|i([x1]|i, ..., [xn]|i)} ∈ F

⇐⇒ ⌈t1 = t2(x1, ..., xn)⌉ ∈ F ,

which completes the first case, establishing the result for terms. Let us introduce

predicates now to consider atomic sentences. For that, we will again use last section’s

idea of truth sets, for which we say that {x1, ..., xn} ∈ P if and only if P (x1, ..., xn)

is true—i.e. the set P is formed by all the n-tuples that makes P hold. Suppose
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then that ϕ∗([x1], ..., [xn]) is P ∗(t∗1, ..., t
∗
l ) as P ∗ is a predicate with free variables

[x1], ..., [xn]

P ∗(t∗1, ..., t
∗
l )([x1], ..., [xn]) is true in LR∗

⇐⇒ {t∗1([x1], ..., [xn]), ..., t∗l ([x1], ..., [xn])} ∈ P ∗

⇐⇒ {i ∈ N|{t1|i([x1]|i, ..., [xn]|i), ..., tl|i([x1]|i, ..., [xn]|i)} ∈ P} ∈ F

⇐⇒ ⌈P (t1, ..., tl)⌉ ∈ F ,

which completes the proof for atomic formulas. To build the bigger formulas, we

need to introduce connectives into the proof. However, from the laws of prepositional

calculus [12], it can be demonstrated that “∧” and “¬” are enough to generate all

other connectives.

Suppose Los’s theorem holds for two formulas ϕ∗
1([x1], ..., [xn]) and ϕ

∗
2([x1], ..., [xn]).

We will show that it works for ϕ∗
1 ∧ ϕ∗

2([x1], ..., [xn]).

ϕ∗
1 ∧ ϕ∗

2([x1], ..., [xn]) is true in LR∗

⇐⇒ ϕ∗
1([x1], ..., [xn]) is true in LR∗ ∧ ϕ∗

2([x1], ..., [xn]) is true in LR∗

⇐⇒ ⌈ϕ1(x1, ..., xn)⌉ ∈ F ∧ ⌈ϕ2(x1, ..., xn)⌉ ∈ F

⇐⇒ ⌈ϕ1(x1, ..., xn)⌉ ∩ ⌈ϕ2(x1, ..., xn)⌉ ∈ F ,

using the fact that F is a filter—i.e. if two sets are in F , so is their intersection.
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However, using the definition of set intersection, this gives

ϕ∗
1 ∧ ϕ∗

2([x1], ..., [xn]) is true in LR∗ ⇐⇒ ⌈ϕ1(x1, ..., xn)⌉ ∩ ⌈ϕ2(x1, ..., xn)⌉ ∈ F

⇐⇒ ⌈ϕ1 ∧ ϕ2(x1, ..., xn)⌉ ∈ F .

Now, for negation, suppose the theorem works for ϕ∗([x1], ..., [xn]). So

¬ ϕ∗([x1], ..., [xn]) is true in LR∗ ⇐⇒ ⌈ϕ(x1, ..., xn)⌉ /∈ F

⇐⇒ (N− ⌈ϕ(x1, ..., xn)⌉) ∈ F ,

using the fact that F is an ultrafilter. So

¬ ϕ∗([x1], ..., [xn]) is true in LR∗ ⇐⇒ (N− ⌈ϕ(x1, ..., xn)⌉) ∈ F

⇐⇒ ⌈¬ ϕ(x1, ..., xn)⌉ ∈ F ,

as for all n ∈ N such that ϕ is false, ¬ϕ is true.

To conclude, we must demonstrate the result for quantifiers. Since we can create

“∀” from negating “∃”, we have only to prove the theorem to hold for the second.

Assume Los’s Theorem holds for some sentence ϕ∗([x1], ..., [xn]). Then

∃ [x] ϕ∗([x1], ..., [xn]) is true in LR∗

⇐⇒ there is a [b] in R∗ such that ⌈ϕ(b, x1, ..., xn)⌉ ∈ F

⇐⇒ ⌈ϕ(b, x1, ..., xn)⌉

⇐⇒ ⌈∃ x ϕ(x, x1, ..., xn)⌉ ∈ F ,

and so, by induction, the result follows.
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With Los’s theorem in hands, we will be able to simplify proofs about R using R∗.

3.4 A working tool for Los’ Theorem: the transfer principle

Los’s Theorem, even though being the cornerstone behind all non-standard analysis,

is generally unnecessarily strong for most applications. We would like to develop a

way in which it can be applied, but without referring every time to ceiling sets. This

toll is summarized in the following corollary to Theorem 3.11.

Corollary 3.12 (Transfer principle). The first-order sentence ϕ∗ is true in R∗ if and

only if ϕ is true in R.

Proof. Let ϕ(s1, ..., sn) be a sentence of s1, ..., sn bound variables in LR. If ϕ(s1, ..., sn)

is true, ⌈ϕ(s1, ..., sn)⌉ = N ∈ F , so ϕ∗([s1], ..., [sn]) is true. If ϕ(s1, ..., sn) is false,

⌈ϕ(s1, ..., sn)⌉ = ∅ /∈ F , so ϕ∗([s1], ..., [sn]) is false
10.

Let us see in practice how transfer can be applied. Consider Archimedes property

for real numbers

∀r ∈ R+∃n ∈ N
(︂
0 <

1

n
< r
)︂
. (4)

As we have seen in equation (2), this does not directly applies for R∗ since we have

constructed elements of R∗ that are positive and smaller than all 1
n
for any natural

n. However, the Transfer Principle applied to equation (4), which is clearly a first-

order sentence, seems to imply the opposite, that is, that the Archimedes property

also holds for R∗. The issue solves if we carefully analyze what Transfer predicts. If

10Notice that the last part of the argument indicates why “properness” was important in defining
ultrafilters.
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correctly applied to equation (4), Transfer gives

∀r ∈ R+∗∃n ∈ N∗
(︂
0 <∗ 1

n
<∗ r

)︂
,

using the discussion at the end of Section 3.2

∀r ∈ R+∗∃n ∈ N∗
(︂
0 <

1

n
< r
)︂
.

So, even though there is no natural n ∈ N such that for a positive infinitesimal ω,

0 < 1
n
< ω, there is a hypernatural n ∈ N∗ such that 0 < 1

n
< ω.

Similarly, we can prove discreteness of the hypernaturals by noticing that

∀x ∈ N(n ≤ x ≤ n+ 1 =⇒ (x = n ∨ x = n+ 1))

implies

∀x ∈ N∗(n ≤ x ≤ n+ 1 =⇒ (x = n ∨ x = n+ 1));

That is, not only the hypernaturals form a set with infinitely large quantities11, but

actually they form a discrete set “infinites”.

3.5 What the transfer does not give: higher order languages

At it seems right now, the Transfer Principle apparently indicates that every sentence

that is true about R is also true about R∗ and vice-versa. However, if such was the

case, then the two sets would be the same, making the entire construction of the

11In fact, N∗ has a continuum amount of non-standard entries [6].
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last section useless. Consequently, if the Transfer principle is supposed to hold—and

it does, as we have already seen—then the differences between R and R∗ cannot be

found at the scope of the ∗-transform, namely: the two sets are indeed equivalent in

first-order logic, however, this equivalence fades in higher order statements.

Let us shade some light on what we mean by higher-order logics, specifically, by

second-orders. As we have seen in Section 3.2, a first-order logic system is made

of—besides the tools from prepositional calculus, quantifiers and variables—only the

universe set and the relations and functions acting on its elements. Consequently,

in this kind of formal language, we can neither build functions that take as input

subsets of universe set, nor relations that compare them, even though we are allowed

to construct these subsets. Let us try to illustrate this with an example. In the

first-order language of the reals, LR, it is appropriate to write the following

Q+ = {r ∈ R | r = p

q
∧ p, q ≥ 0 ∧ (q, p) = 1}

and say, for example, that 2 ∈ Q+ since this, as we saw, a relation of the language.

However, a sentence such as |Q+| = |Q| is not expressed in the first-order language

R since “having the same cardinality” is a relation between the subsets of R, not of

its elements. Consequently, the Transfer Principle would guarantee that 2 ∈ Q+∗,

but it would say nothing about about the size of Q+12.

As it turns out, the defining characteristic of R, Dedekind’s Completeness Axiom,

can only be expressed in a second-order level.

12It is possible to extend the transfer principle to include higher order statements [6], but that
would mean unnecessary work at this point.
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Definition 3.13 (Completeness Axiom). Every non-empty subset of R bounded

above has a least upper bound. In formal language, this is expressed by [17]

∀X ⊆ R([∃yX(y)∧∃z∀y(X(y) =⇒ y ≤ z)] =⇒ ∃z∀y(∃u(X(u)∧ y ≤ u)∨ z ≤ y)).

Consequently, we are not able to apply the Transfer Principle to Equation 3.13

and such an assertion cannot be guaranteed to hold in R∗—and, in fact, it does not

[6].

This, however, does not mean that we cannot transfer any set theoretical ideas

at all. Some set operations are so simple that can be first-order ideas can be used

to demonstrate some additional results. Take for example the following first-order

definition

x ∈ A ∪B ⇐⇒ x ∈ A ∧ x ∈ B,

where “A∪B” is just a notation holder for the right side of the above biconditional.

It therefore follows, by Transfer, that

x ∈ (A ∪B)∗ ⇐⇒ x ∈ A∗ ∧ x ∈ B∗ =⇒ (A ∪B)∗ = A∗ ∪B∗. (5)

Other important part of hyperanalysis that is not given through Transfer is the

arithmetic between standard and non-standard entities. For example, it is concep-

tually clear that the sum of an infinitesimal and a standard real will be a standard

real, even though this cannot be found from Los’ Theorem. In fact, it is exactly

this difference in arithmetical properties that will make the hyperreals an useful set.
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For example, the non-standard definition of limit of a real sequence {sn} is such

that, sn → L if and only if there is an infinitely large N ∈ N∗ so that the difference

between sn and L is an infinitesimal13 .

4 Peano’s Arithmetic

We will finally start looking at the scenario where Paris-Harrington Theorem takes

place: Peano’s arithmetic. However, before we can understand what Peano’s arith-

metic is, we need to know how to translate mathematical theories to symbols. In that

sense, the first part of this section will be fully dedicated to expand on the first-order

logic ideas introduced in Section 3.2 through defining the first-order (or abstract)

theories. These will be used to formalize the axiomatization principles described

in the introduction, allowing us to actually make statements about these postulate

system.

4.1 Abstract theories

Section 3.2 was fully dedicated to understanding first-order languages. However, in a

certain sense, these are not abstract enough: they require the previous establishment

of a relational structures. However, as we have seen in in the case of LR and LR∗ ,

these two languages differ only in the set, having functions and relations sets exactly

the same. In fact, this is not particular to these two examples only, but any distinct

13[6] gives a proof of the equivalence of this definition limit and the usual one found in real
analysis [18], however, some thought should help the reader concluding that the infinitesimals will
play the role of the ϵ and the infinitely large N will take the part of the large natural number.
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languages will differ only in the sets they take objects from—i.e. the relational

structure, being it in either the set, functions or relations, or even the three of them.

Consequently, it seems natural to consider a abstract first-order language, L, as a

first-order language without an specific relational structure S. That is to say, an

abstract first-order language will have a determined set of functions and relations,

but these are not specified to be referring to any specific set: we are taking the

objects out of the language. Once, however, we provide L an universe set S, we say

that we perform an assignment to L, transforming it in LS . In such sense then, LR

and LR∗ are simply R and R∗ assignments to the abstract first-order language L.

The reason for introducing the notion of abstract languages is because they work

as tools to define abstract theories. These, on their own, are used to “logicize” fields

of mathematics by giving them a particular formal structure.

Definition 4.1 (Abstract theory). An abstract theory P is a set of sentences written

in an abstract first-order language, which are called axioms, together with inferences

from these axioms. The set of axioms is given by

1. the logic axioms, which are the rules of prepositional—also known as tautologies—

and predicate calculus14;

2. a set of additional statements called the proper axioms of the theory.

Besides the axioms being “true” in P , we can find other “true” statements from the

rules of deduction applied to them as well. Such rules, also known as the “rules of

14We will not list out here all these rules, specially because we will seldom deal with them.
However, the reader unfamiliar with these laws can be found appropriate references in any logic
books, such as [12]
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inference” are described as following

1. Modus ponens : if ψ and ϕ are sentences, and ψ and ψ =⇒ ϕ are true in P ,

then ϕ is true in P as well.

2. Generalization: if ϕ is true in P , then ∀xϕ(x) is also true in P .

A sentence ϕ that is “true” in P will receive the name of provable and its provabilty

is denoted by P ⊢ ϕ.

The necessity of defining the abstract first-order theory comes from the fact that it

is the only way for which we can be certain that the axiomatic system is enough well

behaved so that we can actually prove theorems about it without running into the

risk of linguistic introduced uncertainties from the models themselves. For example,

we could potentially write down a set of first-order axioms for the real numbers

in their own language, LR, but we would be under the constant risk of accidentally

using higher order ideas, such as Dedekind’s Completeness, when the abstract theory

can only make reference to first-order properties.

Let us illustrate this definition with an example. The abstract theory of groups

is formed by an abstract language that has at least one constant “e”, one binary

function “·” and one relation “=”, which works as ordinary equality. Besides the

logic axioms, this first-order theory G has the following proper axioms

1. ∀x1∀x2∀x3(x1 · (x2 · x3) = (x1 · x2) · x3);

2. ∀x(e · x = x · e = x);

3. ∀x1∃x−1
1 (x1 · x−1

1 = x−1
1 · x1 = e).
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A proof in G has the following structure.

Theorem 4.2. It follows that G ⊢ (x1 · x2 = x1 · x3) =⇒ x2 = x3.

Proof. In G

x1 · x2 = x1 · x3 Hypothesis

x−1
1 (x1 · x2) = x−1

1 (x1 · x3) well definition of “·” as a function

(x−1
1 x1) · x2 = (x−1

1 x1) · x3 Axiom 1

(e) · x2 = (e) · x3 Axiom 3

x2 = x3 Axiom 2

(x1 · x2 = x1 · x3) =⇒ x2 = x3 Definition of “ =⇒ ”.

Now since all these sentences were written in an abstract language, we can still

make an assignment. For example, by letting the relational structure be

Z = ⟨Z,+,=⟩,

that is, the set of integers together with the addition function and the equality

predicate only, we see that all proper Axioms 1-3 are true in this particular relational

structure. An assignment of a relational structure M that makes all the axioms of

the abstract theory true is called a model of the theory. In such sense, Z = ⟨Z,+,=⟩

is a model of the group theory, but N = ⟨N,+,=⟩ is not, as Axiom 3 is false in this

assignment. If T is the abstract theory and M is an assignment which is a model of
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T , we say that M models T and denote it by M |= T . If a first-order language M

models T then, we can easily see that, any sentence ϕ provable in T—i.e. T ⊢ ϕ—is

true in M , given that every provable statement of T follows from only logic rules

applied to the axioms of T , which are all true for M. We can then use a first-order

theory that is modelled by M to express, using only symbols, some demonstrations

about M itself—this is the great power of abstract theories. In particular, this tells

us that (x1 · x2 = x1 · x3) =⇒ x2 = x3 is true for Z. Finally, notice that by the

Transfer Principle, the hyppernatural set Z∗ will be a model for abstract theory G as

well. When two distinct relational structures model a theory, we say that the models

are equivalent. Consequently,

Z = ⟨Z,+,=⟩

and

Z∗ = ⟨Z∗,+,=⟩

are equivalent.

4.2 Peano’s axioms and the standard model

We are now finally in position for considering an abstract version of number theory:

Peano’s arithemetic. The modern formulation of this first-order theory is described

as

Definition 4.3 (Peano’s arithmetic). The abstract theory called Peano’s arithmetic,

(PA), has one predicate letter “=” called equality ; one constant called “0”; three

functions being them the unary “f1(x) = x′” called the successor function, the
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binary “f2(x1, x2) = x1 + x2” called addition, and the binary “f3(x1, x2) = x1 · x2”

called multiplication. The proper axioms of the theory are

1. x1 = x2 =⇒ (x1 = x3 =⇒ x2 = x3) (transitivity of equality)

2. x1 = x2 =⇒ x′1 = x′2 (well definition of the successor function)

3. 0 ̸= x′ (there is no element for which 0 is a successor)

4. x′1 = x′2 =⇒ x1 = x2 (uniqueness of successor)

5. x1 + 0 = x1 (identity under addition)

6. x1 + x′2 = (x1 + x2)
′ (successor of the sum)

7. x1 · 0 = 0 (nullity of 0)

8. x1 · (x2)′ = (x1 · x2) + x1 (distribution of the successor)

9. ϕ(0) =⇒ ((∀x)(ϕ(x) =⇒ ϕ(x′)) =⇒ (∀x)(ϕ(x)) for any sentence in the

abstract language of Peano’s arithmetic ϕ (mathematical induction)

It is not hard to believe (although not so much to show) that the natural numbers

N will be a model15 of this theory and we will call such model the standard model

of Peano’s arithmetic. Similarly, by Transfer, we know that N∗ forms an alternative

model to Peano’s arithmetic as well. Before we proceed giving extra notation to

Peano’s arithmetic, let us see how a proof in this theory looks like.

15Technically, a model is an assignment of relational structure. So, ⟨N,=,+1,+, ·⟩ is the model
of Peano’s arithmetic that we call standard. However, it is common to ignore the predicates and
functions of the relational structure and look only at the set level for defining assignments, therefore
referring to the standard model as simply the universe set N.
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Theorem 4.4. We have that PA ⊢ t = 0 + t.

Proof. Let β(x) be the PA sentence x = 0 + x. So

0 + 0 = 0 Axiom5

x+ 0 = 0 Hypothesis

0 + x′ = (0 + x)′ Axiom 6

x+ 0 = 0 =⇒ (x+ 0)′ = x′ Axiom 2

(x+ 0)′ = x′ Modus ponens applies to lines 3 and 5

0 + x′ = x′ well definition of equality

t = 0 + t Modus ponens applied to Axiom 9.

As one might imagine, just like the example above, several other results, including

much more complicated ones like the Chinese Remainder Theorem, can be proven

about the model N using only the abstractness of Peano’s arithmetic [12]. Now, not

only the abstract theory will be useful for the model, but the model shall as well aid

the theory. Indeed, inspired by the standard model for Peano’s arithmetic, N, we

may define the following useful notation.

Definition 4.5 (Notation in Peano’s arithmetic). In the Peano’s arithmetic, we

define

1. The constant n as n applications of the successor function to 0, i.e. n = 0′′...′.

2. The predicate “≤” such that x1 ≤ x2 ⇐⇒ (∃x3)(x1 + x3 = x2).
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Let us make some observations about the last definitions. Property 4.5.1 is a way

to mimic the standard model in Peano’s arithmetic, creating a list of constants in

the theory that is bijective to N itself. On the other hand, Property 4.5.2 can be

shown to be a partial ordering in the set of constants, defined through Property 4.5.1.

Based on this notation, the following theorem will hold in Peano’s arithmetic, with

the proofs found in [12].

Theorem 4.6. If m,n ∈ N, then

1. m ̸= n =⇒ PA ⊢ m ̸= n.

2. PA ⊢ m+ n = m+ n and PA ⊢ m · n = m · n.

What this result gives us is the confirmation that all ideas that are well defined to

the standard model N will be translated as one might expect to Peano’s arithmetic,

so that, in a certain sense, the theory “mimics” the behavior of the naturals. In the

next sections, we will look at how more general relations and functions of this model

can be transcribed to the theory as well.

4.3 The use of models: representability, expressibility and

recursive functions

If Peano’s arithmetic was to be as strong as the standard version of number theory—

i.e. without the whole formalization issue—one would expect it to be able to uniquely

reproduce all functions and relations of the intuitive model in the abstract theory.

For that, we can distinguish a set of particular relations and functions of N that

behave well enough to be written out in Peano’s arithemtic.
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Definition 4.7 (Expressible relations). A first-order relation R(x1, ..., xn) about N

is expressible in Peano’s arithmetic if and only if there is a sentence R(x1, ..., xn) in

Peano’s arithmetic such that, for any set of natural numbers k1, ..., kn

1. if R(k1, ...kn) is true, then ⊢ R(k1, ..., kn);

2. if R(k1, ...kn) is false, then ⊢ ¬R(k1, ..., kn).

We can see that the equality relation of Theorem 4.6.1 is an example of expressible

relation and the same can be shown about the ordering relation of Definition 4.5.

We also know, by Transfer, that any relation in N will originate a unique relation in

N∗, which tells us that any expressible relation of N will correspond to an expressible

relation of N∗. In such sense then, the assignment N ∗ is at same logical level as N

and one could, as well, use N ∗ as the standard model of Peano’s arithmetic.

Besides relations, however, we want to be able to make sense of other number

theoretical functions in Peano’s arithmetic rather than addition, multiplication and

successor only. This implies the dual definition.

Definition 4.8 (Representable functions). A function f(x1, ..., xn) in N is repre-

sentable in P if and only if there is a sentence f(x1, ..., xn, y) in P such that, for any

set of natural numbers k1, ..., kn,m, if f(k1, ...kn) = m, then ⊢ f(k1, ..., kn,m) and

⊢ ∃!yf(k1, ..., kn, y).

Naively, this definition can be understood as saying that if the function f is repre-

sentable, then there is a function f ′ in Peano’s arithmetic such that f is the sentence

f ′(k1, ..., kn) = m 16 and that there is one and only one m for which this is true—

16Often called the graph of f ’.
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i.e. the function is well defined. Through the second statement of Theorem 4.6, we

can see that Peano’s arithmetic addition and multiplication are representations of

ordinary addition and multiplication in N.

There is, however, a very important interplay in between expressible relations

and representable functions. This can be seen by defining, for any relation R of n

arguments, the characteristic function of R as

CR(x1, ..., xn) =

⎧⎪⎪⎨⎪⎪⎩
0 if R(x1, .., xn) is true

1 if R(x1, .., xn) is false.

(6)

It turns out that the number theoretical relation R is expressible in Peano’s arith-

metic if and only if the characteristic function of R given through equation (6) is

representable [12].

Notice that, even though representing the function f(k1, ..., kn) = m through the

sentence f : f ′(k1, ..., kn) = m may look trivial, this requires establishing a func-

tion f ′ in Peano’s arithmetic—for which we cannot know to exist—that completely

corresponds to f . Consequently, we want to find an easier way to decide whether a

function is representable or not. To be able to answer the question of which functions

of N are actually representable, we define the following.

Definition 4.9 (Recursive functions). We call the following functions in the standard

model N initial functions

1. the zero function, Z(x) = 0 for all x ;

2. the successor function, N(x) = x+ 1 for all x ;
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3. the projection function, Un
i (x1, ..., xn) = xi for all x1, ..., xn.

Also, we can construct new functions by

4. Substitution, in which if g, h1, ..., hk are standard model functions and

f(x1, ..., xn) = g(h1(x1, ..., xn), ...hk(x1, ..., xn)).

5. Recursion

f(x1, ..., xn, 0) = g(x1, ..., xn)

f(x1, ..., xn, y + 1) = h(x1, ..., xn, y, f(x1, ..., xn, y)),

for any functions g and h of the correct number of arguments.

6. The restriction µ operator, given that there is a y ∈ N such that g(x1, ..., xn, y) =

0 for any choices of x1, ..., xn, then µg is the least y that makes the function

equal to zero—i.e. the smallest n+1 root. If no such root exist, we let µg = 0.

Any function constructed from a finite number of applications of 4-6 to the initial

functions 1-3 is called a recursive function.

Let us try to make sense of what the recursive functions are. First, notice that

the substitution rule 4 is nothing more than ordinary function composition, and the

recursion rule 5 is what is often referred by definition through induction and can be

seen as a recipe to establish a function based on its original values. For example,

we can use recursion to demonstrate that addition f(x, y) = x + y in N is in fact
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recursive by

f(x, 0) = U1
1 (x) = x ≡ x+ 0

f(x, y + 1) = N(f(x, y)) ≡ (x+ y) + 1 = x+ (y + 1).

Similarly, multiplication, powering and most of the intuitive functions on N are

shown to be recursive. Notice, however, that these are, in principle, all functions in

the model N and they do not even depend on the existence of the abstract theory,

unlike the concept of representability. There is, nonetheless, a deep connection in

between recursive functions and the representable ones. We will state the theorem

without proof—which again can be found in [12]—but it should be reasonable that,

once provided that the initial functions are in fact representable, induction on the

construction rules 4-6 yields the full result.

Theorem 4.10 (Recursive functions theorem). Every recursive function is repre-

sentable in Peano’s arithmetic 17.

Once we have connected these two seemly unrelated concepts, we can proceed on an

attempt to find what the relational parallel of recursive functions are.

Definition 4.11 (Recursive relation). A relation R(x1, ..., xn) in the standard model

N is called recursive if and only if the associated characteristic function CR(x1, ..., xn)

is recursive.

Consequently, a direct result from Theorem 4.10 gives that

Corollary 4.12. Every recursive relation is expressible.

17The converse of this statement turns out to hold if Peano’s arithmetic is consistent.
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The set of recursive relations contains again most of the intuitive prepositions about

N, such as divisibility x|y and being a prime.

Notice, that even though both N and N∗ are models of Peano’s arithmetic, they

might behave differently when it comes to define recusrsive functions. The problem

is that, saying that “a relation R or a function f in LN are recursive” is a higher

order logic statement and, consequently, Los’s Theorem cannot be used. This should

tell us that more care is necessary in investigating the set of recursive relations in

N∗. There is, however, several of examples in literature of the logical study of the

non-standard N∗ in forming Peano’s arithmetic from scratch, similar to how we tried

to mimic N behaviors by the n notation [19, 20, 21]. Nonetheless, as this is not

crucial for what follows and, due to time constraints, we will avoid digging in such a

field. Therefore, from now on, we will stop with the logical considerations about N∗

and leave them to a future work.

4.4 Gödel’s Theorems

As a model of Peano’s arithmetic, we know that every single provable theorem of

Peano’s arithmetic is necessarily true in N (or in N∗ as well). What we do not know,

however, is whether the converse necessarily holds—that is, can we prove every single

result about N using only Peano’s arithmetic? As innocuous as this question might

seem, it had huge impacts to mathematics as a whole and received the name as the

completeness question for Peano’s arithmetic. This comes once we recall that Peano’s

arithmetic arrives from developing a first-order finistic system to fully describe the

properties of number theory. In such sense, the question of completeness encapsulates
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whether or not it is possible to, using an axiomatic method, fully solve any number

theoretical problem.

Completeness turns out, however, to have even deeper theoretical implications.

When we write an axiomatization system, such as Peano’s arithmetic, we deeply

hope that it is impossible, within that system, to prove false statements. Even

though the philosophical question of what “false” and “true” actually means is of

very hard answering 18, we do not want our theory giving us anything else than

actual theorems. In fact, a single contradictory statement might be a complete

disaster to the whole system. For example, if a sentence such as p ∧ ¬p is true

in an abstract theory, then the tautology p =⇒ ¬p =⇒ q implies that any

sentence q is necessarily true in the theory—namely everything is true! In the case

of Peano’s arithmetic, for example, the theory will then be consistent if and only if

one can never show that 0 = 0′. It was proven by Gerhard Gentzen using higher

order reasoning that Peano’s arithmetic was, in fact, consistent [22]. What was

not demonstrated, however, was that only using Peano’s arithmetic, one could show

the theory’s self-consistency. For many years, several mathematicians worked on

demonstrating within the tools of Peano’s arithmetic that statements such as 0 = 0′

were impossible to be demonstrated, that is, PA ⊢ Con(PA). This became to be

known as the question of self-consistency of Peano’s arithmetic and was actually

made into one of the Hilbert millennial problems.

As we have seen in the Introduction, the answer to the completeness question is

negative, as stated by Paris-Harrington Theorem. However, it was much before 1977

18Tarski has a famous construction of ”truthness” that, for most purposes, is only an unnecessary
complication to dig in [12].

48



that the first non-provable sentence in Peano’s arithmetic was given. Even though,

such a statement was not as elegant as the one found by Paris and Harrington, the

result, which is now known as Gödel’s First Incompleteness Theorem was what really

opened the doors for the research of 1977 to be even thinkable.

Theorem 4.13 (Gödel ’s First Incompleteness Theorem). There is a sentence G of

Peano’s arithmetic that is true in N, but is not provable in Peano’s arithmetic.

We do not here have neither time nor space to go into the details of a demonstration

of the above result19. However, we would like to quickly point out how the argument

works.

The main idea behind it is to use numbers to codify every symbol of the theory,

process known as arithmetization. For example, we can assign the number “1” to

the symbol “¬”, the number “2” to the symbol ”∨” and so on. In such a way,

we can represent a sentence such as ∃x(x = y′) as a string of numbers. Using the

Fundamental Theorem of Arithmetic, we can make such strings in a way that they

represent one and only one sentence of Peano’s arithmetic 20. We will call the number

associated to every sentence ψ its Gödel’s number and write it as g(ψ) ∈ N. With

a string of numbers then, one will be able to represent the sentence G(x) = “one

cannot prove in Peano’s arithmetic the sentence represented by the Gödel number

x”, which we will call as the Gödel’s sentence. Now, the sentence G(g(G)) is true in

N, but a Peano’s arithmetic proof of G(g(G)) would create a paradox. Consequently,

19Readers curious about such a proof can find it in either a conceptual version in [23] or in a
more formal treatment in [12].

20Even though every sentence will be represented by a natural number, not every natural number
will represent a sentence. In Gödel’s original construction, 100 did not represent any sentence [23].
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Peano’s arithmetic is not complete because it fails to prove the Gödel’s sentence.

It is possible to criticize the importance given to Gödel’s argument of incom-

pleteness. It is definitely true that the demonstration is valid, however, the Gödel’s

sentence G itself suffers from being unnatural, that is, inapplicable to any practical

use of number theory. In a certain sense, there was the hope of the existence of a

sentence for Peano’s arithmetic that had the same impact to the theory that the

Continuum Hypothesis bare in the Zermelo-Fraenkel abstract formulation of set the-

ory. This was when the Paris-Harrington result came into play as a somewhat more

pleasing example of the lack of completeness of Peano’s arithmetic.

Gödel’s original paper [9], however, did not only answer the question of complete-

ness of Peano’s arithmetic, but also said “no” to the existence of a self-consistency

(absolute consistency) proof for Peano’s arithmetic.

Theorem 4.14 (Gödel’s Second Incompleteness Theorem). There is no Peano’s

arithmetic proof of its consistency—i.e. PA ⊬ Con(PA).

Notice that, based on this result, we can conclude that there is no proof in Peano’s

arithmetic that shows that N models the theory, since, if such demonstration existed,

as we know that 0 ̸= 1 in N, Theorem 4.6 would tell us that 0 ̸= 1 = 0′. This notion

will play a very important role in Paris and Harrington’s argument.

5 Ramsey’s Theory

In this section, we will begin the study of Ramsey’s theory. Ramsey’s theory naturally

arises in combinatorics and it is originally due to the work of Frank Ramsey [24].
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Since its initial proposal, however, aspects of the field were deeply admired for their

non-trivial applications in the context of Peano’s arithmetic. The theory, nonetheless,

divides itself in two parts: a finite and an infinite version. Even though, historically,

the infinite version came first, it is traditional for treatises of the subject to start with

the finite frame, thanks to its easier accessibility through “word-problem” examples.

Once established the finite case, these more traditional works—including [25], which

was our main source of inspiration for this section—prove the infinite version through

the Compactness Principle, which we shall not discuss until the Conclusion.

Nevertheless, we will take an alternative route. We will start with a conceptual

analysis of the finite Ramsey’s Theorems in Sections 5.1 and 5.2, but only prove

them as corollaries of the Infinite Ramsey’s Theorem, discussed in Section 5.3. The

rationale for this choice are based on the natural provability of the infinite version

through means of hypernatural analysis, which we always try to highlight throughout

the paper. Even though this not a particularly new approach to the field—see [7, 6]—

we believe that this route will clarify the more subtle arguments of Section 6, as well

as it will do justice to the name of this present work.

5.1 Coloring of finite relations

It is extremely common for writers to introduce the concepts of Ramsey’s theory

with the famous party example. Let us consider a small gathering in which we want

to enforce that there are, at least, three people who mutually know each other or

three people that mutually do not know each other. What is the least number of

guests n such that this is possible?
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Let us start with the ansatz of letting n = 6—which is indeed the answer. We

can then label the guests as [6] = {1, 2, ...}. Now, if we analyze the relations21 of 1,

we see that for any other of the five people, either 1 knows them or 1 does not know

them. Consequently, 1 either knows at least three other people or 1 does not know

at least three other people. Without any loss of generality, assume 1 knows three

people, say 2, 3 and 4. If any two of them, say 2 and 3, know each other, we are

done as 1, 2 and 3 mutually know each other. If none of them mutually know each

other, we are also done, as 2, 3, and 4 mutually do not know each other.

Notice, however, that this argument does not work for n = 5. In such a case, 1

either knows at least two people or either does not know at least two people. If we

assume that 1 knows 2 and 3, then 2 not knowing 3 would not give us an instance

of the necessity of three people mutually knowing each other, as it was the case for

n = 6. In fact, this shows that n = 6 is the least n for that we can be sure that

either three people mutually know each other or three people mutually do not know

each other.

This example can be better formalized through means of Ramsey’s theory. How-

ever, this requires the introduction of some notations. First, to inspire the notation,

we start by calling the reader’s attention to the fact that the people themselves are

not the most important piece when searching for the answer to the problem, but

rather, the relationships between them. Drawing analogy in respect to graph theory,

it is not the vertices that are being compared in order to answer “mutually know

each other” or “mutually do not know each other”, but rather the edges connecting

21Here we are not using the term “relations” in the same way introduced when describing first-
order languages, but rather to mean the interaction between two people.
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them. These relations, however, are rather special. First, they connect exactly two

people only: saying that 1 and 2 know each other gives no information about whether

1 and 3 know each other or not. Also, “knowing” is a transitive relation: if 1 knows

2, then 2 knows 1. Consequently, if we let [n] = {1, 2, ...} be the set of guests in

the party, we can use the cardinality 2 subsets of [n] to define the relations. That

is, {1, 2} ∈ P([n]) can be used to represent the relationship between 1 and 2 as it

refers to only two people (1 and 2) and implies transitivity. We can then consider

the set of relationships among the set of guest, [n], through the set of subsets of [n]

of cardinality 2.

Definition 5.1 (Relation set). If [n] is a set of guests of cardinality |n|, then [n]2 =

{X ⊆ [n] | |X| = 2}—i.e. all subsets of [n] of cardinality 2.

Now, just like as in the party problem, we would like to distinguish the elements

of [n]2 as “knowing” and “not knowing”. This can be done easier if we assign colors to

them as “knowing” being colored white and “not knowing” black (Figure 1). Or, in a

more mathematical language, we can assign a binary structure, with “not knowing”

being assigned a value of 1 and “knowing” a value of 2. That is, we can construct a

function

X : [n]2 → {1, 2} X ({x, y})

⎧⎪⎪⎨⎪⎪⎩
1 if x does not know y

2 if x knows y .

(7)

Nonetheless, there is no need to stop in such a black-and-white reality, though.

For example, one can have the relation “have seen this person around”, which is

neither “knowing” or “not knowing the person”, but somewhere in the middle. In

the more colorful method, we can paint the relations [n]2 as not only black and white,
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but rather black, white and purple. Of course the minimum number of guests that

are required so that three people either mutually know each other, mutually do not

know each other, or mutually have seen each other around might change from the

original example of 6 people, but it still makes sense to wonder what such smallest

number would be. For that, however, we must expand equation (7) to more than

only a map into {1, 2}, but rather a map to {1, 2, 3}. Generalizing even further we

have the following.

Definition 5.2 (R-coloring of relations). Given the relation set [n]2, a r -coloring of

[n]2 is a map

X : [n]2 → {1, ..., r}. (8)

We denote X (s) the color of the relation s for any s ∈ [n]2.

Notice that in both the well definition of the function given through equation (8) and

the “knowing”, “not knowing” and “have seen around” example before it, colors are

assumed to be mutually exclusive: if 1 knows 2, it cannot have seen them around or

not know them.

None of the notions introduced this far, however, allows us to characterize the

same color groups that we mentioned in the party example: a group of three people

that knows each other, a group of three people that does not know each other and a

group of three people that have seen each other around. Two relations of same color

receive a special name: monochromatic. So, for example, if 1 knows 2 and 3 knows 4,

the relations {1, 2} and {3, 4} are monochromatic. Even though interesting, however,

the statement that two relations are monochromatic does not tell us anything about
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Figure 1: Graph illustrating the relations between guests 1, 2, 3, and 4. Notice that,
in this example, 1 knows 2, 2 and 3, 2 does not know 4 but knows 3, and 3 does
not know 4. Additionally, the only monochromatic set of size 3 in this example is
{1, 2, 3}.

the original question: 1 might know 2 and 3 might know 4, but nothing tells us if

1 also knows 3, which makes it impossible to claim that we have finally found our

three mutually knowing relation of 1, 2 and 3. So, we must start considering sets

in which all relations among its elements are monochromatic. These will be called

monochromatic sets and will be defined as following.

Definition 5.3 (Monochromatic sets). For some r -coloring X : [n]2 → {1, ..., r}, a

monochromatic set is a subset T ⊆ [n] such that all the relations among elements of

T are monochromatic—i.e. X (s) = X (t) for all s, t ∈ T .

With the notion of monochromatic sets in hand then, we can proceed to finally
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characterize the fact that n = 6 is such that there exists a group of three people that

know each other and three that do not know each other.

Definition 5.4 (Ramsey’s relation). We write

n→ (l1, ..., lr)

if for any r -coloring X : [n]2 → {1..., r} of a set [n] (of cardinality n) and for some

l1, ..., lr ∈ N+, there exists a 1 ≤ i ≤ r such that there is a monocrhomatic set T ⊆ [n]

for which |T | = li as X (T ) = i.

As one can see, notation is not the strongest of Ramsey’s theory, so let us try to

unfold what it actually means back to our party examples. In the case of people only

being able to know or not know each other (no “have seen around” here), we can

express the fact that n = 6 satisfies the requirement of three mutually knowing and

three mutually not knowing by 6 → (3, 3). Alternatively, it turns out that one would

need at least n = 10 people in a party so that either 4 mutually know each other or

3 mutually do not know each other, fact that we would express by 10 → (3, 4). We

then see that the i in Definition 5.3 picks the specific coloring: it is i = 1 for the

possibility of 3 people not knowing each other and i = 2 for 4 people knowing each

other. For that reason, we usually call i the color choice. Similarly, li is the specific

number of people that we want to share that color choice: l1 = 3 and l2 = 4. In a

similar fashion, once we introduce the “have seen around” color, we jump from r = 2

to r = 3 in Definition 5.3, so yielding a Ramsey notation of n→ (3, 3, 3).

In cases where the ls are all equal, such as in 6 → (3, 3), we generally abbreviate
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the notation by n→ (l)r—again, r refers to the fact that we are using a r -coloring—

so writing 6 → (3)2. Additionally, Ramsey’s notation is useful because it express

some interesting characteristics of the theory. First, notice that it is a sentence about

the set N. That is, for any n ∈ N, Ramsey’s relation n → (l1, ..., lr) will either be a

true or false statement.

In fact, we can even express Ramsey’s relation in Peano’s arithmetic’s first-order

language [26]. The main idea behind this approach lies on the process of arithmeti-

zation, as discussed in Section 4.4. Let F = {a1, ..., a|F |}, as a1 < ... < a|F |, be any

finite subset of N. We define the number nF as

nF = Π1≤i≤|F |p
ai
i

where pi is the ith prime number. So, for example, F = {1, 4, 5} has associated

number nF = 21 · 34 · 55, which is unique, based on the Fundamental Theorem of

Arithmetic. With that, we can express the cardinality of F by the fact that nF has

|F | primes in its factorization, so defining the Peano’s arithmetic relation α(n, k)

as meaning “n is the Gödel number of a set of cardinality k” 22. Similarly, we can

express the fact that E ⊆ F through the first-order relation β(nE, nF )
23. With all

22The proof that such expression is expressible in Peano’s arithmetic can be derived from the
fact that n is the Gödel number of a set if and only if, for all p < n, p|n [26].

23This one is a little harder to argue for expressibility, but [12], even though using a different
arithmetization, provides a perfect argument for why this must be the case.

57



of this, we can express n→ (l1, ..., lr)r in first-order 24 as

∃m ∈ N(α(m,n)) ∧ ∃t1, ..., tr ∈ N(δ(t1, l1, 1,m) ∧ ... ∧ (δ(tr, lr, r,m)), (9)

where25

δ(t, l, i,m) = α(t, l) ∧ β(t,m) ∧ ∀c((α(c, 2) ∧ β(c, b)) =⇒ X (c) = i).

As the reader is probably aware of, the construction above is not only lengthy,

but also confusing. Fortunately however, the details are unimportant to us, but

what really matters is the message: Ramsey’s notation is first-order expressible and,

consequently, subject to Transfer.

Also, it is not hard to convince oneself that 10 → (4, 3) is true if and only if

10 → (3, 4)—the i’s are only names we give to the color choice and so it should make

no difference whether we assign “not knowing” to i = 1 or i = 2. Similarly, this can

be extended to any permutation of color choices i. It should also be no surprise that

n ≤ m and n → (l1, ..., lr) implies that m → (l1, ..., lr)—just ignore the additional

people when raising from n to m—and that l1 → (l)1. Finally, it will follow that

n→ (l1, ..., lr) holds if and only if n→ (l1, ..., lr, 2): the additional relation given by

the extra 2 is the trivial one that says something as in “a relation is a set of size 2” .

24In plain English, equation (9) says that, there is a m ∈ N such that it is the Gödel number of
some set {n} of cardinality n and there are some sets T1, ...Tr of Gödel numbers t1, ..., tr with all
being subsets of {n} and, for all 1 ≤ i ≤ r, X ({Ti}2) = i and the cardinaity of Ti is li.

25Technically, the Peano’s arithmetic function X is the characteristic function of the Peano’s
arithmetic expressible relation “the set whose Gödel’s number is c is mapped to i under the coloring
X”.
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Even though we have been using the notation n→ (l1, ..., lr) in the general setting,

we have not yet claimed there will always exist a n ∈ N that makes it true. However,

this is indeed the case, as we shall now state. The proof, nonetheless, will come as a

direct corollary of Theorem 5.7.

Theorem 5.5 (Ramsey’s theorem for relations). For any r-coloring and any l1, ..., lr ∈

N+, there is a n such that n→ (l1, ..., lr).

Using the well ordering of the naturals, it follows from Theorem 5.5 that the

function

R(l1, ..., lr; r) = min{n | n→ (l1, ..., lr)} (10)

is well defined. Equation 10 receives the name of Ramsey’s function and its value

for several combinations of l’s and r’s is yet even numerically unknown.

5.2 Generalized finite Ramsey’s theory

Let us now consider another instance in which Ramsey’s notation from Definition

5.3 may turn out to be useful. Consider a set of n points in the plane. We want to

able to state whether three of them mutually lie on a same line or not. It may seem,

at first glance, that one should use the monochromatic subset notation introduced in

the last section to characterize this. For example, in Figure 2, the points A, B and

C are pair-wise colinear so it might seem reasonable to expect that the elements of

[n]2 colored as “lie in the same line” and “not lie in the same line” may be enough

to characterize the desired property: the subset {A,B,C} ⊆ [n] is monochromatic

under elements being in the same line—A is in a same line as B, A is in a same line
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as C, and B is in a same line as C.

However, consider the points A′, B′ and C ′, also in Figure 2. It is still true

that the set {A′, B′, C ′} is monochromatic under “being in a same line” as there

is a line connecting A′ and B′, a line connecting A′ and C ′; and, finally, a line

connecting B′ and C ′. However, A′, B′ and C ′ are not mutually colinear. Where

did Ramsey’s notation fail to indicate colinearlity then? Well, at all times, we were

analyzing relations between the points of [n]—i.e. subsets of [n] of cardinality 2. As

it turns out, however, such analysis is not enough to bare the necessary information

to correctly characterize a dependent relation among three points. To make this

clearer, in the party example, when answering the question of whether three people

mutually know each other, the fact that 1 knew 2 told us nothing about 1 knowing 3.

Nonetheless, in the plane example, it is trivial that any two points will be connected

out by a line (Postulate 1 of Euclidean geometry [1]), so the first really independent

information that one can ask is whether three points make a line or not: which might

be either true or false. We can still recycle Ramsey’s notation from Definition 5.3 to

incorporate this notion of non-binary relations. For that, we give the following.

Definition 5.6 (Generalized finite Ramsey notation). We denote [n]k as k ≤ n the

subsets of [n] that have cardinality k. Also, a r-coloring of the k-sets is a function

X : [n]k → {1, ..., r}. With that, we write

n→ (l1, ..., lr)
k
r

to mean that for every r-coloring of [n]k, there is a 1 ≤ i ≤ r and a subset T ⊆ [n]
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Figure 2: Image demonstrating two sets of points in the plane. Even though the
three points A′, B′ and C ′ are pairwise connected by lines, they do not form a set of
colinear points. On the other hand, the points A, B and C are colinear.

so that |T | = li where X ([T ]k) = i.

Even though this notation might seem to be very different from the original Definition

5.3, it is in fact not—the only distinction is in assuming the relations as belonging

to [n]k rather than only [n]2. So, in our geometric example, if we let

X : [n]3 → {1, 2} X ({x, y, z} =

⎧⎪⎪⎨⎪⎪⎩
1 if x, y and z do not lie in the same line

2 if x, y and z lie in the same line.

So, X ({A,B,C}) = 2, but X ({A′, B′, C ′}) = 1.

Interesting enough, Ramsey’s Theorem can be generalized to this new notation

and the proof of that, as said in the introduction to the section, will be carried out

in Section 5.3. Notice, nonetheless, that once established the truth of the following

conjecture, Theorem 5.5 is readily demonstrated.
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Theorem 5.7 (Generalized finite Ramsey theorem). For all k, r, l1, ..., lr ∈ N+, there

is a n0 ∈ N+ such that, for all n ≥ n0,

n→ (l1, ..., lr)
k
r .

We can k as the generalized relation number or the size of the coloring.

5.3 Infinite Ramsey’s theory: a non-trivial application of N∗

The term “Infinite Ramsey’s theory” is used in literature to refer to the study of finite

colorings of infinite sets 26. That is, in infinite Ramsey theory, we analyze functions

X : [A]k → {1, ..., r}, where now A is assumed to have some infinite cardinality. Just

like in the finite case, the infinite Ramsey theorem is the cornerstone of all the field.

However, it is interesting to notice that, differently from the first versions given in

Theorems 5.5 and 5.7, Theorem 5.8 below seems to be a much more trivial claim.

Theorem 5.8 (Infinite Ramsey theorem). If A is an infinite set, then for any finite

r-coloring X of A, there exists an infinite monochromatic subset of A.

Before we look at a proof of Theorem 5.8, let us see how this apparently innocuous

conjecture implies some very surprising results.

Example 5.9. Let (P,≤) be a infinite partially-ordered set. We can show that (P,≤)

contains a sequence ⟨pn : n ∈ N⟩ that is either

1. a chain in the sense that p1 < p2 < ... or p1 > p2 > ...;

26The study of infinite colorings if often done separately and will not serve to our purposes here.
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2. an anti-chain, in which no pi and pj are comparable for i ̸= j.

For showing this, consider the two coloring

X : [P ]2 → {1, 2} X ({x, y}) =

⎧⎪⎪⎨⎪⎪⎩
2 if x ≤ y or y ≤ x

1 otherwise.

So, by Theorem 5.8, P must have an infinite monochromatic subset Q ⊆ P . If

X (Q) = 1, then none of the elements of Q are comparable with one another, so, by

the Axiom of Choice, we can build a sequence out of the incomparable elements of Q.

If X (Q) = 2, then Q forms a totally ordered set. But then, Q is either well ordered

or not. If Q is well ordered, we can build a strictly increasing sequence of elements of

Q by picking the least elements of subsets of Q, formed through the Axiom of Choice.

If Q is not well ordered, then by the opposite of the Infinite Descent Principle, it

must have an infinite decreasing sequence.

Proof Theorem 5.8. Let us give an overview of the proof before we actually begin.

For the first part, we will only show the special case of a 2-coloring, that is, we will

fix r = 2. This allows us to assign a color black to 1 and a color white to 2 and

define the sets Cb and Cw as the A preimages of black and white, respectively—

i.e. Cb = {a ∈ [A]k|X (a) = 1}. Then, the whole argument that will follow is a long

induction on the generalized relation number, k, as in Definition 5.6. In the induction

step, we assume that the result works for k terms and that will be the first time we

will use the hypernatural system, in showing that, given a k -size 2-coloring of A, one

can also construct a 2-coloring of A∗. Then, we will choose some π ∈ A∗ and use it
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to construct a sequence of standard naturals D = s1 < s2 < ..., with the property

that, whenever n1 < ... < nk+1, the finite k+1 size subsequence {sn1 , ..., snk+1
} ∈ Cb

if and only if {sn1 , ..., snk
, π} ∈ C∗

b = {a ∈ ([A]k)∗|X (a) = 1}. Here, we will create a

2-coloring to the sequence as well and look at the size k generalized relations of D,

namely [D]k. Now, by the inductive assumption, we know that there is an infinite

subset B ⊆ D that is k monochromatic. We will show that this forces [B]k+1 ⊆ Cb

or [B]k+1 ⊆ Cw, so B is the desired infinite monochromatic subset of A. Finally, we

will prove the case for colorings greater than 2 through another induction.

We start with the basis case of k = 1, so looking at the unitary subsets of A,

namely of form {a}. We can use this to build a bijection f between A and [A]1 of

form a ↦→ {a}, for which we know that A and [A]1 have same infinite cardinality. But

as [A]1 = Cb ∪ Cw and the finite union of finite sets is finite, either Cb or Cw must

have infinite cardinality, so f−1 maps the infinite one of them back to an infinite

subset of A, forming an infinite monochromatic set of A.

Now, suppose the result holds for any k-size 2-coloring, namely, if X has infi-

nite cardinality and there is k-size 2-coloring of X, then X must have an infinite

monochromatic subset. Let A be an infinite set and assign a k + 1-size coloring to

A, so that [A]k+1 = Cb ∪ Cw. We will first prove that this will induce the same

k + 1 size coloring in the enlarged hyperset, A∗, that is, [A∗]k+1 = ([A]k+1)∗, where

([A]k+1)∗ = {z ⊆ A ∧ |z| = k + 1|z ⊆ A}. As all finite elements of N∗ are also

elements of N, it follows that ([A]k+1)∗ ⊆ [A∗]k+1.

To understand the other direction, we need a way to express the set [A]k+1 using
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first-order language only. This is done through the sentence

(∀a1, ..., ak ∈ A)

(︄ ⋀︂
1≤i ̸=j≤k+1

ai ̸= aj

)︄
=⇒ ∃z ∈ [A]k+1(z = {a1, ..., ak}), (11)

where “z = {a1, ..., ak}” is only an abbreviation of

a1 ∈ z ∧ ... ∧ a1 ∈ z ∧ (∀x ∈ z)(x = a1 ∨ ... ∨ xk+1).

If z ∈ [A∗]k+1, i.e. z = {a1, ..., ak}, by the Transfer Principle applied to equation

(11), z ∈ ([A]k+1)∗ so [A∗]k+1 ⊆ ([A]k+1)∗.

This give us

[A∗]k+1 = ([A]k+1)∗ = (Cb ∪ Cw)∗ = C∗
b ∪ C∗

w,

where the last equality followed from equation (5), completing the construction of a

k + 1 well defined coloring of A∗.

Next, since A is infinite, we may assume, without any loss of generality, that

N ⊆ A—if not, a subset of A bijective to N can be found—so that, if π ∈ N∗ − N,

π ∈ A∗ as well. We want to build a sequence D = s1 < s2 < ... with property that,

if n1 < ... < nk+1, then

{sn1 , ..., snk+1
} ∈ Cb ⇐⇒ {sn1 , ..., snk

, π} ∈ C∗
b . (12)

To do so, choose now some finite sequence s1 ≤ ... ≤ sk in A. We will, through

65



another induction, assume that for some n ≥ k, there are some s1, ..., sn for which

equation (12) works if n1 < ... < nk+1 ≤ n—namely, we are assuming that we

can extend the finite s1 ≤ ... ≤ sk to n terms and keep the desired property 27. To

complete this induction, we must find some sn+1 so that equation (12) holds by letting

sn+1 = snk+1

28. We can see that this bicondictional is true if {sn1 , ..., snk
, sn+1} ∈ Cb

for

{sn1 , ..., snk
, π} ∈ C∗

b (13)

and {sn1 , ..., snk
, sn+1} /∈ Cb for

{sn1 , ..., snk
, π} /∈ C∗

b . (14)

We will use this equivalent assertion to prove the result.

To facilitate the argument, first put s1, ..., sn in increasing order and let any

k + 1 size {sn1 , ..., snk+1
} subset of it be put as a k + 1-tuple ⟨sn1 , ..., snk+1

⟩, so that

n1 < ... < nk+1. Let ϕ(x) be the conjunction of the atomic formulas

⟨sn1 , ..., snk
, x⟩ ∈ Cb

for all values of sn1 , ..., snk
such that equation (13) holds, together with the conjuction

27Think of the k as defining the size of the finite subsequence, whereas the n’s define the specific
entries that will show up when constructing it. For example, the finite subsequence 1 ≤ 5 ≤ 7 has
k = 3 and s1 = 1, s2 = 5, and s3 = 7.

28Again, the n’s are just indices, so once we show the result works for an additional entry to
our {sn1

, ...snk
} set, we have it working for {sn1

, ...snk
, snk+1

}. Here, we are not inducting on the
specific finite sequence of k elements sn1 < ... < snk

, but rather on the size n of indices in the
infinite sequence D.
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of all atomic formulas

⟨sn1 , ..., snk
, x⟩ /∈ Cb

for all values of sn1 , ..., snk
such that equation (14) holds29. The transferred form of

ϕ(x), π∗(x), is then the sentence that is the conjunction of all

⟨sn1 , ..., snk
, x⟩ ∈ C∗

b

and all

⟨sn1 , ..., snk
, x⟩ /∈ C∗

b

so that equations (13) and (14) respectively hold. This then tells us that there is a

x ∈ N∗ that makes ϕ∗(x) trivially true, namely x = π. As sn is some finite number,

it then follows that

(∃x ∈ N∗)(sn < x ∧ ϕ∗(x))

is true, since π is an unlimited quantity. So, by Transfer, there is some sn+1 ∈ N that

makes ϕ(sn+1) true. Through mathematical induction then, it follows that equation

(12) holds, telling us that we are done constructing the desired sequence D.

We will induce an alternative k-size 2-coloring to D by letting [D]k = C ′
b ∪ C ′

w,

where

{sn1 , ..., snk
} ∈ C ′

b ⇐⇒ {sn1 , ..., snk
, π} ∈ C∗

b (15)

and C ′
w = [D]k − C ′

b. Now, by the inductive hypothesis that the theorem holds for

29We are only able to do such conjunctions because n is finite, so the set of all sn’s is therefore
finite as well.
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[D]k, we will define the already mentioned monochromatic infinite subset B ⊆ D,

which, without loss of generality, we will assume to be colored black—so that,

[B]k ⊆ C ′
b.

However, once we have that the above equation holds, if {sn1 , ..., snk
, snk+1

} ∈ [B]k+1

where n1 < ... < nk+1, then

{sn1 , ..., snk
} ∈ [B]k ⊆ C ′

b,

so that, by equation (15)

{sn1 , ..., snk
, π} ∈ C∗

b ,

which, by equation (12), gives

{sn1 , ..., snk+1
} ∈ Cb,

telling us that B is an infinite monochromatic subset of the k+ 1 size coloring of A,

completing the 2-coloring case.

To finish the demonstration, we must only generalize the result to any r-coloring.

The base case for r = 2 has already been shown to hold, so suppose it also holds for

r-colorings as well. Given a r + 1-coloring of A, X , we can produce a 2-coloring by

X ′(s) =

⎧⎪⎪⎨⎪⎪⎩
1 if X (s) = 1, ..., r

2 if X (s) = r + 1.

,
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which, by the base case, tells us that there is some monochromatic infinite subset

B ⊆ A under X ′. If X ′(B) = 2, we are done, as B is a monochromatic subset of A

under X . If X ′(B) = 1, then we can induce another r-coloring X ′′ of B based on the

restriction of X to only r-subsets—i.e. if [A]k = C1 ∪ ... ∪ Cr+1—so the restricted

domain is of only [A]k = C1∪...∪Cr. But as B is infinite, by the inductive hypothesis,

it has a monochromatic subset B′ ⊆ B under X ′′, which will then naturally be an

infinite monochromatic subset of A under X as well. So, by case, A has an infinite

monochromatic subset under X , completing the proof.

Now, we can apply this result to finally show Theorem 5.7, repeated below for

convenience.

Generalized finite Ramsey theorem. For all k, r, l1, ..., lr ∈ N+, there is a n0 ∈

N+ such that, for all n ≥ n0,

n→ (l1, ..., lr)
k
r .

Proof. Fix k, r, l1, ..., lr ∈ N+ and consider the hyperfinite set {1, ..., n0} ≡ [n0] of

N∗. Consider then any r -coloring of X of [n0]. As such a set is infinite in size, by

Theorem 5.8, there exists a infinite monochromatic subset A ⊆ [n0], so that X (A) = i

for some 1 ≤ i ≤ r. Take then any subset B ⊆ A of cardinality |B| = li. Then, using

a generalization of what we called “facts about Ramsey notation” in Section 5.1, we

can claim that

∃n0 ∈ N∗∀n ∈ N∗(n ≥ n0 =⇒ n→ (l1, ..., lr)
k), (16)
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which, by Transfer30, implies the desired sentence for N.

6 The Paris-Harrington Theorem

It is finally time to look at the Paris-Harrington Theorem, historically the first “nat-

ural” result not provable in Peano’s arithmetic. In this section, we will initially show

how this statement comes from a stronger version of Ramsey’s Theorem, which can

be demonstrated without much work using hypernatural techniques. After that, we

will set up the road to the Paris-Harrington result itself, defining an alternative for-

mal theory to Peano’s arithmetic. Finally, we will understand how this formal theory

implies improvability of the Stronger Ramsey Theorem.

The argument developed here is very similar to the original one given by Paris

and Harrington in 1977, chosen due to its historical importance and mathematical

beauty. The only differences are in the highlight of some pedagogical aspects and in

the use of hypernatural analysis.

6.1 Provability with hypernaturals

The study of the Paris-Harrington theorem starts with the following definition.

Definition 6.1 (Relatively large sets). A set B is called relatively large if the car-

dinality of B is at least as big as its smallest element, that is, |B| ≥ min(B).

For example, the set {1, 3, 4} is relatively large because min({1, 3, 4}) = 1 ≤

|{1, 3, 4}| = 3, but {4, 5, 6} is not as min({4, 5, 6}) = 4 > |{4, 5, 6}| = 3. Based on

30Recall that the Ramsey’s notation can be expressed in first-order language, as seen in equation
(9), with the generalization to any k-size relations being not too difficult, but still long.

70



that, we use the notation

M
∗−→ (n)kr (17)

to mean that there is a M ∈ N such that, for any r-coloring X : [M ]k → {r}, there

is a relatively large monochromatic subset B ⊆ [n] of cardinality at least n.

Notice that an extension of equation (9) through the α function readily im-

plies that this Stronger Ramsey’s relation is Peano’s arithmetic expressible. In fact,

notation-wise, it seems that equation (17) is nothing more than a more robust version

of the generalized Ramsey’s notation. Non-surprisingly, there also exists a counter-

part of Theorem 5.7 to this notation.

Theorem 6.2 (Stronger Ramsey’s Theorem). For any n, k, r ∈ N, there is a M ∈ N

such that

M
∗−→ (n)kr .

Proof. The proof is very similar to the one of Theorem 5.7. Fix k, r, n ∈ N+ and

{1, ..., n0} ≡ [n0] as before and consider the r-coloring X . For the infinite monochro-

matic set A ⊆ [n0], as A is infinite, there is some j ∈ A such that j ≥ n. Again,

using the infinitude of A, we can pick other j − 1 elements in A bigger than j and

then form a set B with all such elements, so that |B| = min(B) = j ≥ n. Finally,

Transfer does again the rest of the work.

Example 6.3. Even though Theorem 6.2 works pretty much as Theorem 5.7, this

does not mean that the same arguments used in Standard Ramsey Theory will work

for the Stronger version as well. Consider, again, the party problem, for which now

we will be trying to find the smallest number of guests n that we can be sure that either
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three guest know each or do not know each other and they form a relatively large set.

As we shall see the ansatz n = 6 will not work this time. Once more, consider the

relationships of guest 1: either 1 knows at least three other people or 1 does not know

at least three other people. Last time, we assumed, without any loss of generality,

that 1 knows 2, 3 and 4. Nonetheless, now that we are looking at relatively large

properties, this assumption will not be appropriate anymore. Suppose that this time

1 knows 4, 5 and 6 (we will not be considering 1’s relation to 2 and 3). If any two

of {3, 4, 5} know each other, we are done, as we would have a monochromatic set of

size 3 whose minimum element, 1, is smaller than the set’s cardinality, 3. However,

if none of 4, 5 and 6 know each other, even though the set {4, 5, 6} is monochromatic

and of size 3, it is not relatively large anymore.

In a certain sense, Theorem 6.2 follows very straight forwardly from the same

demonstration of the finite case of Ramsey’s result. Since the finite Ramsey’s The-

orem is demonstrable in Peano’s arithmetic [5], it seems absurd that the relatively

large version of it cannot be formally shown, given the very few distinctions between

both proofs. However, as the construction of the next sections will make clear, the

demonstrability of such result would imply an absolute proof for consistency of the

theory, contradicting Gödel’s second result at its core.

6.2 The T -theory

The original proof given by Paris and Harrington involves the construction of an

alternative formal theory, which receives the name of T -theory, and that works as

a “larger” version of Peano’s arithmetic. Nowadays, there are other arguments that
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suppress the necessity of the T -theory and use some set theoretical tools, specially

of the study of ordinal numbers, to justify the Paris-Harrington Theorem [27, 28].

Nonetheless, we believe that such approaches do not make so clear the interdepen-

dence of this result and Gödel’s Incompleteness Theorem, so we decided to take the

route of expanding Peano’s arithmetic.

Definition 6.4 (T -theory). The language of the T -theory contains all functions,

relations and constants of Peano’s arithmetic, together with infinitely many constants

c0, c1, .... The theory has as axioms

1. all the axioms of Peano’s arithmetic;

2. for all i ∈ N, (ci)2 < ci+1;

3. we define c(i) so that, for any subset i = {i1, .., ir} ⊆ N, c(i) = ci1 , ..., cir . If we

let k = {k0, .., kr} and k′ = {k′0, .., k′r} 31, both of same length r, then for all i

with the property that i < kj, k
′
j for 0 ≤ j ≤ r and any (finite) sentence ψ

∀y < ci(ψ(y;k) ⇐⇒ ψ(y;k′)),

where the “<” above is done component-wise in the entries of y.

The original authors do not provide an example of a model for T, but current liter-

ature indicates strong relations with a model to infinite arithmetic [28]. In any case,

it is important to notice that, even though expressible in informal form, the axioms

of T , including the third one, can be formally described in symbolic form (even the

31The prime symbol here is not an use of the successor function of Peano’s arithmetic.
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mention to N in the second axiom can be completely omitted by an appropriate use

of the successor function).

The reason for introducing the T -theory becomes clear when analyzed in the

context of the following theorem.

Theorem 6.5. A Peano’s arithmetic proof of the consistency of T implies the ex-

istence of a Peano’s arithmetic absolute proof of its own consistency—i.e. PA ⊢

Con(T ) =⇒ Con(PA).

The following argument could be symbolically formalized in Peano’s arithmetic in

the sense of the proof of Theorem 4.4, but as it is common to the field, we will avoid

to do so due to the enormous length that such demonstration would take.

Proof (Theorem 6.5). Consider a model U |= T . For some i ∈ N, take a subset

I ⊆ U formed by all a < ci. By axiom 2 of Definition 6.4, we see that I is closed

under addition and multiplication as

a, b ∈ I =⇒ a, b < ci =⇒ a+ b, a · b < (ci)
2 < ci+1.

We want to show that I is a model of Peano’s arithmetic as well. To do so, for

every formula θ(y) in Peano’s arithmetic, we define θi = I(y; z), so that, if θ(x;y) =

∃x1, ...∀xrψ(x) where ψ is a quantifier-free formula, then θ(y; z1, ..., zr) = ∃x1 <

z1...∀xr < zrψ(x;y)
32. With such notation, we claim that given i < k, a < ci and

32In other words, we stick the components of z into the parts of the sentence θ that were
quantified, making sure that they are bigger than the bounded variables. The idea behind this
construction is to make every sentence in Peano’s arithmetic appropriate to be expressed in U .
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θ(y), all of appropriate length

I |= θ(a) ⇐⇒ U |= θI(a; c(k)). (18)

We will proceed by induction on the number of bounded variables x in θI . For the

base case assume, without loss of generality, that θ(y) = ∃xψ(x,y). So, θI(y; z) =

∃x < zψI(x,y, z2, ..., zr)
33. But then, I |= θ(a) if and only if for some b ∈ I and some

j where min(j) > b, U |= ψ∗(b,y, c(j)), since I ⊂ U . Now, this holds if and only if for

some k′ such that min(k′) > b, U |= θI(a, c(k
′)). But then, by axiom 3 of Definition

6.4, it follows that this is true if and only if U |= θI(a, c(k)), completing the base

case. Surprisingly, the argument for the induction part is exact of same form as the

one for the base, in which case we assume that the result holds for 1 ≤ n < r and

want to prove for n+1, with the only change in what was done above being the size

of x, initially of only one variable to now x = x1, ...xn+1. This completes therefore

the proof for equation (18).

Now with equation (18) already established, we can see that I |= PA. This follows

because, as if we let θ(a) be an axiom of Peano’s arithmetic, then by the first item

of Definition (6.4)—all axioms of Peano’s arithmetic are axioms of T—U |= θ(a),

which implies that U |= θI(a, ck) and then, by equation (18), I |= θ(a).

Once given, using only Peano’s arithmetic techniques, that I |= PA, we can show

that Con(T ) =⇒ Con(PA). Suppose that there is a proof in Peano’s arithmetic for

which 0 ̸= 1 in the theory T . Then, as U |= T , this proves that 0 ̸= 1 in I ⊆ U , which

33The extra z2,...,zr do not, in fact, appear in the formula ψI , but are only included to keep the
length of z constant, avoiding then an unnecessary extra induction.
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readily implies that 0 ̸= 1 in a model of Peano’s arithmetic. This give us that Peano’s

arithmetic has a proof of the consistency of one of its models—recall that all this

argument can be formalized in Peano’s arithmetic—so Con(T ) =⇒ Con(PA).

6.3 The structure of the Paris-Harrington proof

We are now finally able to understand the statement of Paris-Harrington theorem

and see why it implies a non-deductible sentence in Peano’s arithmetic.

Theorem 6.6 (Paris-Harrington theorem). If there is a proof of Theorem 6.2 in

Peano’s arithmetic, then there is a proof of the consistency of the T-theory in Peano’s

arithmetic.

It follows from the proposition above and Theorem 6.5 that a proof of the Stronger

Ramsey’s Theorem in Peano’s arithmetic implies the existence of a self-consistency

proof of Peano’s arithmetic. As we know from Gödel’s Second Theorem (Theorem

4.14) no such result can possibly exist, so no Peano’s arithmetic proof of Theorem

6.2 can exist either. Before we actually see a demonstration of this claim, we need

to provide some lemmas.

Lemma 6.7. Given a r1-coloring X1 of M and a r2-coloring X2 of M , both of same

length k, then there exists a r1 · r2-coloring X of M (again of size k) so that B ⊆M

is monochromatic under X if and only if B is monochromatic under both X1 and X2.

Proof. List the codomains of X1 and X2 as {11, ..., r11} and {12, ..., r22}, respectively.

We can have a X r1 ·r2-coloring ofM with codomain given by the Cartesian product
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of the two codamins, namely

{11, ..., r11} × {12, ..., r22} ≡ {{11, 12}, {11, 22}, ..., {21, 12}, ..., {r11 , r22}}

so that

X (m1, ...,mk) = {ri1 , rj2} ⇐⇒ X1(m1, ...,mk) = ri1 and X2(m1, ...,mk) = rj2 .

By construction, X will have the desired property.

Lemma 6.8. A subset H ⊆M is monochromatic for a k-length coloring X of M if

and only if every subset of H of size k + 1 is monochromatic for X as well.

Proof. If H is monochromatic, the result is clearly true, since any subset of H must

be monochromatic as well. So, let a1, ..., ak be the k smallest elements of H, which we

will now assume not to be monochromatic. By well ordering, pick the least b1, ..., bk

so that X ({b1, ..., bk}) ̸= X ({a1, ..., ak}) and let i be the least index for which ai ̸= bi.

Then {a1, ..., ai, bi, ..., bk} is a size k + 1 set which is not monochromatic.

Now we will define in N, using its well ordering property, the function
√
r—a

square root symbol without the upper bar—as the first s ∈ N so that s2 ≥ r. For

example,
√
5 = 3 as 32 ≥ 5, but 22 < 5. Notice that the “

√
” function is exactly the

ceiling function composed with the ordinary square root of r. In fact, for the 5 case,

√
5 = ⌈

√
5⌉ = 3.

Lemma 6.9. For all r ≥ 7, r ≥ 1 + 2
√
r.
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Proof. For r = 7, we have that 7 ≥ 1 + 2
√
7 = 1 + 2 · 3 = 7. Similarly, for r = 8,

8 ≥ 1 + 2
√
8 = 1 + 2 · 3 = 7. For r > 8, notice that it is enough to show that

r ≥ 1 + 2(
√
r + 1) ≥ 1 + 2(⌈

√
r⌉) = 1 + 2

√
r. However, the real-valued function

f(x) = −x+1+2(
√
x+1) is increasing for x ≥ 1 and as f(9) = 0, the result follows

for all r ≥ 9.

Lemma 6.10. Given the coloring X : [M ]k → {r}, there is a X ′ : [M ]k+1 →

{1 + 2
√
r} as r ≥ 7 so that, for all H ⊆ M of cardinality greater than k + 1, H is

monochromatic for X if and only if H is monochromatic for X ′ as well.

Proof. Let s =
√
r and X : [M ]k → {r}. Thanks to the Division Algorithm, we can

uniquely define two other colorings Q,R : [M ]k → {s} so that X (a) = s·Q(a)+R(a),

which we know from Lemma 6.9 to be well defined34. Based on this, we can also

construct a coloring X ′ : [M ]k+1 → {1 + 2s} for which, by b′ = b1, ..., bk, bk+1 and

b = b1, ..., bk—i.e. we take away the last element of b′ to form b:

X ′(b′) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
0 if b′ is monochromatic for X

1 +R(b) if b′ is monochromatic for Q, but not for X

s+ 1 +Q(b) otherwise.

(19)

We will show that X ′ so defined has the desired property. Let H ⊆M be of cardinal-

ity bigger than k+1. If H is monochromatic for X , by construction, X ′([H]k+1) = 0,

so H is monochromatic for X ′ as well.

34The image of Q has size s because, by definition of s =
√
r, s is the least element so that s2 ≥ r,

implying that the quotient of r upon division by s is some number in between 0 and s− 1.
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Now, assume that H is monochromatic in X ′. We want to then show that it is

also monochromatic in X—namely X ′([H]k+1) = 0. As c ⊆ H, by Lemma 6.8, c is

monochromatic under X ′ as well. Let c be any k + 1 size element of [H]k+1.

First, notice that for every a ∈ [c]k, there is a b′ ∈ [H]k+1 so that a = b. Now,

if the monochromism of c under X ′ is such that X ′(c) = s + 1 + j—i.e. the third

case in equation (19)—for some fixed j, then by the previous remark, Q(a) = j for

all a ∈ [c]k. But then, c is monochromatic for Q, contradicting the definition of X ′.

If, on the other hand, X ′(c) = 1+ j—the second option for equation (19)—then c is

Q monochromatic, so Q(a) = i for all a ∈ [c]k. Consequently, X (a) = s · i+ j for all

a ∈ [c]k, so c is monochromatic in X , again contradicting equation (19). By case, it

follows that X ′([H]k+1) = 0, completing the proof.

Lemma 6.11. Suppose we are given n colorings Xi : [M ]ki → ri, all i < n. Let

k = max ki and r = Πimax(ri, 7). There is a coloring X : [M ]k → r, such that, for

all H ⊆M of cardinality bigger than k, H is monochromatic for X if and only if H

is monochromatic for all Xi. We will call the function thus constructed the expanded

coloring.

Proof. This result follows directly from induction applied to Lemma 6.10 to create

the k = max ki coloring and induction applied to Lemma 6.7 to make the expansion

of the r-colorings through the product r = Πi(max ri, 7).

Lemma 6.12. For every r, there is a coloring Q : [M ]1 → r + 1 so that if H is

monochromatic for Q and has cardinality at least 2, then min(H) > r .

Proof. We35 simply construct X so thatQ({m}) = min(m, p). Indeed,H is monochro-

35We exclude cardinality one sets because every cardinality one set is monochromatic.
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matic if and only if all its elements are bigger than p.

All of what we have worked on in this section were lemmas concerning colorings.

It is now time to start creating an structure within these colorings that somehow

ties to the T -theory, justifying therefore its use. This is done through the following

theorem.

Theorem 6.13. If for all r, k, n ∈ N, there is a M such that, for every family of

colorings {XE |E < 2M} as XE : [M ]k → r, there is a H of cardinality at least as big

as n so that

1. if a, b ∈ H and a < b, then a2 < b;

2. if a ∈ H and E < 2a, then any element of [H]a+1 is monochromatic in XE .

Without much surprise, one can see that items 1 and 2 in the last theorem are

Ramsey’s theory translations of the items 2 and 3 in Definition 6.4. Consequently,

one might suspect that the result of Theorem 6.13 will be somehow used to imply

the consistency of T -theory. This is in fact the case, but first, we need to show that

Theorem 6.13 follows from Theorem 6.13 and that Theorem 6.13 implies Con(T ).

Conceptually then, we finally see that the structure of the proof of Paris-Harrington

will work as

PA ⊢ Theorem 6.2 =⇒ Theorem 6.13 =⇒ Con(T ) =⇒ Con(PA) . (20)

The last of these implications is already shown through Theorem 6.5. The first will be

argued as a proof of Theorem 6.13. Finally, the second one will be given in Theorem
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6.18. This should complete the proof, for which we will fill out the remaining details

in the next section.

6.4 The proof of Paris-Harrington

We will again look at some lemmas to guide us showing Theorem 6.13 from Theorem

6.2. But first, let us define some helpful notation.

Definition 6.14. [The fn function] Let g(n) be used to signify the function g com-

posed with itself n times, where g(0) = g. Then, we will recursively define f0(x) =

x+ 2 and fn+1(x) = (fn)
(x)(2).

Notice that f1(x) = (((x + 2) + 2) + ...) + 2|x=2 = 2(x + 1). Also, see that the

function fn grows pretty fast for n. For example, even though f1(x) ≥ 2x, f2(x) =

2(2(...(2(x+ 1))...) + 1) + 1|x=2 = 2x+1 + 2x + 2x−1 + ...+ 20 ≥ 2x. Similarly, f3 ≥ ex

where ex = 22
2 ...2

, that is, 2 to the second power an x amount of times 36.

Lemma 6.15. For every m, there is a r-coloring R : [M ]2 → r so that, if H ⊆ M

is a relatively large monochromatic set for R and of cardinality bigger than 2, then

for all x, y ∈ H, x < y implies fm(x) < y.

Proof. We first let Xi(x, y) = 1 if fi(min({x, y})) < max({x, y}), otherwise Xi(a, b) =

2, implying that Xi : [M ]2 → {1, 2}. Let p = fm(3) and Q be the one given by Lemma

6.12 for such a p, so that Q : [M ]1 → p+1. By Lemma 6.10, we let k = max{1, 2} = 2

and r = max({p, 7}) · (mmax({2, 7})) to form the expanded coloring of all the Q

and Xi into R : [M ]2 → r. Let H be a relatively large monochromatic set under R.

36This ex is sometimes called the ”tower function”.
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Also, define a = min(H) and b = max(H). However, using the Lemma 6.12 and the

fact that H is relatively large

2 < fm(3) = p ≤ min(H) = a ≤ |H|. (21)

We will proceed inducting on i. For i = 0, we have X0(x, y) = 0 if and only if

f0(x) < y for all x ≤ y. In the worst case, for which m = 0 as well, f0(3) = 5 < |H|,

we then have that |H| ≥ 6. However, if H = {6, 7, ..., 11}, it follows that f0(6) > 7,

but f0(6) ≤ 11, so H is not monochromatic in P0, which by Lemma 6.11, give

us that H is not monochromatic in R, contradicting the assumption. In fact, it

can be shown that the set of smallest elements that is monochromatic can only be

H = {6, 8, ..., 16}, for which case we indeed have that f0(H) = 0. Notice that in this

scenario b ≥ f
(6)
0 (a).

For the induction part, assume the result works up to i. So, for all x, y ∈ H,

x < y implies that fi(x) < y. Again, through equation (21), we have that a, |H| > p,

implying another time that b ≥ f
(|H|)
i (a) ≥ f

(a)
i (a) > f

(a)
i (2) = fi+1(a), completing

therefore the induction.

Lemma 6.16. Let X : [M ]k → {s} for k ≥ 2 and m ∈ N. There is another coloring

X ′ : [{M}]k → {s′} so that if G ⊆ M is a relatively large monochromatic set for X ′

of cardinality greater than k, then there is a H ⊆ M that is monochromatic in X

and has cardinality |H| ≥ k + 1, fm(min(H)).

Proof. By well ordering of N, we can consider h(a) as the largest number for which

fm(h(a)) ≤ a. For a = a1, ..., ak, define ha = h(a1), ..., h(ak). We shall use this to
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consider a s+ 1 coloring S such that S(a) = X (ha) if ha is so that h(a1) < h(a2) <

... < h(ak), otherwise S(a) = s. By letting R be defined as in Lemma 6.15, we can

use Lemma 6.11 to combine R and S and form the coloring X ′ : [M ]k → {s′}. Let G

be the desired monochromatic relatively large set under X ′ and H be the image of G

under h—i.e. h(G) = H. We only need to show that H has the desired properties.

By Lemmas 6.11 and 6.15, we know that since G is monochromatic on R, if x <

y ∈ G, fm(x) < y. This gives us that h is injective in h(G), as if h(a1) = h(a2), then it

must follow that h(a1), h(a2) are the largest numbers for which fm(h(a1)), fm(h(a2)) ≤

a1, a2. If, however, a1 < a2, then fm(a1) < a2, so fm(h(a1)) ≥ fm(a1), which

contradicts the assumption. The injectivity property of h upon G then gives that

|H| = |h(G)| = |G| ≥ min(G) ≥ k + 1, by the relatively large assumption for

G. Now, the definition of h itself guarantees that fm(min(H)) ≤ min(G), so

|H| = |G| ≥ fm(min(H)), as required.

This sets us up to prove the first implication of equation (20).

Theorem 6.17. The strong Ramsey theorem (Theorem 6.2) implies, in Peano’s

arithmetic, Theorem 6.13, repeated here for convenience.

If for all r, k, n ∈ N, there is a M such that, for every family of colorings {XE |E <

2M} as XE : [M ]k → r, there is a H of cardinality at least as big as n so that

1. if a, b ∈ H and a < b, then a2 < b;

2. if a ∈ H and E < 2a, then any element of [H]a+1 is monochromatic in XE .

Proof. Suppose k, r, n ∈ N and let k′ = 2k+1. Also, we might define a p so that, for

all a ≥ p, f3(a) ≥ ea is much bigger than n, r, k, and a. Since f3 grows pretty fast,
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such a does exist for whatever we want to call “much bigger”. A precise approach

to this will be given throughout the proof, but before that, notice that we can keep

increasing the size of p as much as we want, which, of course, will affect the size of

a as well.

Let us start by proving Claim 1 of of Theorem 6.13. Given any set M and any

family of colorings XE : [M ]k → {r} for E < 2M , define the coloring S : [M ]k
′ → {2}

by

S(a,b, c) =

⎧⎪⎪⎨⎪⎪⎩
1 if XE(b) = XE(c) for all E < 2a,

2 otherwise.

Now we let Q be as in Lemma 6.12, with the p as described above, and R as in

Lemma 6.15 for m = 2. Using Lemma 6.11, we can combine Q,R, and S into a

single coloring and use Lemma 6.16 to create X ′ : [M ]k
′ → {r′}. Finally applying

the strong Ramsey theorem (Theorem 6.2), we know that there is a M for which

M
∗−→ (n)kr . Letting H be the desired monochromatic subset of M , Lemma 6.11

gives that H is monochromatic for Q,R and S and the monochromism of H in Q

tells us through Lemma 6.12 that min(H) ≥ p, so all elements of H will be big

enough. Similarly, Lemma 6.16 gives that |H| ≥ k′ + 1, indicating that H satisfies

the condition for which item 1 of Theorem 6.13 holds. Finally, the monochromism

of H in R gives that, if a < b

a2 < f2(a) < b,

where the first comparison comes from a being enough big and the discussion right

after Definition 6.14. This suffices to prove Claim 1 of Theorem 6.13.
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For the second part, notice that we can use the monochronism of H under S

to imply that S(a,b, c) = 1 for any 2k + 1 subset of H, for any two b, c ≥ a

(again, comparison performed component-wise). Once more, we can further reduce

the number of cases studied by using the technique of proving only for the case

a = min(H) and let monochronism of H on S do the rest of the work.

Here the famous Pigeonhole Principle will get into game37. If we choose p to be

big enough so that there are, at least, r2
a
k-tuples in H (remember |H| ≥ min(H) =

a ≥ p) we must have that, for at least some two b and c, XE(b) = XE(c). As

mentioned, the monochronism of S will carry this to all other k subsets of the sets

in [H]a+1.

Now, the only part that rests us is demonstrating the second implication of equa-

tion (20). Here is where we build the bridge between Ramsey’s theory and formal

logic.

Theorem 6.18. Theorem 6.13 implies Con(T ).

Proof. Let S be a finite subset of the universe of T ’s abstract language so that

c0, ..., cn−1 are the constants in S. We will show that S has a model given by the

relational structure S = ⟨{x0, ..., xn−1} ⊆ N,+ ·,=⟩, where x0, ..., xn−1 are the n

smallest elements of some H as given through Theorem 6.13 for which we choose

n′ = n + k. If that is the case 38, then the fact that the strong Ramsey’s theory

holds for N will give us that the axioms of T will necessarily hold for the natural

37For the reader unfamiliar with this idea, it simply says that if we have k + 1 pigeons, but only
k pigeonholes, at least two pigeons must share a hole.

38That is, instead of asking H to have size at least n, we will have it of size n′. The importance
of doing so is to allow the set H to be bigger than only n.
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numbers as well. As, in the set N, 0 ̸= 1, we will have a Peano’s arithmetic proof

that 0 ̸= 0′ in T—recall by that by the discussion of Section 4.4, this is enough to

show the consistency of T .

We get the first axiom of T for free, as since S is a subset of N 39, it satisfies all

axioms of Peano’s arithmetic40. Now, as S ⊆ H for any H as given above, we know

by Theorem 6.13 Part 1 that for any xi, xj ∈ S, xi < xj =⇒ (xi)
2 < xj, giving us

the axiom 2 directly as well.

For axiom 3, we will again apply Theorem 6.13. Let us define, for every E ∈ N as

in Theorem 6.13, a finite increasing sequence a(E). Now, given a formula ψ(y(E); c)

in the abstract language of S, we may define the coloring Fψ,E : [M ]k → {2}, where

k is the length of c, given through

Fψ,E(c) =

⎧⎪⎪⎨⎪⎪⎩
1 if ψ(a(E), c) is true in S

2 otherwise.

Let us fix E and k. For every instance of axiom 3 of Definition 6.4, we can define,

for every ψ(y; z) formula in S, the coloring Fψ,E . By Lemma 6.11, we might combine

all these colorings into a single one XE : [M ]k → r′, which M is guaranteed to exist

by Theorem 6.13. But then, this implies that Claims 1 and 2 of Theorem 6.13 hold

for H ⊆ M . By the monochromism under Fψ,E of the a(E) + 1-size subsets of H,

39Notice the abuse of notation here, where we are using S to represent both the model and the
universe of discourse of the model.

40Recall that Peano’s arithmetic cannot prove that N is one of its model—i.e. that all elements of
N satisfy the axioms of Peano’s arithmetic. However, as S is finite, it is possible through, checking
the axioms of Peano’s arithmetic one by one for every element, show that S is indeed a model of
T . This is where the finitude of S becomes crucial.
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for any subsets c, c′ of size k of the x0, ..., xn−1 in H, ψ(a(E , c)) holds if and only if

ψ(a(E , c′)) also does, proving the third axiom of Definition 6.4.

6.5 Understanding the proof

It might seem extremely odd the fact that the general Ramsey’s Theorem, as given by

Theorem 5.7, is completely provable in Peano’s arithmetic [5], whereas its modified

version through Theorem 6.2 is not. In fact, the “weirdness” is even further exposed

when we considered a second result, also shown by Paris and Harrington in their

original publication. According to it, even though PA ⊬ ∀k, r, n∃M(M
∗−→ (n)kr), if we

fix k, PA ⊢ ∀r, n∃M(M
∗−→ (n)kr) [5, 29]. Notice that although these two statements

look very similar, they mean two different things. The second one says that for every

value of k, there is a proof in Peano’s arithmetic for ∀r, n∃M(M
∗−→ (n)kr). So we can

say, outside Peano’s arithmetic41, that one can show ∀r, n∃M(M
∗−→ (n)kr) for all of

values of k if we fix k beforehand, implying that all of

PA ⊢ ∀r, n∃M(M
∗−→ (n)1r),

PA ⊢ ∀r, n∃M(M
∗−→ (n)2r),

PA ⊢ ∀r, n∃M(M
∗−→ (n)3r), ...

hold. However, there is no hope of demonstrating such a statement within the realms

Peano’s arithmetic only without fixing k, as it would be the case if

PA ⊢ ∀k, r, n∃M(M
∗−→ (n)kr).

41The ”outside” language analysis is called the meta-theory [23].
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The difficulty described in the above paragraph can be better understood if we

define a “Strong Ramsey function”, that is a Theorem 6.2 version of the mapping

given at the end of Section 5.1. This would be done through R∗(n, r, k) = M as

M is the minimum positive integer for which M
∗−→ (n)kr . Although such a function

is recursive, even if we fix r = 2, the function R∗(n, 2, k) grows too fast for k, fast

enough that it becomes impossible to show that it is well defined for any value of n

[29, 30]. Indeed, it can be demonstrated that for all recursive functions g in Peano’s

arithmetic for which there is a proof of their well definition for all n ∈ N, there is

some k ∈ N for which g(n) < R∗(n, 2, k) for any n ∈ N [5, 29].

In terms of our proof of the Paris-Harrington Theorem itself, this “growing too

fast” follows from the fact that k ≥ |H| and from Theorem 6.17, for which we used

that ea ≤ f3(a) ≤ f3(|H|). So, making k big will force f3(|H|) to grow faster and

faster, until it reaches a point for which Peano’s arithmetic axioms cannot keep

up with the pace anymore42. In such a vain, then, what really allows for proving

Theorem 6.2 in an intuitive manner is the freedom from axioms, exploited through

the set theoretical ideas in the form of the Infinite Ramsey Theorem (Theorem 5.8).

Such result fails to be expressible in Peano’s arithmetic’s first-order language [26]

and so, no modification to the theory within first-order will possibly allow for the

Stronger Ramsey Theorem to be naturally provable.

42An attempt of numerical computability of f3(x) was shown to run off for very low values of x,
even when extra large numbers packages are used [28].
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7 Conclusion

In this review, we tried to highlight the several connections between the hypernat-

urals, Ramsey’s theory and formal logic. As we have seen, the dependence between

these subjects happens in all directions: the Transfer Principle in non-standard anal-

ysis is shown through the means of Los’ Theorem, a formalization in first-order lan-

guages; N∗ is a very weird discrete model for Peano’s arithmetic of continuum size;

hypernaturals are used to demonstrate the core theorem of Ramsey’s theory; an

extension of Ramsey’s theory provides a non-provable result of Peano’s arithmetic.

Instead of giving new results for these connections, however, we focused on present-

ing the material, still relatively unexplored in literature, and hope for the reader to

fill some of the gaps of knowledge left behind.

One of the most interesting of these gap-questions comes when analysing another

“extra field” that could potentially have entered the discussion. When presenting

Ramsey’s theory, we mentioned that modern literature generally refers to the Com-

pactness Principle, which can be used to prove the Infinite Ramsey Theorem from

the finite cases. In a general form, the Principle says that if every finite subset of

sentences of a first-order theory K has a model, then K itself has a model [12]. It

receives this name because it resembles the definition of compactness in topology,

which says that a topological space is compact if a collection of closed sets in this

space has non-empty intersection if all finite subcolections of sets will have non-empty

intersection as well. In fact, as it turns out, such principle, just like Los’ Theorem,

directly depends on Zorn’s Lemma. Additionally, it is well known that Compactness

can be derived from Los’ Theorem, providing another construction to the ultrafilters
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method [31].

Some literary resources [32] indeed investigate the connections between these two

approaches when applied to combinatorics, however, we are particular interested if

some stronger connections can be tied to them and the proofs of Paris-Harrington

result, using Compactness to analyze the introduction of equivalents of the T theory,

perhaps even looking at topological considerations of the models. There might,

therefore, be yet another field that directly connects to the three discussed here:

topology, but how this is done is a topic to be addressed by future generations.
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